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MOTION OF AN ARTIFICIAL SATELLITE 
I N  AN ECCENTRIC GRAVITATION FIELD 

V. G. DEMIN 

ABSTRACT. I n  t h i s  book a r e  presented a n a l y t i c a l  and 
q u a l i t a t i v e  methods fo r  s t u d y i n g  t h e  mo t ion  o f  
a r t i f i c i a l  s a t e l l i t e s  i n  a c e n t r a l  g r a v i t a t i o n a l  
f i e l d ,  and a l s o  methods f o r  c o n s t r u c t i n g  t h e  i n t e r -  
mediate o r b i t s  o f  a s a t e l l i t e  o f  an ax i symmet r i ca l  
p l a n e t .  Bas i c  a t t e n t i o n  i s  d i r e c t e d  t o  t h e  problem 
o f  two immobile cen te rs  and t o  i t s  m o d i f i c a t i o n s  
which may be r e l e v a n t  t o  t h e  sc ience  o f  c e j e s t i a l  
b a l l i s t i c s .  We p resen t  a c l a s s i f i c a t i o n  o f  t h e  forms 
o f  mo t ion  encountered i n  t h i s  ?roblem, and make a 
d e t a i l e d  s tudy  o f  t h e  most impor tan t  c l a s s  o f  s a t e l l i t e  
t r a j e c t o r i e s .  Working formulas s u i t a b l e  f o r  t h e  needs 
o f  long-range p r e d i c t i o n  o f  t h e  mot ion o f  a r t i f i c i a l  
s a t e l l i t e s  a r e  g i ven .  A p a r t i a l  case o f  t h e  th ree -  
body problem, and a l s o  c e r t a i n  model problems of  
c e l e s t i a l  b a l l i s t i c s ,  a r e  considered.  

The q u a l i t a t i v e  p r o p e r t i e s  o f  mo t ion  ( s t a b i l i t y ,  
p e r i o d i c i t y  and n e a r - p e r i o d i c i t y )  a r e  approached 
ma in l y  by t h e  c l a s s i c a l  methods o f  H .  Po inca re  and A. 
M. Lyapunov, b u t  a l s o  w i t h  t h e  h e l p  o f  c e r t a i n  r e s u l t s  
ob ta ined  by V .  I .  A r n o l ' d .  The d e t a i l s  o f  t h e  a p p l i -  
c a t i o n s  o f  these methods a r e  i l J u s t r a t e d  on t h e  b a s i s  
o f  a number o f  s p e c i f i c  examples s e l e c t e d  from t h e  
dynamics o f  space f l i g h t .  The d e r i v a t i o n  o f  t h e  
equat ions o f  mot ion,  a long  w i t h  t h e i r  t r a n s f o r m a t i o n  
and s o l u t i o n  a r e  a l s o  a r r i v e d  a t  on t h e  b a s i s  o f  t h e  
methods o f  a n a l y t i c a l  dynamics. 

The book i nc ludes  t h e  necessary i n f o r m a t  i o n  f r o m  
t h e  theo ry  o f  t h e  Newtonian p o t e n t i a l ,  ana ly , t i ca l  
dynamics, and t h e  q u a l i t a t i v e  methods o f  c e l e s t i a l  
mechanics. The book i s  in tended f o r  s c i e n t i s t s ,  
engineers,  and s tuden ts  concerned w i t h  c e l e s t i a l  
b a l l i s t i c s  and w i t h  c e l e s t i a l  mechanics. There a r e  
f o u r  t a b l e s ,  21 i l l u s t r a t i o n s ,  and a b i b l i o g r a p h y  o f  
209 i tems.  
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Introduct ion / 7*  

This book is  devoted t o  problems which l i e  on t h e  boundary between two 
sc iences . - -  classical  celest ia l  mechanics, and celest ia l  b a l l i s t i c s ,  which is  
s t i l l  i n  i t s  infancy.  
mechanics, t h e  new sc ience  of  celest ia l  b a l l i s t i c s ,  owing t o  t h e  pecu l i a r  
na ture  o f  t h e  problems f ac ing  i t ,  makes wide use  of  t h e  methods employed i n  
var ious  o t h e r  branches o f  mechanics, i n  addi t ion  t o  those  of t h e  parent  
science.  The t a sks  o f  ce les t ia l  b a l l i s t i c s  have been s t rong ly  conditioned 
by t h e  adoption o f  t h e  methods used i n  t h e  theory  of optimal processes and 
a l s o  those o f  t h e  theory of  automatic cont ro l .  
methods of  computer mathematics, based as they are on t h e  extensive 
p o s s i b i l i t i e s  i nhe ren t  i n  high-speed e l e c t r o n i c  computers, have had a very 
powerful in f luence  on t h e  young science of  ce l e s t i a l  b a l l i s t i c s .  

Although formed a t  t h e  very  h e a r t  of  ce les t ia l  

In  addi t ion ,  t he  new 

The use  of e l ec t r i c  computers, it i s  t r u e ,  has played a v i t a l  r o l e  i n  
t h e  successfu l  lanuching o f  spaceships ,  as well as i n  ad jus t ing  t h e i r  o r b i t s .  
I t  would, however, be  erroneous t o  assume t h a t  t h e  development of numerical 
methods alone is  a l l  t h a t  i s  needed f o r  t h e  long-range advancement of 
c e l e s t i a l  b a l l i s t i c s .  A t  t h e  f i r s t  s t age  of  development of  c e l e s t i a l  
b a l l i s t i c s ,  it was necessary t o  conduct t h e  "planning" of o r b i t s  through 
ana lys i s  of hundreds of t r a j e c t o r i e s  obtained by numerical i n t eg ra t ion  on 
e l e c t r o n i c  computers. 
.of developing a s u f f i c i e n t l y  simple approximation theory which would be a t  
once convenient and economical. Such a theory would make it poss ib le  without 
r e s o r t i n g  t o  cumbersome ca l cu la t ions ,  t o  a r r i v e  a t  t h e  i n i t i a l  condi t ions 
f o r  t h e  o r b i t s  of  SFaceships with pre-assigned p r o p e r t i e s .  

numerical i n t e g r a t i o n ,  t o  achieve a long-range p red ic t ion  of s a t e l l i t e  
motion. F ina l ly ,  such a theory i s  necessary i n  determining t h e  parameters 
of  t h e  g r a v i t a t i o n a l  f i e l d s  of  t h e  e a r t h ,  o the r  p l ane t s ,  and t h e  moon. 

I t  was the re fo re  e n t i r e l y  n a t u r a l  t o  untake the  t a s k  

The formulation 
of  a p rec i se  a n a l y t i c a l  theory would make it poss ib l e ,  without recourse t o  / 8  

So-called q u a l i t a t i v e  methods are ab le  t o  supply a good deal  of  i n f o r -  
mation regarding t h e  dynamics of spacecraf t .  One may mention, i n  t h i s  
connection, t h e  importance of  t hese  methods i n  determining the  i n i t i a l  
condi t ions f o r  pe r iod ic  o r  near-per iodic  o r b i t s ,  and f o r  o the r  s a t e l l i t e  
motions which are s t a b l e  i n  one sense o r  another .  
t i v e  s tudy of  t h e  s t r u c t u r e  o f t h e  t o t a l  i n t e g r a l  of  a non-integrable pro- 
blem makes it poss ib l e  t o  select  the  most s u i t a b l e  method of  numerical 
so lu t ion .  Therefore,  t h e  most expedient ob jec t ive  i s  a r a t i o n a l  combination 
of  numerical, a n a l y t i c a l  and c l a r i t a t i v e  methods. 

F ina l ly ,  pure ly  q u a l i t a -  

On the  b a s i s  of t hese  var ious  considerat ions,  t h e  author  of  t h e  present  
volume has  included a number of  "model" problems o f  c e l e s t i a l  mechanics which 
i n  f irst  approximation o f f e r  t h e  p o s s i b i l i t y  o f  a simple means of performing 
t h e  necessary ca l cu la t ions ,  and which serve  as a b a s i s  f o r  the  construct ion 
of p rec i se  theo r i e s  of  per turbed motion. The so lu t ion  of  t hese  p a r t i c u l a r  
problems has  served as an education f o r  both Soviet  and fore ign  s c i e n t i s t s .  
I t  i s  of  t h i s  t h a t  t h e  accumulation of  so-ca l led  model problems represents  

* 
... . . . .. 

Numbers i n  t h e  margin i n d i c a t e  paginat ion i n  t h e  fore ign  t e x t .  

2 



one aspect  o f  t h e  development of c e l e s t i a l  b a l l i s t i c s .  
c e l e s t i a l  mechanics , such problems a r e  r e f e r r e d  t o  as t ' s implif ied '7 ,  o r  
"unperturbed", and t h e  corresponding o r b i t s  a r e  r e fe r r ed  t o  as " in t e r -  
mediate". We can j u s t i f i a b l y  say,  t he re fo re ,  t h a t  t h e  main subjec t  of the  
present  volume i s  the  theory of  t he  intermediate  o r b i t s  of spaceships.  

In the  language of 

From among t h e  many problems of c e l e s t i a l  b a l l i s t i c s  we s e l e c t  here  
those which have t o  do with the  s tudy of a spaceship conceived a s  a mater ia l  
po in t  moving wi th in  a c e n t r a l  g r a v i t a t i o n a l  f i e l d .  I t  is  na tu ra l  t h a t  we 
should include i n  t h i s  group of problems not only t h e  motion of an a r t i f i -  
c i a l  s a t e l l i t e  wi th in  the  g r a v i t a t i o n a l  f i e l d  of  a spheroidal  p l ane t ,  but  
a l s o  t h e  p a r t i a l  case of t he  c i r c u l a r  three-body problem, t h e  problem of the  
motion of a spaceship i n  a Newtonian c e n t r a l  f i e l d  i n  the presence of l i g h t  
pressure ,  and a number of o the r s .  Our tasks  can r i g h t l y  be c a l l e d  
a l imi ted  problem of c e l e s t i a l  mechanics. Mathematically, it can be 
formulated i n  the  following system of d i f f e r e n t i a l  equations: 

x - 2nS - n2x = u.:, 
+ 2n.i - nay = u;, 

2 = u,, 

i n  which 

where f i s t h e  g r a v i t a t i o n a l  constant ,  m i s  the  mass of t he  g r a v i t a t i n g  
body, r i s  the  rad ius  vec tor  of the  moving po in t ,  n i s  the  angular 
r o t a t i o n a l  ve loc i ty  of t h e  coordinate system, U R  i s  t h e  per turba t ion  func t ion ,  
and 1~ i s  a minor parameter.  

Our p r inc ipa l  a t t e n t i o n  w i l l  be d i r ec t ed  toward t h e  motion of an 
a r t i f i c i a l  s a t e l l i t e  within the  g r a v i t a t i o n a l  f i e l d  of a spheroidal  p l ane t .  
Actually,  the  amount of research done on t h i s  p a r t i c u l a r  problem i s  so  
grea t  t h a t  we cannot a t tempt ,  i n  a work o f  t h i s  l imi ted  scope, t o  present  
even an o u t l i n e  of t h e  main e f f o r t s  which have been made. We therefore  
l i m i t  ourselves  t o  a p a r t i c u l a r  problem, namely the  general ized problem 
of  two immobile cen te r s .  I t  i s  t h i s  problem, which has a t t r a c t e d  the  
a t t e n t i o n  of s o  many s p e c i a l i s t s ,  t h a t  I regard as  most rewarding i n  t h e  
present  l i n e  of  endeavor. 
c e l e s t i a l  mechanics a pos i t i on  analogous t o  t h a t  of t h e  two-body problem, 
the  c i r c u l a r  three-body problem, e t c .  Apart from t h i s ,  we give here  c e r t a i n  
a l t e r n a t i v e  va r i an t s  f o r  t he  formulation of a theory of s a t e l l i t e  motion. 
The author has attempted, so  fa r  a s  poss ib le ,  t o  present  a systematic  
and complete statement of t he  r e s u l t s  thus f a r  obtained i n  t h i s  f i e l d ,  i n  
order  t o  f i l l  i n  t h e  gaps e x i s t i n g  i n  t h e  published l i t e r a t u r e  which s tand  
i n  the  way of implementing a new theory.  

One may expect t h a t  i t  w i l l  assume i n  

The dimensions of  t h e  present  volume, unfor tuna te ly ,  have not  enabled me 
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t o  include a l l  of  t h e  ava i l ab le  t h e o r e t i c a l  information, l e t  a lone a l l  of t h e  
p r a c t i c a l  ma te r i a l ,  r e l a t i n g  t o  t h e  Delavnay method. Being a technique common 
t o  the  theory of  per turba t ions ,  t h e  Delavnay method leads t o  a formal so lu t ion  
i n  purely t r igonometr ic  form: i n  o the r  words, a t  least on t h e  p r a c t i c a l  
plane,  it enables us t o  overcome the  d i f f i c u l t y  which i s  b a s i c  i n  a l l  
c e l e s t i a l  mechanics problems -- namely, t h e  appearance of  s e c u l a r  terms i n  
an approximate so lu t ion ,  which a r e  the  scourge of any formal-analyt ical  
theory.  In  c e l e s t i a l  b a l l i s t i c s  t he  Delavnay method has been successfu l ly  

Brower 
and Y .  Kozai. 
appl ied t o  the  problem of the  motion of  a r t i f i c i a l  s a t e l l i t e s  by D.  /10 

The present  author  a t t r i b u t e s  g rea t  s ign i f i cance  t o  t h e  development of  
q u a l i t a t i v e  methods i n  the  ana lys i s  of the  equatinns of  c e l e s t i a l  b a l l i s t i c s ,  
and i n  t h i s  connection has given here  a b r i e f  desc r ip t ion  of two fundamental 
methods -- namely, t h e  method of the  minor parameter of Poincarg, and t h e  
second method of  A. M .  Lyapunov. The manner i n  which these  methods a r e  
appl ied i n  c e l e s t i a l  b a l l i s t i c s  i s  i l l u s t r a t e d  i n  a number of ind iv idua l  
problems. 
s t a b i l i t y  and condi t iona l  p e r i o d i c i t y  of a r t i f i c i a l  s a t e l l i t e s ,  on t h e  b a s i s  
of r e s u l t s  obtained by V. I .  Arnol'd i n  h i s  s tudy of Hamiltonian systems. 

I t  has a l s o  been found usefu l  t o  include discussions of t h e  

The presenta t ion  of t h e  theory of intermediate  o r b i t s ,  l i k e  t h a t  of 
a number of t he  problems of  q u a l i t a t i v e  ana lys i s ,  i s  t i e d  i n  with t h e  use 
of  t he  apparatus of a n a l y t i c a l  mechanics. The author has the re fo re  found 
it usefu l  t o  include i n  the  present  volume a spec ia l  chapter  on the  sub jec t  
of ana ly t i ca l  mechanics. 

A good por t ion  of t h e  book i s  drawn from l ec tu res  given by the  author  
i n  previous years a t  t he  physical  and mechanical-mathematical f a c u l t i e s  o f  
the  Moscow Universi ty ,  and a l s o  a t  the  Faculty of  Physico-Mathematical and 
Natural Sciences of  t he  P .  Lumumba Universi ty  of In t e rna t iona l  Friendship.  

The author f e e l s  ob l iga ted  t o  express profound g r a t i t u d e  t o  t h e  members 
of the  Department of  C e l e s t i a l  Mechanics and Gravimetry of t he  Moscow S t a t e  
University,  and more p a r t i c u l a r l y  t o  Professor  G .  N .  Duboshin and Professor  
B.  M. Shchigolev, f o r  t h e i r  he lp fu l  discussion on a number of the  sub jec t s  
covered i n  t h i s  book. The author r e c a l l s  with g rea t  s a t i s f a c t i o n  h i s  
co l labora t ion  with Ye. A. Grebenikov and Ye, P.  Aksenov on problems d e a l t  
with here ;  he a l s o  expresses h i s  s ince re  g r a t i t u d e  t o  D .  Ye. Okhotsimskiy, 
corresponding member of  t h e  USSR Academy o fSc iences , and  t o  Professor  
V. V. Beletskiy f o r  t h e i r  concern and kindly advice,  t o  A. L.  Kunitsyn f o r  
h i s  extensive he lp  and usefu l  c r i t i c i s m  and t o  G .  T. Arazov f o r  h i s  
a s s i s t ance  i n  compiling the  manuscript. 

The author w i l l  be g ra t e fu l  f o r  any addi t iona l  remarks and advice.  
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NECESSARY I NFORMAT 

CHAPTER I 

ON FROM ANALYT CAL D Y N A M I C S  

§ 1 .  Lagrangian Equations 

Let us  consider  t h e  motion of a mechanical system cons i s t ing  of  s 
material po in t s .  
imposed p holonomic, i d e a l ,  b i l a t e r i a l  l i n k s .  We s h a l l  use the  symbols 
ml ,  m2, ..., m 
r r  r t o  denote t h e i r  rad ius-vec tors  wi th in  a c e r t a i n  i n e r t i a l  

system of  Cartesian coordinates .  F ina l ly ,  w e  s h a l l  use  the  symbol F t o  

denote t h e  r e s u l t a n t  of a l l  t h e  a c t i v e  fo rces  appl ied t o  the  v- th  mater ia l  
po in t .  

We s h a l l  assume t h a t  on t h i s  system t h e r e  have been 

t o  denote t h e  masses of t h e  material po in t s ,  and t h e  symbols 
S 

1’ 2 ’ ” ”  S 

V 

111 

In t h e  case o f  n a t u r a l  dynamic systems, appl ied fo rces  are descr ibed 
with t h e  he lp  of a spec ia l  func t ion-poten t ia l ,  o r  force  funct ion.  This 
funct ion i s  independent of  time and of  t h e  coordinates  of t he  po in t s  of 
t he  system. A. Mayer [ l - 2 1  extended t h e  concept of  t h e  p o t e n t i a l  t o  a 
more general  case i n  which t h e  fo rces  F i n  a rec tangular  system of Cartesian 
coordinates  x, y, z are defined by t h e  following r e l a t ionsh ips  V 

where the  funct ion U depends not  only upon t i m e  and upon the  coordinates  of 
t h e  mater ia l  po in t s  b u t  a l s o  upon t h e  v e l o c i t y  components. 
agreed t o  c a l l  t h i s  func t ion  U as the  Mayer p o t e n t i a l l .  

I t  has been 

This ex ten t ion  of t h e  concept of t h e  p o t e n t i a l  has been found convenient 
i n  descr ib ing  motion i n  the  presence of gyroscopic fo rces .  
i n  p a r t i c u l a r  i s  adaptable  i n  the  s tudy o f  motion within n o n i n e r t i a l  systems 
i n  which a Cor io l i s  fo rce  of i n e r t i a l  a r i s e .  In c e l e s t i a l  b a l l i s t i c s  
t h e  Mayer p o t e n t i a l  can be appl ied  i n  t h e  l imi t ed  c i r c u l a r ’ t h r e e - b o i l e d  pro- 

the motion of a s a t e l l i t e  i n  t h e  g r a v i t a t i o n a l  f i e l d  of a r o t a t i n g  p l a n e t ,  
e t c .  

The Mayer p o t e n t i a l  

blem [for example, i n  t h e  problem of reaching t h e  Moon), i n  t h e  problem o f  / I 2  

Let us wri te  the  equat ions o f  motion, assuming, a l so ,  t h a t  i n  
add i t ion  t o  t h e  fo rces  descr ibed by equation (1.1) , o the r  forces  ipv without 
a p o t e n t i a l  a r e  appl ied  t o  t h e  po in t s  of  t he  system: 

. 1  The general  condi t ions f o r  t h e  ex is tence  o f  a p o t e n t i a l  are given i n  t h e  
wr i t ings  of  Helmholtz [3] and Hirsch [4]. 
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where R 
po in t .  

i s  the  r e s u l t a n t  of  a l l  pass ive  forces  which a c t  upon t h e  v-th 
V 

Thus s ince  we have assumed t h a t  t h e  l i n k s  a r e  i d e a l ,  then f o r  any 
poss ib l e  displacement t h e  work of  t he  fo rces  o f  r eac t ion  are equal t o  zero: 

Let us transform equations (1.2) t o  the  general ized (Lagrangian) 
coordinates  ql ,  q2,  ..., qn (n = 3s - p)def ined  by t h e  following r e l a t i o n s h i p  

If within formula ( 1 . 3 ) , i n  p l a c e a f  R 

equation (1 .2) ,  then we a r r i v e  a t  t h i s  r e l a t ionsh ip :  

we s u b s t i t u t e  t h e i r  expressions from 
V 

s 

2 (mV& - F, - <D~). 6r, = 0. 
v = l  

We then ca l cu la t e  t h e  va r i a t ions  i n  radius-vectors  r with the  he lp  of  t he  
formulas of transformation (1.4) : V 

Subs t i t u t ing  i n  equation (1.5) t he  values  obtained f o r  v a r i a t i o n s ,  and 
changing the  order  of summation, we a r r i v e  a t  

From equation (1 .7) ,  by reason of the  independence of  the  va r i a t ions  of t h e  
general ized coordinates ,  we can s t a t e  t h a t  

- /13 

where i = 1, 2,  ..., n.  

Making use of tho symbols used i n  equation ( l . l ) ,  we can r ewr i t e  

6 



equation (1.8) i n  t h e  following form: 

dr, arv 
aq,. aq,. - grad(,,, ,,,, zv) U - ~ - @,. -) = 0 (i = 1, 2, . .. , n).  

Upon d i f f e r e n t i a t i n g  t h e  t ransformation formulas (1 .4) ,  i t  i s  no t  d i f f i c u l t  
t o  e s t a b l i s h  t h a t  t h e  fol lowing i d e n t i t i e s  w i l l  hold 

ar, a;, 
aq, ai,. 
-=- ( i =  l ( 2  , . . . )  n ; v -  1,2, . . . (  s). 

m e n ,  with t h e  he lp  of  t h e s e  i d e n t i t i e s  t he  expression z : n , r , .  - ar, can be 
transformed as follows : aq, 

( I .  10) 

Denoting with the  symbol T t h e  k i n e t i c  energy of  

i n  p lace  of equation (1.10) we obta in  

the system 

(1.11) 

(1.12) 

In  analogous fashion w e  transform the  second and t h e  t h i r d  terms of  t he  /14 
lef t -hand member of  equat ion (1.9) 

(1.13) 
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Fina l ly ,  we introduce t h e  q u a n t i t i e s  

(1.14) 

which i n  t h e  sc ience  of mechanics a r e  r e fe r r ed  t o  as general ized forces .  

If i n  equation (1.9) we make the  appropr ia te  s u b s t i t u t i o n s  from equations 
(1.12) through (1.14), w e  a r r i v e  a t  the  following: 

(1.15) 

Introducing the  Lagrangian function 

L = T + U ,  (1.16) 

we f i n a l l y  a r r i v e  a t  t h e  following system of d i f f e r e n t i a l  equations of motion: 

Qr (i = 1,2,. . . , n),  d aL (1.17) 

which a r e  r e f e r r e d  t o  as Lagrangian equations of t h e  second type. 

If t h e  motion takes  p lace  only under t h e  inf luence  of p o t e n t i a l  fo rces ,  
t h a t  i s ,  i f  Qi E 0 ( i = 1, 2 , . . . ,  n ) ,  then equation (1.17) w i l l  assume a 

p a r t i c u l a r l y  simple form: 

-$(g)-%=o aL 
.(i= 1,2 ,..., n).  

We should note  t h a t  t he  k i n e t i c  energy T which en te r s  i n t o  the  Lagrangian 
function’ w i l l  assume t h e  following s t r u c t u r e  i n  t h e  general  case:  

T = T  + T  + T  
2 1 0’ 

(1.18) 

(1.19) 

where T2, T1, To a r e  the  homogeneous forms with respec t  t o  t h e  general ized 

/15 - - _ _  - . - ._ - 
st  and zero degrees,  r e spec t ive ly l .  

1 Textbooks on mechanics ( f o r  example, [ S I ) ,  erroneously maintain t h a t  f o r  
s t a t i o n a r y  l i nks ,  T1 = T As a matter  of f a c t ,  even with s t a t i o n a r y  

l i nks  the  k i n e t i c  energy of t he  system T may contain the  terms T1 and To, 

i f  the  formulas of transformation t o  Lagrangian coordinates (1.4) r e f l e c t  
the  f a c t o r  of time i n  an e x p l i c i t  manner. 

= 0. 0 
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Example: 
( t h a t  i s ,  a t t r a c t e d  bu t  not  a t t r a c t i n g )  of mass m within the  Newtonian 
g r a v i t a t i o n a l  f i e l d  of  an absolu te  s o l i d  body which i s  r o t a t i n g  with a 
constant angular v e l o c i t y  n around a permanent axis .  
rec tangular  Cartesian coordinate  system Oxyz is  r i g i d l y  a f f ixed  t o  t h e  s o l i d  
body. The o r i g i n  of  coordinates coincides with t h e  cen te r  of mass 0 of  t h e  
body; the  equator ia l  plane of  t he  body is taken as t h e  b a s i c  coordinate  
plane,  and t h e  z-axis  of t h e  system l i e s  along t h e  body's axis bf r o t a t i o n ,  
i n  the  d i r ec t ion  of the  nor th  pole  (Figure 1) 

Let us consider t h e  motion of a pass ive ly  g r a v i t a t i n g  po in t  

We s h a l l  assume t h a t  t h e  

The g r a v i t a t i o n a l  p o t e n t i a l  of t he  body 
with respec t  t o  t h e  moving po in t  w i l l  be  
designated by U(x, y ,  2).  Within the  chosen 
coordinate  system, t h e  moving po in t  i s  under t h e  
inf luence not  only of Newtonian g rav i t a t ion ,  
bu t  a l s o  Cor io l i s  and cen t r i fuga l  forces  of  

Y i n e r t i a .  The Cor io l i s  force  (2113; - 2nx, 0 1  

m6W.Z) 

<- can be defined by the  Mayer p o t e n t i a l  U 1 :  

U, = n ( x i  - y$), 

and the  p o t e n t i a l  of i n e r t i a l  cen t r i fuga l  force  

(1.20) 

Figure 1 .  

2 2 (n x; n y ;  0) i s  defined by the  formula 

(1.21) n2 
Ua = (x" + y"). 

The k i n e t i c  energy T, with 'respect t o  t h e  mass of  t h e  poin t  i n  i t s  motion 
within the  chosen coordinate system, i s  

Then the  Lagrangian of t he  problem, i n  correspondence with (1.1) and 
(1.16),  i s  wr i t t en  i n  t h i s  form: 

1 .  r P  
L e -  ( xz -1 - i " + 4 + ri ( x i -  y 4  + 2 (xZ + yz) + u (x. Y% 2). (1.23) 

From (1.18) and (1.23) we obta in  the  equations of motion of t he  problem: /16 

au (1.24) 

z = - .  az J 
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In  the r e s t r i c t e d  c i r c u l a r  three-body problem, which formed the  b a s i s  of  
t h e  s tudy of  t h e  dynamics of  f l i g h t  t o  the  Moon [6, 71, t he  equations of 
motion assume an analogous form, as they  a l s o  do i n  t h e  problem of t h e  motion 
of d i s t a n t  a r t i f i c i a l  e a r t h  satell i tes,  with allowance f o r  lunar -so lar  
per turba t ions .  

This c l a s s i c a l  problem cons i s t s  i n  a s tudy of t he  motion of a pass ive ly  
g r a v i t a t i n g  po in t  which i s  a t t r a c t e d ' t o  two o the r  ma te r i a l  po in t s  on t h e  
b a s i s  of Newton's law of g rav i t a t ion ;  here  we s h a l l  consider  those po in t s  
t o  b e  A ( the  Earth) and B ( t he  Moon). I t  w i l l  be assumed, f u r t h e r ,  t h a t  t he  
Ear th  and the  Moon a r e  r o t a t i n g  around a common cen te r  of mass i n  Keplerian 
o r b i t s  a t  a d is tance  a from each o the r ,  t he  cen te r  o f  mass possessing a mean 
motion n .  

We s h a l l  consider a uniformly r o t a t i n g  rec tangular  coordinate  system 
whose b a s i c  plane coincides  with the  Earth-Moon o r b i t a l  plane.  
of coordinates w i l l  be placed a t  the  center  of i n e r t i a  o f  the  Earth-Moon 
system, and the  x-axis w i l l  pass  through A and B (Figure 2) .  The equations 

The o r ig in  

of  motion w i l l  be  a s  i n  (1.24).  The gravi ta -  
t i o n a l  p o t e n t i a l  U is  then defined by the  formula 

(1.25) 
~- fin2 f"1l ._ ___ 1/= ~- l / ( x  - Q)'+ 9 3 %  2% + Ffi)+jq 22 ' 

= 

NQ,, 401 
Y 

2 ,, A?Q~,U,O) 
z and m a r e  the  masses of t h e  moon and t h e  ea r th ,  

i n  which f i s  the  g r a v i t a t i o n a l  constant ,  and m 

1 
re spec t ive ly .  Since the  o r i g i n  of  coordinates i s  
placed a t  the  cen te r  o f  i n e r t i a  of t he  Earth-Moon 
system, then the  following e q u a l i t i e s  a r e  j u s t i -  
f i e d  f o r  al and a*: 

Figure 2 .  

(1.26) 

5 2 .  Cha rac t e r i s t i c  Functions i n  Dynamics /17 
Prom equations (1.18) it i s  evident t h a t  i n  order  t o  descr ibe the  motion 

of  a mechanical system i n  t h e  case of p o t e n t i a l  fo rces ,  one need only con- 
s t r u c t ,  i n  a p a r t i c u l a r  manner, a c e r t a i n  funct ion of general ized coordinates 
and v e l o c i t i e s  -- namely t h e  Lagrangian. Functions of  t h i s  type,  which may 
be used f o r  t he  descr ip t ion  of motion, we s h a l l  r e f e r  t o  as  " c h a r a c t e r i s t i c  
functions1f1- Another so-ca l led  c h a r a c t e r i s t i c  funct ion - widely _ _  used i n  
1 The term " c h a r a c t e r i s t i c  motion" i s  used here  i n  a broader sense than the  

one genera l ly  accepted (See f o r  example, [8] ) .  
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a n a l y t i c a l  dynamics i s  t h e  Hamiltonian funct ion,  o r  Hamiltonian. Less 
well-known c h a r a c t e r i s t i c  func t ions  are those of  V.  M. Tayevskiy [8, 91 a n d  
K.  M. Ra i tz in  [ lo ,  111. Conversion from one of  t hese  funct ions t o  another  
i s  achieved through t ransformation of  t h e  general ized coordinates  o r  t h e  
general ized v e l o c i t i e s  i n  new va r i ab le s ;  here ,  a l l  n general ized coordinates  
(or v e l o c i t i e s )  are subjec ted  t o  t ransformations.  One n a t u r a l  exception t o  
t h i s  i s  the  Routh t ransformation [12] ,  which leads  t o  a mixed Lagrangian- 
Hamiltonian form o f  t h e  equations of  motion. If t h e  general ized coordinates  
and v e l o c i t i e s  are broken down i n t o  several groups, and each group i s  
subjec ted  t o  t ransformation,  we a r r i v e  a t  the  most general  form of  t h e  
c h a r a c t e r i s t i c  func t ion ,  and thereby a t  t h e  most general  form of t h e  
equations of  motion. This form has been pointed out  i n  an a r t i c l e  [13]. 

Let t h e  motion o f  t h e  mechanical system be  def ined by equations (1.18). 
We can then transform t h e  general ized coordinates  qz+l,  q2+2 , . . . ,  qn and 

general ized v e l o c i t i e s  qk+l, qk+2 , . . . ,  qm t o  new va r i ab le s  s ~ + ~ ,  s 
and pk+l, P ~ + ~ , . . . ,  pm by using t h e  following formulas 

S 2+2’ * * ’ n 

assuming t h a t  0 < k < Z < m < n. 
no t  equal t o  zero,  

If t h e  Jacobian of t h e  t ransformation is  
/18 

- - -  

then equations (2.1) can be  solved f o r  the t ransforms of  Lagrangian va r i ab le s ,  

i’ The q u a n t i t i e s  p are r e f e r r e d  t o  as “general ized moments”; t h e  q u a n t i t i e s  s 
which, by v i r t u e  of equation (1.18) ,  coincide with t h e  corresponding values  of  
pi, w e  s h a l l  r e f e r  t o  as “moments of t h e  second order” .  

it i s  c h a r a c t e r i s t i c  t h a t  t he  s t a t e  of motion o f  t h i s  system, i n  t h e  case of  
one group of  degrees of  freedom, i s  determined by general ized coordinates  and 
v e l o c i t i e s ,  i n  t h e  case of  t h e  second group by general ized coordinates  and 
moments, and, i n  t h e  case of  t he  last  group by general ized moments and t h e i r  
de r iva t ives .  

i 

From equation (2.1) it i s  evident  t h a t  f o r  t h i s  p a r t i c u l a r  t ransformation 

Let us  consider  t h e  funct ion M*, which i s  def ined by t h e  following 
r e l a t ionsh ip :  

m n 
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Solving equations (2.1) for the old variables, which is possible on the basis 
of the condition o f  (2.2), and substituting in (2.3) the appropriate values 
of qi and ii with pi and si, we arrive at the following: 

The total variation of this function will be as follows: 

On the other hand, varying the explicit expression for M, obtained from /19 
equations (2.3) and (2.1), we arrive at the following: 

Comparing equations (2.5) and (2.6) and making allowance for the trans- 
formation formula (2.1), in view of the arbitrariness of the variations which 
enter into equations (2.5) and (2.6), we arrive at: 

(i = I +  1,. . . ,n ) .  J 

In this case the differential equations of  motion will have the following form: 

0 (i = 1 , 2 , .  . . , R ) ;  

( i = i +  1 ,  ..., m); 

(2.8) 

(2 -9) 

,aM (i = R +  1,. . . ,114 (2.10) 

pi = 7, ' M  qi =-' aM (i=m+l; ..., n). (2.11) 

dqi aM ' P i  

dt 'p i  ' dt  'si -=-- 

' 41  asi 

But since s = p. then the subsystem (2.9) can be written as follows: i 1 

- - = o  ( i = f +  1, . .., m),  (2.12) 
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while t h e  subsystem (2.11) w i l l  have the  following form: 

(2.13) 

Thus, t h e  motion of  the  mechanical system w i l l  be described by the  system /20 
of  equations (2 .8) ,  (2.10), (2.12) and (2.13). 

I f ,  within transformation (2.1) ,  k = 0 and 2 = n, then t h e  equations of 
motion w i l l  assume a Hamiltonian form (2.10),  and funct ion M i n  t h i s  case w i l l  
be a c h a r a c t e r i s t i c  Hamiltonian funct ion,  which has t r a d i t i o n a l l y  been 
designated by the  symbol H: 

t h e  Hamiltonian H being defined by t h i s  formula: 

H = - L 4- 2 piQC. 
n 

C=l 

(2.14) 

(2.15) 

I f  2 = m = n i n  t h e  transformation (2.1) ,  then the  equations of motion 
w i l l  cons i s t  only of t he  subsystems (2.8) and (2.10),  and, consequently, 
they w i l l  be of mixed Lagrangian-Hamiltonian form: 

I - 0  ( i = 1 , 2  , . . . ,  k ) ,  a M  

- -- aM ( i = h +  l , . .  . * n ) .  dqi. a M  dPi 
dt api  ' dt aqi 
-=- -- 

(2.16) 

The equations of motion (2.16) we s h a l l  r e f e r  t o  as  the  Routh equat ions.  
S imi la r ly ,  t he  c h a r a c t e r i s t i c  funct ion of equations (2.16) we s h a l l  r e f e r  t o  
a s  Routhian, which, according t o  ( 2 . 3 ) ,  w i l l  have the  following form: 

(2.17) 

where the  transformed va r i ab le s ,  with t h e  he lp  of t he  transformation formulas, 
must be expressed i n  terms of new va r i ab le s .  

The Routh equations a r e  found t o  be convenient i n  the  s tudy of t he  
r e c t i l i n e a r - r o t a t i o n a l  motion of  a r t i f i c i a l  heavenly bodies .  In  t h i s  case,  
i n  l i e u  of t he  canonical va r i ab le s  q - ,  p i ,  which e n t e r  i n t o  the  subsystem 
of  Hamiltonian equat ions,  it is  expeaient 
elements of  t he  o r b i t  of  t he  cen te r  of masses of t he  spaceship,  which vary 
slowly with the  respec t  t o  time. 
coordinates  f o r  t he  subsystem of  Lagrangian equations,  it i s  expedient t o  

t o  adopt t h e  oscula t ing  Keplerian 

S imi la r ly ,  i n  p lace  of t h e  general ized 
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adopt Eulerian angles .  

If Z = 0,  m = n, then t h e  equations of  motion w i l l  have a Lagrangian 
form; however the  funct ion w i l l  be expressed i n  terms of f i r s t - o r d e r  and 
second-order moments. This c h a r a c t e r i s t i c  funct ion-was pointed out  e a r l i e r  
by V.M. Tatevskiy (8, 91. The case m = 0 was a l s o  pointed out  by V.M. 
Tatevskiy 191 and subsequently s tud ied  i n  d e t a i l  by K .  M. Ra i tz in  [ l o ,  111. 
New forms of t h e  equations of dynamics can b e  obtained f o r  s t i l l  o t h e r  
l imi t a t ions  of k ,  2, m and n. 

Here l e t  us  note  s t i l l  another p a r t i a l  case,  which w a s  obtained f o r  
k = 2 - < m = n. 
form: 

The equations of motion a r e  then w r i t t e n  i n  the  following 

where M1 = M, pli - - pi. 

We s h a l l  f u r t h e r  assume t h a t  

(2.18) 

(2.19) 

assuming t h a t  the  Jacobian of the  transformation (2.19) is  not equal t o  zero. 
The q u a n t i t i e s  p2i a r e  r e f e r r e d  t o  as "moments of  the  t h i r d  order". 
assuming t h a t  : 

Then 

(2.20) 

we a r r i v e  a t  the  equations of motion i n  the  following form, following c e r t a i n  
simple t ransformations:  

(2.21) 

where M 

i n  p lace  of Ijli and p 
denotes t h e  r e s u l t  of s u b s t i t u t i o n  of p2i and 6 2 2 i  from formula (2.19),  

i n  equation (2.20). li' 

Transformations such as that appearing i n  (2.19) can be repeated a 
number of  t imes,  provided each time t h a t  t he  corresponding Jacobians a r e  
not  equal t o  zero.  As a r e s u l t  we obta in  a Lagrangian system o f  equations: 

(2.22) 

i n  which by fhe  symbol p we denote the  moments of t h e  s + l-st order .  These /22 s i  
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moments and t h e i r  de r iva t ives  
formulas : 

are def ined with the  he lp  of  t h e  following s i  

For  the new Lagrangian w e  ob ta in :  

(2 .23 )  

(2 .24)  

The invariance of  t he  Lagrangian form of equat ions,  i n  t he  case o f  
t r a n s i t i o n  t o  h igher  o rde r  moments, f o r  t h e  problem of  small o s c i l l a t i o n s ,  pro- 
vided t h a t  i n s t ead  of  genera l ized  coordinates  w e  make use of  normal coordin- 
ates,  f o r  i n .  t h i s  case the  h igher  order  moments are propor t iona l  t o  the  de- 
r i v a t i v e s  (with r e spec t  t o  time) o f  t h e  general ized coordinates o f  t he  same 
order .  I n  t h i s  r e spec t ,  t he  Lagrangian form of equations i n  space moments 

]of higb-er orders  i s  a consequence of t he  v a r i a t i o n a l  na ture  of thel laws o f  
]mechanics. 

To the  equation (2.22) corresponds t h e  p r i n c i p l e  of  l e a s t  ac t ion  i n  
the  form:' 

(2.25) 

9 3 .  Differen t ia l  Equations of Motion of Material Point i n  Curvi l inear  
Coordinates 

We consider here  the  problem of the  movement of a f r e e  mater ia l  po in t  with- 
i n  a p o t e n t i a l  f i e l d  of fo rces ,  and obta in  the  equations of motion i n  the  form 
which is most u se fu l  i n  c e l e s t i a l  b a l l i s t i c s ,  on the  bas i s  of orthogonal curv i -  
l i n e a r  coord ina tes ,  

L e t  us assume t h a t  the  rec tangular  Cartesian coordinates of po in ts  x,  y, z 
are expressed i n  terms of new mutually independent va r i ab le s  q l ,  q2,  q3 with 
the  he lp  of s ingle-valued r e l a t ionsh ips  : 

L e t  us assume t h a t  t h e  reverse  transformation: 



is  a l s o  s ingle-valued,  

Such va r i ab le s  as 91, 92, q3 form a system of c u r v i l i n e a r  coordinates .  

n e  p a r t i c u l a r  forms o f  cu rv i l i nea r  coordinate 
t h e  sphe r i ca l ,  t he  e l l i p s o i d a l ,  and the  paraboloidal  coordinates .  

systems a re  the  cy l ind r i ca l ,  

Having made some choice of a c u r v i l i n e a r  coordinate system and considered 
one of the  equations of  (3.2) qi = qi(x,  y ,  z), we f i n d  t h a t  a d e f i n i t e  su r -  

face which i s  c a l l e d  a coordinate sur face ,  corresponds t o  t h e  equation 

q i  

sur faces  : 

= const i n  space.  

Each point  i n  space i s  defined by t h e  i n t e r s e c t i o n  of t h ree  coordinate 

qi = c ( i  = 1, 2 ,  3 ) .  (3.3) i 

The in t e r sec t ion  of  two coordinate  sur faces  determines a coordinate  l i n e .  Along 
a coordinate l i n e  any two curv i l i nea r  coordinates  maintain constant values .  

Through every poin t  i n  space the re  pass  t h r e e  coordinate  l i n e s  (Figure 3) :  
l i n e  q 

constant ,  l i n e  q 

q a r e  constant ,  and, f i n a l l y ,  l i n e  q along which 

the  coordinates q1 and q2 remain constant .  

on which the  coordinates q2 and q3 a r e  1' 
along which the  coordinates q1 and 2' 

3 3' 

Figure 3 .  

system of cu rv i l i nea r  

The tangents  t o  coordinate  l i n e s  may be  r e fe r r ed  
t o  as "axes of  c u r v i l i n e a r  coordinates".  A system of 
cu rv i l i nea r  coordinates w i l l  be orthogonal provided 
t h a t  a t  any poin t  i n  space the  coordinate axes a re  
mutually perpendicular .  
e s t a b l i s h  t h a t  t he  condi t ion of or thogonal i ty  of a 

I t  i s  not  d i f f i c u l t  t o  

coordinates can be  descr ibed i n  the  following form: /24  

In  compiling the  Lagrangian equations it is  f i rs t  of a l l  necessary t o  
express t h e  k i n e t i c  energy of a mater ia l  po in t  i n  terms of  general ized 
v e l o c i t i e s .  
t he  l i n e a r  element ds .  With t h e  he lp  of equation (3.1) we obta in  t h e  
f o  1 lowing : 

For t h i s  purpose it i s  expedient t o  c a l c u l a t e  the  square of 
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where H1, H2 and H 3  a r e  t h e  Lam6 c o e f f i c i e n t s ,  defined by t h e  following 

formulas : 

With the  he lp  of  equation ( 3 . 5 )  we come t o  the  following expression f o r  
t h e  square of the  v e l o c i t y  of t h e  point :  

Since i n  the  case of the  g r e a t  ma jo r i ty  of problems encountered i n  c e l e s t i a l  
b a l l i s t i c s  t he  force  funct ion i s  proport ional  t o  the  mass of the  moving 
po in t ,  t h i s  mass does not appear i n  the  Lagrangian equations of motion. 
fo re ,  by U and L we s h a l l  understand, r e spec t ive ly ,  t he  force  funct ion and 
the  Lagrangian, a s  reduced t o  t h e  mass of  the  moving po in t .  

There- 

Keeping i n  mind equation ( 3 . 6 ) ,  we a r r i v e  a t  the following 
expression f o r  the  Lagrangian: 

1 
L = T ( H : 4  + H i 4  + HZ,%) + ( q i ,  9 2 ,  q 3 , t ) .  (3.7) 

Cy1 indri cal Coordinates. The rectangular '  coordinates  a r e  expressed i n  
terms of cy l ind r i ca l  coordinates  by means of t he  following formulas: 

I x = pcosh, 
y = p sin h, 
z = z ,  ( 3 . 8 )  

while f o r  t h e  reverse  t ransformation we have /25  

P = Jx2 + y2 , 
A = arctan Y 9 

X 

z = z .  

( 3 . 9 )  

For cy l ind r i ca l  coordinates  (Figure 4) the  coordinate sur faces  cons i s t  of  a 
cy l inder  passing through the  po in t  i n  space under considerat ion ( the  ax is  of 
t h i s  cy l inder  coincides  with the  z -ax is ) ,  t he  ha l f -p lane  X = const passing 
through the  given poin t  M and through t h e  z ax i s ,  and, f i n a l l y  t h e  plane z = 
= const ,  which i s  p a r a l l e l  t o  t h e  b a s i c  coordinate p lane .  The coordinate 
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l i n e s  cons i s t  of t he  s t r a i g h t  l i n e  CM, along 
which A and z are cons tan t ;  t h e  arc of  t h e  
c i r c l e  BM, on which p and z are constant ;  and 
the  element of t h e  cy l inder  MM’, on which p and 
A a r e  constant .  I t  i s  not  d i f f i c u l t  t o  v e r i f y ,  
i n  t h i s  case,  t h a t  t he  condi t ions of (3.4) a r e  

I P I 

- met, and t h a t ,  consequently, t h e  system of 
Y coordinates  i s  orthogonal.  

X 

Figure 4 

With the  he lp  of  formulas (3.6) and (3.8) we 
determine the  Lam; c o e f f i c i e n t s :  

Then, on the  b a s i s  of equation (3.5) f o r  a l i n e a r  element we obta in  the  
following expression: 

ds’ = dp’ + pa dh’ + d 2 ,  

(3.10) 

(3.11) 

while t he  Lagrangian (3.7) assumes the  following form: 

(3.12) 
1 .L = 3 (r;” + p’X’ + 9) + L/ \p, A, . .  2, t ) .  

The equations of motion (1.18) i n  cy l ind r i ca l  coordinates  a r e  wr i t t en  i n  the  
following form: 

- /26 

d 
d t  -(p”) = Uh, 

z =  U;. 

Spheri tal Coordinates.. The rec tangular  coordin t e s  a r e  
terms of spher ica l  coordinates i n  the  following manner: 

x = r cos cp cos A, 
g=rcoscpsinh, 
z = rsincp. 

(31 13) 

T r e s s e d  i n  

(3.14) 

The geometrical meaning of t h e  spher ica l  coordinates i n  t h i s  case i s  evident 
,(Figure 5 ) .  Here the angle 4 i s  counted within the  l i m i t s  of    IT/^ and 
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a/2; t h e  angle X i s  counted within t h e  l i m i t s  of 
0 and 2a; and r i s  considered t o  be inva r i ab le  
from 0 t o  +m. 

A geocentr ic  system of coordinates i s  usua l ly  
employed i n  deal ing with the  motion of a r t i f i c i a l  
e a r t h  s a t e l l i t e s .  In such a system the  o r i g i n  i s  
a t  t h e  cen te r  of  i n e r t i a  of  t he  e a r t h ,  and the  
b a s i c  plane cons i s t s  of the  e a r t h ' s  equa to r i a l  
plane.  

Y 
I n  t h i s  case the  coordinate  0 becomes the  

F i g u r e  5 addi t ion ,  i f  the  system of coordinates  i s  r i g i d l y  
X geographical l a t i t u d e  of t h e  s a t e l l i t e .  In 

bound with the  e a r t h ,  and i f  t h e  x ax is  l i e s  i n  
the  plane of  the  Greenwich meridian, then t h e  coordinate  X becomes the  
geographical longitude of t he  s a t e l l i t e .  
whose x axis  is d i r ec t ed  toward the  vernal  equinox, X w i l l  be  t h e  r i g h t  
ascension. 

In an i n e r t i a l  coordinate system 

The formulas used f o r  transforming rec tangular  coordinates i n t o  
spher ica l  coordinates a r e  as follows: 

In a sphe r i ca l  coordinate  system the  coordinate sur faces  cons i s t s  of t he  
following: t he  sphere r = const ,  t he  c i r c u l a r  cone 4 = const ,  and the  h a l f -  
plane A = const .  The coordinate l i n e s  cons i s t  of t h e  s t r a i g h t  l i n e  OM, 
along which the  coordinates 9 and X a re  constant ,  the  a r c  of  meridian CM, 
on which r and A a r e  constant ,  and the  a r c  o f  p a r a l l e l  BM, on which the  
coordinates r and 4 a re  constant .  

From formulas (3.4) and (3.14) i t  follows t h a t  a system of spher ica l  
coordinates i s  orthogonal.  

Calculat ing t h e  Lam; c o e f f i c i e n t s  with the  he lp  of  formulas (3.6) and 
(3.14),  we f ind  t h a t  

H r  = 1, H, = r ,  HA = r cos 9, (3.16) 

for  the  square of the  l i n e a r  element we obta in  the  following expression:  

ds2 = dr2 + r2d@ f ra coszcp dha. (3.17) 

(3.15) 

The Lagrangian funct ion w i l l  assume the  following form: 
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from which, according t o  (1.18) we ob ta in  t h e  Lagrangian equations of motion: 

(3.19) 

E l l ip so ida l  coordinates  have been widely used i n  the  problem of t h e  
satel l i tes  of  a spheroidal  p l ane t .  
degenerate e l l i p s o i d a l  coordinates .  

Below we consider two types of 

Oblate Sphero-idal -~ Coordinates. These coordinates a r e  assoc ia ted  with /28 
recgangular coordinates  by means of  t he  following formulas : 

(3.20) 

where c i s  a constant  m u l t i p l i e r  having t h e  dimensionality of length.  
respec t  t o  $, 8, X we s h a l l  assume t h a t  they s a t i s f y  the  following condi t ions:  

With 

Under these  condi t ions,  t o  every po in t  i n  space the re  corresponds a unique 
combination of values  of $, A ,  8 .  

Combining equations (3.20),  with $ = const ,  we discover  t h a t  the  poin t  
must be located upon an e l l i p s o i d  of r o t a t i o n :  

(3.22) 

with major semiaxis c ch $ and minor semiaxis c sh $. 
is  an ob la t e  e l l i p s o i d  of r o t a t i o n  whose ax is  of  symmetry coincides with the  
z ax i s .  

The e l l i p s o i d  of (3.22) 

For 8 =  const,  it follows from (3.20) t h a t  t h e  poin t  i s  found upon a 
s ing le-shee t  hyperboloid of  r o t a t i o n :  

_- 
Oblate spheroidal coordinates  a re  assoc ia ted  with cy l ind r i ca l  coordinates 
by means of  t h e  following r e l a t ionsh ip :  z + i p  = i c  ch ( A  - i$). 

20 



(3.23) 

F ina l ly ,  for X = const ,  t h e  po in t  l i e s  on t h e  plane 

y - x t a n  X = 0 .  (3.24) 

The surfaces  of (3.22) - (3.24) a r e  coordinate surfaces  (Figure 6 ) .  

The coordinate l i n e s  i n  the  spheroidal  system 
are as follows: t he  hyperbola MM' , on which X and 
6 are constant ;  the  p a r a l l e l  of  t he  spheroid AM, 
f o r  which the  corresponding values of $ and 6 a r e  
constant ;  and the  e l l i p t i c a l  a r c  of meridian of  
the  spheroid which passes  through the  poin t  M. 

ob l a t e  spheroidal  coordinates a re  orthogonal: 
t h a t  i s ,  the  coordinate sur faces  a r e  an hyperbo- 
lo id ,  and e l l i p s o i d ,  and a plane,  which i n t e r s e c t  
one another a t  r i g h t  angles .  

Such a coordinate system has been used i n  the  

From equations (3.4) and (3.20) it follows t h a t  /29 

new theory of t h e  motion of  a r t i f i c i a l  ear th  
s a t e l l i t e s  [14]. Figure 6 

The d i f f e r e n t i a t i n g  the  transformation formula (3.20) with respec t  t o  
the  spheroidal coordinates $, 8 and A ,  and s u b s t i t u t i n g  t h e  values found i n  
formulas (3 .6) ,  we a r r i v e  a t  t h e  Lam6 coe f f i c i en t s :  

(3.25) 

Subs t i t u t ing  the  values  found f o r  the  Lam6 c o e f f i c i e n t s  i n  formula (3 .5) ,  we 
then a r r i v e  a t  t he  following value f o r  the  l i n e a r  element ds: 

(3.26) ds2 = c2 (Ch2$ -  COS'^) (dg2 + de2) + C2Ch21) Cos26*dh2. 

Making allowance f o r  equations (3.7) and (3.26) we then have the  following 
value f o r  t h e  Lagrangian funct ion:  

(3.27) 

2 2 where J = ch $ - cos 8: which leads t o  the  following system of d i f f e r e n t i a l  
equations of motion: 

2 1  



( 3 . 2 8 )  

/ 30 
I d 2 1 dt ( J $ )  + sh 21)- (e + @) - 

d 1 - (56) + 2- sin 26 - (@ + &) + dt C? 

d 1 '  - (ch' 1) COS' 6 i') = p UA. dt 

sh 21) cos2 + m i 2  = & Ui, 
ch2 1) sin 26. A L  Upa, 

Pro1 a t e  Sp~er-o-~dal-Coo~d~nates, -_  - We now t ake  up the  second system of  
degenerate e l l i p s o i d a l  coordinates  which i s  f r equen t ly  used i n  t h e  classical 
problem of ce les t ia l  mechanics o f  two immobile centers [15]. 

P ro la t e  sphero ida l  coordinates  u ,  v, w are a s soc ia t ed  with rec tangular  
coordinates by t h e  fol lowing r e l a t ionsh ips :  

J x = c ch u COS U, 

y L- cshvsin 14 sin w , 
z = csh u sin u cos w, 

(3.29) 

where c is  a c e r t a i n  constant  quan t i ty  having the  dimensional i ty  of length.  
We s h a l l -  assume t h a t  t h e  sphero ida l  coordinates  s a t i s f y  t h e  following 
condi t ions : 

If t h e  condi t ions of (3.30) a r e  met, then f o r  every po in t  i n  space t h e r e  
e x i s t s  a unique combination of  values of  u,  v, w.  

To the  system of p r o l a t e  spheroidal  coordinates  
coordinate sur faces :  f o r  v = const we have a p r o l a t e  

correspond t h e  following 
e l l i p s o i d  of r o t a t i o n ,  

(3.31) 

whose ax is  of  symmetry coincides  with t h e  x a x i s ,  while t he  f o c i  a r e  loca ted  
a t  the  po in t s  ( k c ,  0 ,  0) ;  f o r  u = const which is cofocal  with the  two-cavity 
hyperboloid of r o t a t i o n  

' 

(3.32) 

and f o r  w = const ,  we have t h e  plane 

y - z tan  w = 0 .  (3.33) 

The coordinate  sur faces  and l i n e s  a r e  i l l u s t r a t e d  i n  Figure 7 .  The p r o l a t e  /31 
spheroidal  coordinates  a r e  a l s o  orthogonal. 

From simple ca l cu la t ions  we obtain the  following values  o f  the Lam; 
coe f f i c i en t s :  

H , =  Ho=c1/Ch2v-cos2u, (3.34) 
Hw = csh v sin u. 
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"t 
Then w e  ob ta in  t h e  following expression f o r  t h e  
l inear  element: 

ds2 = c2[J (du2 + dv2) + sh2v sin2 u.dw2],  (3.35) 

while t he  Lagrangian func t ion  assumes t h e  follow- 
ing  form: 

L = y [ J ( h 2 + 6 ' ) +  C'd sh2vsin2u.rer2]+U(u,v,rer,t), (3.36) 

I 
where t h e  following designat ion i s  used 

F i g u r e  7 (3.37) 

The equations of  motion o f  a po in t  i n  p r o l a t e  spheroidal  coordinates  a r e  
descr ibed as  follows: 

(3.38) 

d -  
dt  

dt C' 

d 1 '  - (sh2 v sin2 u w) = c" U,. d t  

- ( J u )  - sin u.cos 11 ( ; L ~  + b2 -t w2 sh2 v) = 

- d (Jv) * '  - sh vach v ( i i 2  + i2 + w2 sin2 u )  = - 1 Ui, 

Qraboloidal Coordinates. In dea l ing  with the  problem of  the  motion of  
a spaceship wi th in  a c e n t r a l  Newtonian f i e l d  of  f o r c e ,  and with constant  
vec tor  of  r eac t ion  acce le ra t ion  [16] and [P7, 181, and a l s o  i n  s tudying the  
problem of  t h e  motion o f  a r t i f i c i a l  e a r t h  s a t e l l i t e s  with allowance f o r  
l i g h t  pressure ,  t h e  s c i e n t i s t s  make usee o f  paraboloidal  coordinates .  Such 
coordinates  are assoc ia ted  with rec tangular  coordinates  by the  following 
r e l a t ionsh ips  : 

1 

(3.39) 

I 32 
2 2 2  From t he  last two equat ions (3 .39 )  w e  f i n d  y2 + z = 5 n . Combining 

t h i s  with x2, w e  have 

from which 5 = const  w e  ob ta in  t h e  following equation of t he  coordinate  
s u r f  ace : 

-I 11. .,11,.,1.1 ..,..I 1., .1 - .1 .1 .1  I I I I 
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(3.40) 

Equation (3.40) def ines  t h e  paraboloid of  r o t a t i o n  with focus a t  t h e  
o r ig in  of coordinates  and with ax i s  coinciding with t h e  negat ive por t ion  of  
t he  x axis .  

In  analogous fashion we f i n d  the  second coordinate  sur face :  

92 + 22 = q 4  + 2x92, (3.41) 

which a l s o  i s  a paraboloid with focus a t  t h e  o r i g i n . o f  coordinates and with 
ax is  lying along t h e  x a x i s .  

The t h i r d  coordinate  sur face  i s  the  plane which passes  through the  x 
ax i s  : 

z - y t a n  @ = 0.  (3.42) 

The coordinate l i n e s  a r e  as follows: 

l i n e  5 i s  t h e  parabola  

l i n e  i s  the  parabola 

y2 = E4 COS2 cp - 2?fx cos2 cp, 

= y tanp, 

l i n e  @ is the  c i r c l e  

fJ"2=p?p, x=-(E"?p). 1 
2 

The r e l a t i v e  pos i t i ons  of  t h e  coordinate planes and l i n e s  are shown i n  Figure 
8. The paraboloidal  coordinates  a r e  orthogonal,  as i s  evident  from equations 
(3.4) and (3.39). 

Formulas-(3.6) and (3.39) lead t o  the  following expressions f o r  t he  Lam6 /33 
coe f f i c i en t s :  

(3.43) 
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Then t h e  square of  t h e  l i n e a r  element i s  
determined from the  formula: 

Figure 8 

and the  Lagrangian w i l l  be: 

The Lagrangian equation of  motion i n  para- 
bo lo ida l  coordinates w i l l  be  wr i t t en  as 
follows : 

NOTE: If both f o c i  a r e  removed t o  i n f i n i t y ,  then t h e  e l l i p s o i d a l  
coordinates  degenerate i n t o  rec tangular  coordinates ; i f  only one focus i s  
removed t o  i n f i n i t y  the  e l l i p s o i d a l  coordinates become paraboloidal ;  and, 
f i n a l l y ,  when the  two f o c i  coincide,  t he  e l l i p s o i d a l  coordinates degenerate 
i n t o  spher ica l  coordinates .  

5 k. Canonical Transformations. J acob i ' s  Theorem. 

According t o  the  resul . ts  of § 2 the  motion of a dynamic system can be  
formulated i n  a system of equations s i m i l a r  t o  the  Routh equations: 

( i  = 1, 2,. . .,R\(n), d4i aH dPi a[{ 
d t  aqi d t  ap i  

-=- -=-- 

a H  - -=o ( j - k - +  1, ..., n);  air 
ht ( F )  aqj 

i n  
EY 
t ,  

t h i s  system of equations the  c h a r a c t e r i s t i c  funct ion H ,  which i s  defined 
formula (2.17),  w i l l  i n  t he  general  sense,  be independent of  the  q u a n t i t i e s  
ql,".Y qnY p1Y"'Y PkY qk+l,"'Y in. The va r i ab le s  pi and qi of the  sub- 

system of equations (4.1) we s h a l l  r e f e r  t o  as  "conjugate canonical var iab les"  
(qi i s  the  general ized coordinate ,  p is t h e  general ized moment). i 

Let us examine those  transformations of t he  canonical va r i ab le s  qi and pi 

which do not  d i s tu rb  the  Routhian form of equations (4.1) and (4.2).  These 
t ransformations we s h a l l  r e f e r  t o  as "canonical". 

/ 34 

Tranformation of  t h e  o ld  va r i ab le s  q and p i i t o  t h e  new va r i ab le s  Si and 

we s h a l l  def ine  with the  funct ion 'i 
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t h i s  w i l l  b e  r e f e r r e d  t o  as t h e  ! 'generating function". 
formulas w i l l  have the  form 

The t ransformation 

( i =  1, 2 ,.... ) q, ( 4 . 3 )  
. av qi = -- 

a% 
W c p .  = - 

I ,  aqi ' 

where c i s  a constant  ( the  valency of t h e  t ransformation) .  

From equations (4.1) and (4.3) it follows t h a t :  

and 

the re f  ore ,  
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Taking i n t o  considerat ion t h e  f a c t  t h a t  

be shown t h a t  

Let us assume t h a t  

av Y = c H + -  df ' 
(4.4) 

Since 
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Since 

then,  ins tead  o f  t h e  system (4.1) - (4.2), we f i n a l l y  have t h e  following: 

The transformation ( 4 . 3 )  i s  poss ib l e  only when t h e  Jacobian 

i s  not  equal t o  zero. 

We a r e  now able  t o  formulate a theorem. 

Theorem. I f  t he  canonical va r i ab le s  q and p a re  transformed i n t o  new /36 i i 
var iab les  5 
qk,  <,, E 2 , .  . ., $ ) ,  then t h e  d i f f e r e i n t i a l  equations f o r  the  new va r i ab le s  
w i l l  be of  Routhian form, and the  new c h a r a c t e r i s t i c  Routh func t ion  w i l l  r e -  
semble ( 4 . 4 ) .  

and n i ,  with t h e  a i d  o f  the generat ing func t ion  V ( t ,  q l ,  q2 , .  . . , i 

From t h i s  theorem w e  can der ive  a theorem for the  t ransformation of 
Hamiltonian systems f o r  the  case k = n .  

Using s imilar  arguments, w e  can show the  cor rec tness  of the  following 
theorem. 

Theorem. Let the  va r i ab le s  qi and pi be transformed i n t o  new va r i ab le s  

with t h e  he lp  of  t h e  formulas: 

f4.7) I av av - = cpi (i = 1, 2,. . .,I), - = -cqi(j= I + 1,. .., k ) ,  
a41 @JI 
av av 

‘Ir ( r =  1,2 ,..., m), - = = E ,  ( s = m +  I , . . . , k ) ,  -=- 
a s  

i n  which the  generat ing func t ion  V assumes t h e  form: 

then t h e  Routhian equations of  motion (4.1) - (4 .2)  p reserve  t h e i r  form 
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aK ( i  = 1, 2,. . .) k), dEi aK drli 
d t  aqi ' dt 
-=- -=-- 

a h  

while the  new c h a r a c t e r i s t i c  Routh function K i s  defined by 

K = c H + r .  a v  
(4.9) 

From these  two systems we can deduce t h e  fol lowing c o r o l l a r i e s  r e l a t i n g  
t o  t h e  pure Hamiltonian systems of  (2.14) : 

(4.10) 

Transformations which do no t  d i s t u r b  t h e  Hamiltonian form of  equations a r e  /37 
r e f e r r e d  t o  as "canonical" o r  "contact". Univalent canonical t ransformations 
(c = 1) are the  ones most f requent ly  employed. 

If equations (4.10) are subjec ted  t o  t h e  canonical transformat ion 

a v  . p i " - )  a v  q=-- ( 1 = 1 , 2  ,..., n) ,  
aC aqi i (4.11) 

qn, E l ,  ..., 5 ), then w e  arr ive a t  a new system of 1'"" n where V = V ( t ,  q 

Hamiltonian equations 

-=-- aK ( i  = I ,  2,. . ., n)  a% 
dSi aK d% -=- 
dt dr), ' dt 

with the  Hamiltonian 

a v  
at K = H + - .  

(4.12) 

(4.13) 

The theorem on canonical t ransformations suggests  a means of i n t e g r a t i n g  
t h e  equations of motion, and leads d i r e c t l y  t o  t h e  well-known Hamilton- 
Jacobi law. 

Let us consider  t h e  Hamiltonian system of  (4.10) and attempt t o  f i n d  
such a canonical t ransformation which w i l l  r e s u l t  i n  t he  Hamiltonian equations 
i n  the  following form: 

d %  0, -=0 ( i = 1 , 2  ,..., n), der -= 
dt dt (4.14) 
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- t h a t  is ,  t h a t  t h e  new c h a r a c t e r i s t i c  func t ion  K w i l l  b e  i d e n t i c a l l y  equal t o  
zero: 

(4.15) 

If w e  are a b l e  t o  f i n d  such a t ransformation,  then  t h e  new system of  equations 
a r r ived  a t  (4.14) c m  be  in t eg ra t ed  d i r e c t l y ,  and i ts  common i n t e g r a l  w i l l  b e  
wr i t ten  as follows: 

Er = ai, rlr = - p i  (i = 1, 2 ,...In), (4.16) 

where CY and B i  a r e  

The generat ing 
which, on t h e  b a s i s  

i a r b i t r a r y  cons tan ts .  

func t ion  of t h e  t ransformation must s a t i s f y  equation (4.15),/38 
of equation (4.11) , can b e  w r i t t e n  as follows: 

(4.17) 

The equation thus obtained i s  c a l l e d  t h e  Hamiltonian-Jacobi equation1 . 
If the  generat ing funct ion V, which satisfies equation (4.17),  contains  

n a r b i t r a r y  cons tan ts ,  and t h e  condi t ion 

(4.18) 

i s  m e t ,  then t h e  func t ion  V w i l l  be the  t o t a l  i n t e g r a l  o f  equat ion (4.17).  
By knowing the  t o t a l  i n t e g r a l  o f  equat ion (4.17),  it is  then easy t o  obta in  
t h e  t o t a l  i n t e g r a l  of t h e  Hamiltonian equations of (4.10) , by using formulas 
(4 .16) .  

We thus come t o  s t i l l  another  theorem. 

T h e  Jacobi  Theorem. Let the  system of  canonical Hamiltonian equations 
of (4.10) be given, and l e t  V ( t ,  q l , . .  . 
i n t e g r a l  of  t h e  Hamilton-Jacobi equation (4.17);  then,  t h e  t o t a l  i n t e g r a l  of 
system (4.10) can be represented  as follows: 

qn, sly.. ., an) be t h e  t o t a l  

( i =  1 , 2  ,..., n), f3V f3V 
P , = x ,  P , = q  (4.19) 

_ _  _.  -.. 

This equation is  a l s o  c a l l e d  t h e  Hamilton-Ostrogradskiy equation. 
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where c1 and Bi are a r b i t r a r y  constants .  i 

Corollary. If t h e  mechanical system i s  conservat ive -- t h a t  is, i f  
- aH E 0 -- then t h e  t o t a l  i n t e g r a l  of  t he  HamiltongJacobi equation can be a t  
represented as follows: 

v = - a d  -I- w (91, qz,..., 

where t h e  constant  ct i n  t h e  case of  scleronomous 

transformation t o  general ized coordinates ,  denotes 
while t he  funct ion W s a t i s f i e s  t he  equation: 

1’ 

qn), (4.20) 

cons t r a in t s  and scleronomous 

the  t o t a l  mechanical energy, 

The Hamilton-Jacobi equation can be  w r i t t e n  i n  a somewhat d i f f e r e n t  
i f  t he  system (4.10) i s  transformed beforehand, as follows: 

I ti = qi,  
E j = p j ,  q i = - q  (j=m+l, ..., n), 

pi = qi (i = 1 ,  2,. . .) m), 
i 

t h i s  transformation i s  canonical,  and leads t o  a system of Hamiltonian 
equations : 

Then, i n s t ead  of  equation (4.17),  we have 

/ 39 

(4.21) 

form 

(4.22) 

(4.23) 

(4.24) 

(4.25) 

In  addi t ion  t o  the  t o t a l  i n t e g r a l  of t he  Hamilton-Jacobi equation, t he  
var ious p a r t i a l  i n t e g r a l s  of t h i s  equation may a l so  be use fu l .  
has been s tudied  by Lehmann-Filhes, .’ whose r e s u l t s  a re  s t a t e d  below. 

This problem 
1 

I 
See Lehmann Fi lhes ,  Astr. Nachr., Bd. 165, 1904. 
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If a p a r t i a l  i n t e g r a l  of  t h e  Hamilton-Jacobi equation has been found, 
V (t, ql , .  . . , qn, a l , . .  . , ak), which depends upon k < n a r b i t r a r y  constants  

a then it is poss ib l e  t o  f i n d  2k first i n t e g r a l s  f o r  t h e  equations of  motion i' 

(4.26) 

9 5. Integrat ion of  t h e  Hamilton-Jacobi Equation by t h e  Separation of  /40 
Variables 

The use of  t h e  method of  s epa ra t ion  of  va r i ab le s  t o  i n t e g r a t e  d i f f e r e n t i a l  
equations with p a r t i a l  de r iva t ives  of  t h e  second degree has  been s tud ied  by 
V. G .  Imshenetskiy [19]. However i n  the  sc ience  of  mechanics w e  are more 
i n t e r e s t e d  i n  those cases o f  i n t e g r a b i l i t y  o f  t h e  Hami,lton-Jacobi equation 
i n  which t h e  metric of  t he  space of  general ized coordinates  i s  de l inea ted .  
Such cases o f  i n t e g r a b i l i t y  have been s tud ied  by numerous writers ( J .  L iouvi l le  
[20], P .  S tacke l  [ 2 1 ] ,  Morrera [ 2 2 ] ,  Dall'Aqua [23], G .  P i r r o  [24], Painleve 
[25], N.  D.  Moiseyev [ 2 6 ] , e t c . ) .  Below w e  give two cases  which genera l ize  
t h e  r e s u l t s  of [21] and [26] (See [ 2 7 ] ) .  Here i t  should b e  noted t h a t ,  as 
far  as c e l e s t i a l  mechanics and c e l e s t i a l  b a l l i s t i c s  a r e  concerned, t he  cases 
d e a l t  with by Liouvi l e  and Stacke l ,  along with t h e i r  gene ra l i za t ions ,  a r e  
the  most u se fu l  ones . The use of  t hese  theorems o f f e r s  t h e  p o s s i b i l i t y  of 
a simpler and a more complete s tudy  of  t he  na ture  of motion (See, f o r  example, 

11 
[281) * 

Let us examine, now, a c e r t a i n  class of  dynamic systems f o r  which it i s  
poss ib l e  t o  demonstrate t h e  ex is tence  of a p a r t i a l  i n t e g r a l  o f  t h e  Hamilton- 
Jacobi  equat ion.  

Theorem. If the  k i n e t i c  energy of  system T and i t s  p o t e n t i a l  U a r e  
def ined by the  formulas 

k 
1 
2 T = = - b Z  ai (qi) i; + T' ti,+,* * * i n ,  q k + l '  * .' 4,) 

1=1 
k 

i n  which 

i=1 

where ai, bi, Ui, T*, U* a r e  a r b i t r a r y  funct ions of  t h e i r  arguments, then  t h e  

Hamilton-Jacobi equation admits o f  t h e  following i n t e g r a l :  

See Yarov-Yarovoy, M. S. [ 2 9 ] .  
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where h and a. a r e  a r b i t r a r y  constants .  
1 

Proof. In accordance with equation ( 2 . 1 ) ,  w e  introduce the  canonical 
moments : 

then, f o r  t he  Hamiltonian funct ion we w i l l  have 

k 
1 

- 7'; ( q k t 1 ,  . . ., qn) - 2 ur (qi)  - U' ( q k + i ,  - . 
i=l 

4n) .  

According t o  equation ( 4 . 2 1 ) ,  t he  Hamilton-Jacobi equation i s  wr i t t en  i n  t h e  
form 

We s h a l l  search f o r  t h e  i n t e g r a l  of  equation (5.5) i n  t h e  form: 

From equation (5.5) it i s  evident t h a t  t he  funct ions V must s a t i s f y  the  i 
equations 

where 01 a r e  a r b i t r a r y  constants .  

From t h i s  w e  f i n d  t h a t  

i 

Subs t i t u t ing  i n  equation (5.6) the  expressions f o r  funct ions V obtained i n  /42 
i 

equation (5.8) we a r r i v e  a t  
k 
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where the  funct ion V* must s a t i s f y  the  equation 

(5.10) 

From equations (4.26) and (5.9) i t  follows t h a t  t he  dynamic system under 
considerat ion admits of an i n t e g r a l  of  t he  Hamilton-Jacobi equation (5.4) 
containing k + 1 a r b i t r a r y  cons tan ts .  

Remark. Using the  i n t e g r a l  (5 .4) ,  it w i l l  be poss ib l e ,  on the  b a s i s  of  
equation (4.26), t o  f ind  k + 1 f i rs t  i n t e g r a l s .  

C o r o l l a r y .  I f  t he  k i n e t i c  energy and the  p o t e n t i a l  a r e  defined by the  
formulas 

n 

n 

i=l 

i n  which 

then the  Hamilton-Jacobi equation w i l l  admit of the  t o t a l  i n t e g r a l  

(5.11) 

(5.12) 

(5.13) 

where the  a r b i t r a r y  constants  01 a r e  associated by the  r e l a t ionsh ip  i 
n 

2 ui=o.  (5.14) 
4 ' 

This,  i n  e f f e c t ,  i s  the  Liouvi l le  theorem. Dynamic systems from which /43 
t he  condi t ions of equations (5.11) and (5.12) a re  met, a r e  r e fe r r ed  t o  a s  
"Liouvi l le  systems". 
a r t i c l e  by V. I .  Arnol'd [JO] (see a l s o  [31]). 

A s tudy of Liouvi l le  systems may b e  found i n  an 

The following theorem i s  a genera l iza t ion  of t he  work done by Stackel  and 
N . D .  Moiseyev (see [ 2 7 ] ) .  

Theorem. Let t he re  be  n2 a r b i t r a r y  funct ions 4 (qi) ( i ,  j = 1, 2 , .  . * ,  n) i j  
which s a t i s f y  the  condition 
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(5.15) 

and n + 1 a r b i t r a r y  func t ions  

Then, i f  t h e  k i n e t i c  energy T and t h e  fo rce  func t ion  U are defined by t h e  
formulas 

O(q,, q2 ,..., 4,) and Ui (qi) ( i  = 1, 2 ,..., n ) .  

n 

u = A i U i ,  
i=l 

(5.16) 

(5.17) 

1 ab 
and each o f  the  coe f f i c i en t s  a and bi depends only upon the  i where Ai = T K ,  

corresponding v a r i a b l e  q then t h e  Hamilton-Jacobi equation has a t o t a l  
i n t e g r a  1 i' 

n 

Proof. I n s e r t i n g  t h e  moments p with t h e  h e l p  of equation (2.1) ,  i 

we a r r i v e  a t  the  fol lowing expression f o r  t h e  Hamiltonian H:  

Then, according t o  equat ion (4.21),  t he  Hamilton-Jacobi equation can be 
wr i t t en  i n  the  following form 

1 I 
2 

i=l A[&(%--%) - - b i - U i  =al. 

(5.18) 

(5.19) 

/44 

(5.20) 

Making use of t h e  i d e n t i t y  
n 

2 VilAi = I 
i=l 

ins tead  of equation (5.20) , we have 
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Equation (5.21) is  s a t i s f i e d  i f  w e  s t i p u l a t e  t h a t  

(5.21) 

(5.22) 

where ct are a r b i t r a r y  constants .  i 

Actually,  s u b s t i t u t i n g  i n  equation (5.21) the  values  of  - from 
aqi  

equation (5.22),  w e  see t h a t  equation (5.21) i s  s a t i s f i e d  i d e n t i c a l l y ,  

n n n n  n n 

s ince  f o r  j = 2 ,  3,  ..., n each of  t he  q u a n t i t i e s  
n 

represent ing  t h e  sum of t h e  products of t he  elements of t he  j - t h  l i n e  of t he  
determinant by the  cofac tors  o f  t he  elements of t h e  f irst  l i n e ,  becomes zero.  
The condi t ion of  equation (4.18) i s  a l s o  s a t i s f i e d .  

Proceeding from t h e  reasoning of  Darboux [32] regarding t h e  in t eg ra t ion  
of t h e  equations of motion of  a dynamic system whose k i n e t i c  energy i s  a 
homogeneous funct ion o f  general ized v e l o c i t i e s ,  w e  can de l inea te  s t i l l  another /45 
case of  i n t e g r a b i l i t y .  

Theorem. Let t h e r e  be  n(n + 2) continuous func t ions ,  each of which 
depends s o l e l y  upon a s i n g l e  va r i ab le ,  namely 

and l e t  t he re  be  a d i f f e r e n t i a b l e  funct ion @(q l , . . . ,  9,). 

t h a t  

We s h a l l  assume 

If ,  now, t h e  k i n e t i c  energy T and t h e  p o t e n t i a l  U are def ined by t h e  formulas 

(5.23) 
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(5.24) 

i n  which 

( i  = 1, 2 , .  . .,n), c3A 
Ai =acpi, (5.25) 

then f o r  t he  corresponding Hamilton-Jacobi equation the  t o t a l  i n t e g r a l  w i l l  be: 

n n 

-- Proof. The Hamilton-Jacobi equation i s  w r i t t e n  as follows 

where 01 i s  the  constant  o f  i n t eg ra t ion .  1 

Equation (5.27) can be wr i t t en  as follows 

2 i Af [+(+%) - 2qi1 - 2a1U,] = 0. 
1 = l  

(5.26) 

(5.27) 

As can r ead i ly  be v e r i f i e d ,  (5.26) r e a l l y  represents  t he  t o t a l  i n t e g r a l  of  the  
Hamilton-Jacobi equation (5.27). 

§ 6 .  Integrat ion o f  t h e  Hamilton-Jacobi Equations i n  Spherical Coordinates 

In tegra t ing  equations of motion by the  Jacobi method depends t o  a g rea t  
degree not  only upon t h e  s t r u c t u r e  of the  p o t e n t i a l ,  but a l s o  upon the  space 
met r ic  of the  general ized coordinates .  Fo r  example, the  Liouvi l le  theorem, 
given i n  § 5, i n  the  case of  t h ree  degrees of freedom enables us t o  f i n d  the  
t o t a l  i n t e g r a l  of  t he  Hamilton-Jacobi equation .only with the  use of i somet r ic  
coordinates -- i n  p a r t i c u l a r ,  e l l i p s o i d a l  coordinates .  

Let us examine the  motion of  a poin t  i n  a sphe r i ca l  system of  coordinates 
within a force f i e l d  with p o t e n t i a l  U (r, 4 ,  A ) .  From equation (3.18) we f ind  
expression f o r  the  moments 

(5.28) 

The Hamiltonian i s  w r i t t e n  as follows: 
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According to equation (4.21), i n t e g r a t i o n  of t h e  equations of  motion (3.19) 
i s  reduced t o  t h e  problem of f ind ing  t h e  t o t a l  i n t e g r a l  o f  t he  Hamilton-Jacobi 
equation 

According t o  t h e  f irst  theorem of  § 5, equation (6.2) has  'a p a r t i a l  
i n t e g r a l ,  provided 

(6.3) 
' (0, v U ( r ,  Cp; A)= fir) + 7 s  

where f and @ are a r b i t r a r y  funct ions of  t h e i r  arguments. Subs t i t u t ing  i n  - /47 
(6.2) t he  expressions f o r  U from (6.3), we ob ta in  t h i s  Hamilton-Jacobi equation: 

Assuming 

and s u b s t i t u t i n g  t h i s  va lue  i n  equation (6 .4) ,  we a r r i v e  a t  

We requ i r e  t h a t  t h e  func t ion  V ($I, A )  s a t i s f y  t h e  equation 2 

i n  which a is  an a r b i t r a r y  constant .  2 

The funct ion v l ( r )  i s  determined from t h e  equation 

37 



Separa t ing  the  va r i ab le s  i n  t h i s  equation, and i n t e g r a t i n g ,  we arrive a t  the  
fol lowing in t eg ra l :  

On t h e  b a s i s  of  (4.19),  w e  f i n d  t h e  first i n t e g r a l  of t h e  equations of 
motion of (3.19), us ing  t h i s  r e l a t i o n s h i p :  

(6.10) 

According t o  equation (4.26) we have 

This i n t e g r a l  enables  us t o  study the  p l ane tocen t r i c  d i s t ance  of a 
f a i r l y  remote s a t e l l i t e ,  i n  the  case i n  which we may neg lec t  t h e  term with 
t h e  sphe r i ca l  harmonic when analyzing t h e  g r a v i t a t i o n a l  p o t e n t i a l  of the  
p l a n e t .  

(6.11) 

/48 

Remark. I t  i s  i n t e r e s t i n g  t o  observe t h a t  f o r  a f i e l d  of forces  of type 
(6.31, t he re  i s  an analog t o  the  Binet formula. Actual ly ,  i f  the.  p o t e n t i a l  
of t h e  f i e l d  i s  def ined by formula (6.3) ,  then equat ions (3.19) assume the  
following form: 

I d .  Q; 
(Ph cos2 (p) = - ra ' I (6.12) 

In p lace  of time t and rad ius-vec tor  r, l e t  us  in t roduce  t h e  independent 
va r i ab le  T and the  r ec ip roca l  of t h e  d i s t ance  u: 

where c is  an a r b i t r a r y  constant .  

(6.13) 

Then, system (6.12) assumes t h e  following form 
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(6.14) 

where the  prime s ign  denotes d i f f e r e n t i a t i o n  with respec t  t o  T. 

Multiplying t h e  l a t t e r  two equations by A '  and I$', r e spec t ive ly ,  and 
in t eg ra t ing ,  we f i n d  t h e  f irst  i n t e g r a l :  

where c i s  t h e  constant  of  i n t eg ra t ion .  1 

With t h e  he lp  of  equation (6.15),  the  f irst  o f  t h e  equat ions of (6.14) i s  
transformed as follows: 

(6.16) 

If i n  the  p o t e n t i a l  (6.3) t he re  i s  no second member (a 0)  , then f o r  4 = 0 ,  
assuming t h a t  c i s  equal eo the  area constants ,  we arrive a t  t he  Binet 
formula. Here 'the new independent va r i ab le  i s  t h e  longi tude A .  

Formula (6.16) can be  used i n  studying the  motion of  a r t i f i c i a l  ea r th  - /49 
s a t e l l i t e s  i n  a c e n t r a l  g r a v i t a t i o n a l  f i e l d  i f  we take advantage of  t he  ideas  
of B.  Garf inkel  [33]. Equation (6.16),  and a l s o  the  Clairaut-Laplace equation 
[34],  as wel l  as the  equations of  A. I .  Lur'ye [ 3 5 ]  are q u i t e  convenient i n  
the  s tudy of s a t e l l i t e  motion provided the  averaging method i s  used [ 3 6 ] .  

I f  the  p o t e n t i a l  has t h e  form 

(6.17)  

then the  problem i s  reduced t o  one o f  quadrature .  

Actually,  s ince  equation (6.7) does not  contain an e x p l i c i t  f a c t o r  of  
longi tude A ,  w e  can s t i p u l a t e  t h a t  

The s u b s t i t u t i o n  of  (6.18) i n  equat ion (6.7) r e s u l t s  i n  

v;a+- ai + 2(3?(icp)-aa, =o. (6.19) 
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From t h e  l a t te r ,  with t h e  he lp  of quadratures ,  we a r r i v e  a t  

(6.20) 

Making due allowance f o r  (6 .5) ,  (6.9) and (6.20),  w e  ob ta in  the  t o t a l  i n t e g r a l  
of the  Hamilton-Jacobi equation 

(6.21) 

We have used the  given problem as an i l l u s t r a t i o n  of the  r e s u l t s  obtained 
by R. Barrer [37] and B .  Garfinkel [33] i n  connection with t h e  motion of 
a r t i f ic ia l  e a r t h  s a t e l l i t e s .  

5 7. Motion W i t h i n  a Central Field of Forces. T h e  Two-Body Problem. 

In  c e l e s t i a l  b a l l i s t i c s ,  i n  connection with t h e  motion of a mater ia l  
po in t  i n  a c e n t r a l  f i e l d  of fo rces ,  we are  concerned not  only with the  two- 
body problem, but  with the  ana lys i s  of the motion of an a r t i f i c i a l  s a t e l l i t e  
of a spheriodal  p l ane t  within the  equator ia l  plane of t h e  p l ane t .  

Therefore, l e t  us  examine t h e  general problem of the  motion of a mater ia l  - /SO 
po in t  i n  a c e n t r a l  f i e l d  of forces .  

On the  b a s i s  of equation (6.1) ,  t he  Hamiltonian of t he  problem i s :  

The d i f f e r e n t i a l  Hamiltonian-Jacobi equation 

i s  in t eg ra t ed  by the  separa t ion  of va r i ab le s  (see § 5 ) .  

If we des igna te  

then equation (7.2) breaks down i n t o  th ree  d i f f e r e n t i a l  equations: 

vi%+ yl u; - 2U ( r )  - 2a1= 0, 
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i n  which ci 

i n t e r p r e t a t i o n .  The constant  cil is  t h e  to ' t a l  mechanical energy; a3 i s  the  

area constant  which cha rac t e r i zes  t h e  amount o f  motion with r e spec t  t o  t h e  
z ax i s ;  and ci2 i s  t h e  module of  t h e  k i n e t i c  moment with respect t o  t h e  cen te r  

o f  forces .  

are a r b i t r a r y  cons tan ts .  These constants  have a simple mechanical i 

In teg ra t ing  (7.4) - (7 .6) ,  and s u b s t i t u t i n g  t h e  values  of  t h e  funct ion 
Vi t h a t  i s  found i n  formula (7.3) ,  w e  ob ta in  t h e  following f o r  t h e  t o t a l  

i n t e g r a l  of  t he  Hamilton-Jacobi equation (7.2) :  

1 
where r i s  a constant  which w i l l  be  s e l e c t e d  l a t e r  on . 0 

From (7 .7) ,  on t h e  b a s i s  of  J acob i ' s  theorem (see § 4 ) ,  w e  f i nd  t h e  f i rs t  
i n t e g r a l s  of t h e  problem: 

Since t h e  vec to r  of  t he  k i n e t i c  moment, on t h e  b a s i s  of equations (7.5) 
and (7 .6) ,  maintains a constant  d i r e c t i o n ,  then the  o r b i t  of t he  poin t  w i l l  be 
a plane curve, and t h e  normal t o  the  o r b i t a l  p lane  w i l l  be co - l inea r  with t h e  
vec tor  of k i n e t i c  moment. I t  follows from equation (7.5) t h a t  motion i s  poss- 
. i b l e  upon condi t ion 

. - .  _ _  

I n  formula (7.7) w e  t a k e  d e f i n i t e  i n t e g r a l s  s o  t h a t  t h e r e  w i l l  b e  no 
unnecessary constants  introduced i n t o  t h e  expression f o r  t h e  t o t a l  
i n t e g r a l  . 
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which can be w r i t t e n  as follows 

(7.11) 

If w e  use  the  symbol i t o  denote t h e  i n c l i n a t i o n  of t h e  o r b i t a l  plane t o  t h e  
b a s i c  coordinate  plane,  then, on t h e  b a s i s  of  equat ion (7.11), we have 

(7.12) 

According t o  equations (7.11) and (7.12), t h e  sphe r i ca l  coordinate  4 varies 
wi th in  t h e  following l i m i t s  

The motion of a p o i n t  i s  conveniently represented  on a sphe r i ca l  su r f ace  
In  our  s tudy of motion 

we s h a l l  make use o f  t h e  following concepts.  The 
l i n e  which marks t h e  in t e rcep t ion  of  t he  o r b i t  
with t h e  b a s i c  coordinate  p lane  we s h a l l  c a l l  t he  
l i n e  of  nodes. 
t h i s  l i n e  with the  celest ia l  sphere w e  s h a l l  refer  
t o  the  ascending and t h e  descending nodes of t h e  
o r b i t ;  here  t h e  ascending node i s  t h e  one such 
t h a t ,  with t r a n s i t i o n  through i t ,  t h e  po in t  fa l ls  
i n  t h e  Northern Hemisphere ( i n  Figure 9 t h e  
ascending angle i s  denoted by t h e  svmhol 61 , and 
the  descending angle  by t h e  symbol D ) .  The 
pos i t i on  of t he  ascending node w e  s h a l l  def ine  as 
t h e  arc which i s  reckoned i n  the  p o s i t i v e  d i r e c t i o n  
from t h e  x a x i s  on t h e  b a s i c  coordinate  plane.  
arc .we s h a l l  r e f e r  t o  as t h e  "longitude of t h e  
as cending node". 

/52 
(Figure 9) whose cen te r  l i e s  a t  t he  cen te r  of  fo rces .  

- 

The po in t s  of  i n t e r s e c t i o n  of 

This Figure 9 

We s h a l l  begin by s tudying the  general  p rope r t i e s  of motion making use 
o f  t he  i n t e g r a l  of (7 .8) .  
equation 

We s h a l l  l i m i t  ourselves  t o  t h e  case i n  which t h e  

(7.13) 

has  two d i f f e r e n t  p o s i t i v e  roo t s  
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Here, o f  course it i s  assumed t h a t  between roots  r and r the re  are no o the r  

r o o t s  of  equation (7.13). As i s  evident from (7.8) ,  t h e  radius-vector  r 
always l i e s  between t h e  l i m i t s  

P a 

a' r < r < r  
P -  - 

(7.14) 

if it sa t i s f ies  t h e  above mentioned i n e q u a l i t i e s  a t  t h e  i n i t i a l  moment. 
r w i l l  be  t h e  leas t  ( p e r i c e n t r i c )  value of r, and r the  g rea t e s t  

(apocentr ic)  value of r. In  p lace  of  r and r w e  can introduce t h e  

constants  a and e ,  with t h e  he lp  of  t h e  following r e l a t i o n s :  

Then 

P a 
P a 

r p  = a (1 - e ) ,  ra = a (1 + e ) .  (7.15) 

The constant  a w e  s h a l l  refer  t o  as t h e  "mean distance",  t h e  quan t i ty  e w i l l  
be  c a l l e d  the  "measure of oblateness  of  t h e  o rb i t "  (quas i -eccent r ic i ty)  . 

L e t  us assume t h a t  i n  the  t o t a l  i n t e g r a l  (7 .7) ,  as w e l l  as i n  i n t e g r a l s  
(7.8) and ( 7 . 9 ) ,  t he  lower l i m i t  of i n t eg ra t ion  i n  the  f irst  term i s  rD. Then 

(7.8) becomes 
I 

(7.16) 

where @ ( r )  i s  def ined by the equation 

4 (1) ( r )  ( r -  r p )  ( r ,  - r )  = 2u ( r )  - 9 $- 231, r 

while,  obviously 
of  (7.14).  

@(r) - > 0 f o r  a l l  values  o f  r which s a t i s f y  t h e  condi t ions 

In  (7.16) w e  s u b s t i t u t e  

= -T. (7.17) 1 

If t = T, t h e  equa l i ty  r = r . is  f u l f i l l e d :  i . e . ,  a t  moment T the  moving po in t  

i s  a t  a minimal d i s t ance  from t h e  cen te r  of  forces  (a t  t h e  p e r i c e n t e r ) .  
quan t i ty  T w e  s h a l l  refer  t o  as t h e  moment o f  passage through t h e  p e r i c e n t e r .  

P 
The 

Replacing the  va r i ab le  i n  t h e  i n t e g r a l  (7.16) 

/53 ' 

r = a  (1 - e c o s E ) ,  (7.18) 
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w e  arr ive a t  

=i -TT,  dE 

Val [a  (1 - e cos E ) ]  0 

(7.19) 

from which it i s  evident  t h a t  E is a regu la t ing  va r i ab le .  Equation (7.19) can 
be  r e f e r r e d  t o  as t h e  equation of time ( i n  t h e  two-body problem it is r e f e r r e d  
t o  as the  Kepler equat ion) .  

If e = 0,  then @(r) = @(a) and E = ( t  -T).  With values of e 
which a re  absolu te ly  small ,  and e x p l i c i t  expression f o r  E i n  terms of t i m e  t can /54 
be obtained with t h e  he lp  of t h e  Lagrange formula [38], which i s  well-known 
i n  ana lys i s .  

After obtaining a value of t h e  r egu la t ing  v a r i a b l e  E f o r  a d e f i n i t e  value 
of t from equation (7.19) ,  with the  he lp  of equation (7.18) we proceed t o  f i n d  
t h e  value of the  rad ius-vec tor  r. 

Now we r e t u r n  t o  formula (7.9) ,  which def ines  t h e  l a t i t u d e ,  4 .  Making use 
of (7.12) in s t ead  of (7 .9) ,  w e  obtain 

(D r 

(7.20) 

In p l ace  of  I$ we introduce t h e  new va r i ab le  u ,  which i s  t h e  argument of  
l a t i t u d e  (Figure 9 ) ,  being i n  the  form of  an angle  reckoned i n  the  o r b i t a l  
plane from the  ascending node of t h e  o r b i t :  

sin cp = sin i sin u.  (7.21) 

From equation (7.20), with t h e  he lp  of (7.21),  w e  a r r ive  a t  

(7.22) 

Let us now determine t h e  meaning of B2.  

i s  f u l f i l l e d ,  then B 2  i s  equal t o  the  argument of l a t i t u d e  a t  the  moment of 

passage through the  pe r i cen te r .  

Since with r = r the  equa l i ty  u = B 2  
P’ 

We now introduce t h e  nota t ion :  

B 2  = w (7.23) 
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and agree t o  ca l l  t h e  quan t i ty  w "the d is tance  between the  p e r i c e n t e r  and t h e  
node". Formula (7.22) reduces t o  t h e  following form: 

(7.24) 

Let us  tu rn ,  now, t o  equat ion (7.10),  which def ines  t h e  longi tude of  t h e  
With t h e  he lp  of  t h e  s u b s t i t u t i o n  (7.21) w e  transform equation moving po in t .  

(7.10) t o  t h e  following: 

X - B 3  = arc t a n  (cos i t a n  u ) .  (7.25) 

On the  b a s i s  of equat ion (7.25), f o r  u = 0,  t he  equa l i ty  X = B i s  f u l f i l l e d .  /55 
We now introduce t h e  no ta t ion  

- 3 

B 3 = S 1 ;  (7.26) 

then,  i n s t ead  of equation (7.25) ,  w e  a r r i v e  a t  

X - Q = arc tan  (cos i t a n  u) .  (7.27) 

it i s  obvious t h a t  t h e  quan t i ty  $2 i s  t h e  longi tude of t h e  ascending node. 

T h e  Two-Body Problem. Let us apply the  r e s u l t s  thus  f a r  obtained t o  t h e  -- 
two-body problem 1- i . e . ; t o  t he  motion of  two mater ia l  po in t s  which a r e  
mutually g r a v i t a t i n g  according t o  Newtonian laws. I f  we l i m i t  ourselves  t o  
t h e  s tudy  of t he  motion o f  one of t he  po in t s  (say the  s a t e l l i t e )  with respec t  
t o  t h e  system of coordinates  with o r i g i n  a t  t he  o the r  po in t  ( t he  p l a n e t ) ,  and 
a l s o  r e s t r i c t  ourselves  t o  constant  d i r e c t i o n s  o f  t h e  axes,  then the  g rav i t a -  
t i o n  p o t e n t i a l  w i l l  be  def ined by t h i s  formula: 

f ( M + m )  (7.28) I/ ( r )  = r '  

where f i s  t h e  constant  of  g r a v i t a t i o n ,  M i s  the  mass of t h e  p l ane t ,  m is  t h e  
mass of  t h e  sa te l l i t e ,  and r is  t h e  p l ane tocen t r i c  d i s t ance  of  t he  s a t e l l i t e .  
Ordinar i ly ,  t h e  mass of an a r t i f i c i a l  s a t e l l i t e  as r e f l e c t e d  i n  formula(M + m) 
(7.28) can be neglected.  

For  t h e  case i n  which t h e  mechanical energy i s  negat ive ,  from formulas 
(7.18),  (7.19),  (7.21),  (7.24) and (7.27),  w e  can ob ta in  a s o l u t i o n  t o  the  
problem by s u b s t i t u t i n g  t h e  expression from equation (7.28) f o r  t h e  value of 
U: 
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r = a (1. - e cos E ) ,  
E - e s i n E = M ,  

(7.29) 
(7.30) 

where 
M = n ( t - T ) ,  n z = f M  a3 ' 

u -0 = v, 
x - 52 = arc tan  (cos i t a n  u) .  

In  formulas (7.29)  - (7.30) we employ the  following conventions: 

(7.31) 

(7.32) 

(7.33) 

Here a, e ,  i, 52 , w, T are Keplerian e lements : ,a  i s  the  measure semi-axis o f  
t he  e l l i p t i c a l  o r b i t ;  e i s  the  e c c e n t r i c i t y ;  i i s  the  i n c l i n a t i o n ;  n i s  t h e  
longitude of the  .ascending node; T i s  the  moment of passage through the  
pe r i cen te r ;  p = a ( l  - e2) i s  the  foca l  parameter; and M i s  the  mean anomaly. 

/ 5 6  

If  we s t i p u l a t e  t h a t  

E - 
t an  V, {z  t an  - 2 , 

2 
(7.34) 

then,  from equation (7.29) we have t h e  following value f o r  t he  radius-vector :  

P 
1 +ecosv  ' 

r =  

The quan t i ty  v ,  c a l l e d  the  " t rue  anomaly", i s  a c t u a l l y  the  po la r  ang 
i n  t h e  o r b i t a l  plane from the  d i r e c t i o n  toward the  pe r i cen te r .  

§ 8. Integrat ion o f  t h e  Hamilton-Jacobi Equation i n  Spheroidal a n d  
Paraboloi da 1 Coord i nates .  

(7.35) 

e reckoned 

n 

Let us consider the  motion of  a mater ia l  po in t  within a system of 
obla te  spheroidal  coordinates  defined by the  formulas of (3.20).  
assume t h a t  the  p o t e n t i a l  o f  t he  problem has t h i s  form: 

We s h a l l  

where r and + a r e  sphe r i ca l  coordinates ( the  p o t e n t i a l  does not  depend upon 
the  longitude of the  moving p o i n t ) .  
ins tead  of (8.1) we have 

In  t h e  spheroidal  coordinates of (3.20), 
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U = U (sh 9, sin 6). 

On the  b a s i s  o f  (3.27) we have 

L = $ [J ($ + b2) + k2 ch2 9 cos2 61 + U (sh 9, sin e), (8.3) 

where 

Applying t h e  second group of formulas of  (2.1),  w e  introduce t h e  canonical 
moments 

(8.5) 
PS = CaJ$, pa = caJ&, PA = C' C h 2  9 COS= 6. a. 

In these  va r i ab le s  the  Hamiltonian o f  t he  problem i s  w r i t t e n  i n  the  fol lowing 
form : 

- / 5 7  

In  accordance with (4.20), t he  problem of  i n t e g r a t i n g  equations of 
motion reduces t o  t h e  cons t ruc t ion  of t h e  t o t a l  i n t e g r a l  of t h e  Hamilton- 
Jacobi  equation: 

On the  b a s i s  of  t he  second theorem c i t e d  i n  § 5,  we e s t a b l i s h  t h e  most 
general  form of  t he  force funct ion U ,  which w i l l  enable us  t o  i n t e g r a t e  t h e  
equations of  motion of  (3.28)  i n  quadratures .  

For app l i ca t ion  of t h i s  theorem we s t i p u l a t e  t h a t  

and compile t h e  determinant 
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The c o e f f i c i e n t s  Ai w e  determine with t h e  he lp  of t h e  formula 

I t  i s  n o t  d i f f i c u l t  t o  assure ourselves  t h a t  

(8.10) 

For t h e  q u a n t i t i e s  a we w i l l  have i 

a, = ch2q, a2 = cos28, a3 = 1. ' (8.11) 

Comparing equations (8.3) , (8.10) and (8.11) , w e  see t h a t  t h e  k i n e t i c  
energy of a material p o i n t  i n  ob la t e  spheroidal  coordinates  a c t u a l l y  has t h e  
form which i s  necessary f o r  t he  second theorem of § 5. 

/58 - 

To determine the  t o t a l  i n t e g r a l  of equation (8 .7) ,  it is  s u f f i c i e n t ,  as 
follows from (5.18) and (8.10) t h a t  t h e  p o t e n t i a l  have t h i s  form: 

(8.12) 

This form o f . t h e  f o r c e  func t ion  (8.12) is necessary f o r  t h e  i n t e g r a t i o n  of 
equation (8.7) by t h e  method of separa t ion  of va r i ab le s .  

In accordance with (5.18) the  t o t a l  i n t e g r a l  o f  equation (8.7) has t h e  
following form : 

(8.13) 

Remark. The f o r c e  func t ion  (8.12), as a l i m i t i n g  case, contains  within 
i t se l f  t h e  p o t e n t i a l  o f  (6.17).  In order  t o  demonstrate t h i s  fact ,  w e  
transform the  q u a n t i t i e s  

(8.14) 
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t o  spheroidal  coordinates  $, 6 :  

r l  = c (sh II, - i sin 6). 
r2 = c (sh $ + i sin.6). 

(8.15) 

We now introduce the  sphero ida l  coordinates  q1 and q2 with the  he lp  of 
t he  e q u a l i t i e s  

q1 = csh II,, q2 = sin 6. (8.16) 

Then, from (8.15) and (8.16) w e  ob ta in  

(8.17) 

Expanding t h e  expressions o f  (8.14) i n  the  Taylor series by powers of c y  w e  
ob ta in  t h e  following: 

cz 
r l = r ( I - T i + . .  

ra= r (1 + r" i + . . .). CZ 
(8.18) 

Subs t i t u t ing  i n  (8.17),  i n  p lace  of r1 and r2, t h e i r  expressions from (8.18),  

and tak ing  the  l i m i t  as c +.O, w e  f i n d  t h a t  ob la t e  spheroidal  coordinates 
u l t ima te ly  reduce t o  these  sphero ida l  coordinates 

lim 91 = r ,  lim qa = sin cp. 
c+o c-0 

(8.19) 

Next, t he  most general  form of  t h e  fo rce  funct ion,  which enables us  t o  
so lve  the  problem i n  quadratures ,  is  obtained from formula (8.12);  i n  t h e  
l a t t e r  formula, by v i r t u e  of (8 .16) ,  w e  s u b s t i t u t e  t he  following l i m i t i n g  
vqlues of (8.19) in s t ead  of  $ and 6: 

(8.20) 

t h i s  y i e l d s  a p o t e n t i a l  l i k e  t h a t  o f  (6.17).  

I n  problems of  c e l e s t i a l  S a l l i s t i c s  t h e  quan t i ty  c is  a c t u a l l y  q u i t e  
small, and for  t h i s  reason t h e  sphero ida l  coordinates  of a surface are c lose  
t o  spheroidal  coordinates .  

Now w e  s h a l l  s tudy t h e  motion of  t h e  material p o i n t  i n  t h e  parabolo ida l  
coordinates  of ( 3 . 3 9 ) .  We s h a l l  demonstrate, f i rs t ,  t h a t  t h e  structure of  t h e  

49 



k i n e t i c  energy i n  parabolo ida l  coordinates  sat isf ies  t h e  condi t ion of  (5.2) of  
t h e  second theorem of § 5. 

With t h i s  purpose i n  mind w e  introduce t h e  fol lowing system of funct ions:  

The determinant A of t h i  

We a lso  s t i p u l a t e  t h a t  

(P11 = E ,  v 2 1 =  q* 931 = 0, 
1 1 

(Pia = - - 4 t (Paa = Cpaa=O, 

(P13 = - E t  923 = - q, (P33= I. 

system-of  funct ions $I i j  i s  as fol lows 

a, = E, a2 = q, a3 = ET 

From (8.22) and (8.23),  w e  f i n d  t h a t  

(8.21) 

(8.22) 

(8.23) 

(8.24) 

S u b s t i t u t i n g  t h e  expressions of (8.24) i n  formula (5.16),  w e  ob ta in  the 
k i n e t i c  energy corresponding t o  t h e  Lagrangian of  (3.41).  

To discover  t h e  in t eg rab le  cases we make use of formula (5.17).  From 
(5.17) and (8.22) i t  fol lows t h a t  t h e  Hamilton-Jacobi equat ion can be i n t e -  
gra ted  by use of t h e  method of  separa t ion  of  v a r i a b l e s ,  provided the  p o t e n t i a l  
has t h i s  form 

- /60 

where CJl and CJ a r e  a r b i t r a r y  func t ions  of t h e i r  own arguments. 2 

We now introduce the  canonical moments 

Then the  Hamilton-Jacobi equation of  (5.20) assumes t h i s  form: 

(8.25) 

(8.26) 

(8.27) 
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In accordance with (5.18) we then proceed t o  f i n d  the  t o t a l  i n t e g r a l  of 
equation (8.27). 

5 9.  Conditional-Periodic Functions 

As w i l l  be demonstrated subsequently, motions descr ibable  by Hamiltonian 
systems which can be in t eg ra t ed  by the  Jacobi method with use of t he  separa t ion  
.of va r i ab le s ,  possess t h e  proper ty  o f  condi t ional  p e r i o d i c i t y .  
problem with two degrees of freedom, condi t ional  pe r iod ic  motion can be 
t r ea t ed  geometr ical ly  i n  t h e  following manner. 

I n  a dynamic 

Let t he  po in t  i n  quest ion move along t h e  sur face  of a to rus  (Figure 10) .  
As Lagrangian coordinates descr ibing the  motion 
of the  p o i n t  on t h e  to rus ,  we can take the  
longi tude q reckoned i n  the  equa to r i a l  p lane  

of t he  t o r u  from a given d i r ec t ion  assigned by 
po in t  0, and the  l a t i t u d e ,  q2. 

coordinates q 

Let the  coordinates of t he  po in t  s a t i s f y  the  
equations 

1' 

?he angular 

and q2 w i l l  be expressed i n  rad ians .  1 

F i g u r e  10. 

where the  q u a n t i t i e s  w and w2 a r e  ca l l ed  "frequencies". Then, i f  w1/w2 = p/q, - /61 1 
while p and q a r e  whole numbers, a f t e r  a c e r t a i n  i n t e r v a l  of time 

2 t = 3 = 2*q, t he  po in t  w i l l  have returned t o  i t s  i n i t i a l  p o s i t i o n ,  having 
w, w-i 
I L 

made q revolut ions along the  meridian, and p revolu t ions  along the  p a r a l l e l .  
The motion of the  po in t  w i l l  be pe r iod ic ;  however, t he  t r a j e c t o r y  of t h e  
poin t  w i l l  be closed following seve ra l  "revolutions".  

I f ,  however, the  r a t i o  p/q i s  an i r r a t i o n a l  number ( the  frequencies w 

w2 a r e  incommensurable), then the  po in t  w i l l  never r e tu rn  t o  i t s  i n i t i a l  

pos i t ion .  
c e l e s t i a l  nechanics. 
on a plane i n  Cartesian coordinates .  

l i n e a r  €unctions of time, then motion on the  plane (ql, q2) is  represented by 
a s t r a i g h t  l i n e .  

and 1 

I t  i s  t h i s  s o r t  of motion which i s  ca l l ed  condi t iona l -per iodic  i n  
The t r a j e c t o r y  described by the  po in t  can b e  p l o t t e d  

Since,  according t o  ( 9 . l ) ,  q1 and q 2 a r e  

So-called condi t iona l  pe r iod ic  funct ions a r e  used t o  descr ibe condi t ional  
If ,  on t h e  to rus ,  we assign the  funct ion f (q1,q2), pe r iod ic  forms of motion. 

which i s  expanded i n  the  Four ie r  s e r i e s  
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then, i n  correspondence with (9 .1)  t h e  v a r i a t i o n  of t h i s  func t ion  w i t h  
r e spec t  t o  time w i l l  be described by t h i s  formula 

Functions l i k e  (9.2)  are encountered i n  t h e  s o l u t i o n  of  most problems met with 
i n  c e l e s t i a l  mechanics and c e l e s t i a l  b a l l i s t i c s ,  o r  i n  t h e  s tudy  of per turbed 
motion. These functions a r e  c a l l e d  "conditional-periodic".  

If t h e  mechanical system possesses n degrees of freedom, then f o r  a 
geometrical i n t e r p r e t a t i o n  of t h e  motion one can adopt an n-dimensional t o r u s .  
The pos i t i on  of t h e  depic ted  system of  the p o i n t  is  defined by n condi t iona l  
coordinates x1 ( t )  . . . , xn ( t )  . 

Defin i t ion .  The func t ion  f ( x  , x  x ylY y2 ' .  . . yn) i s  r e fe r r ed  t o  1 2'"' n' 
as a condi t iona l -per iodic  with r e spec t  t o  t h e  arguments x x x which 

have a per iod  w = Iw 1 y w 2 y . .  . , w n 1' provided t h e  following i d e n t i t y  obtains:  
1' 2'"' n 

- / 6 2  

Here t h e  q u a n t i t i e s  x x x can be  t r e a t e d  by angular coordinates 

Then t h e  per iod  w must be regarded as an n-dimensional 
The components of the vec to r  w we s h a l l  c a l l  "elementary periods".  

1' 2'"' n 
on an n-dimensional torus ,  or e l s e  as orthogonal coordinates of a po in t  i n  
n-dimensional space. 
vector .  i 

I t  is  not  d i f f i c u l t  t o  demonstrate t h e  j u s t f i c a t i o n  of t h e  following 
theorems. 

Theorem 1. If the  func t ion  f (xly x2, ...' x ylY y2 ' .  . . n' n y )possesses  

t h e  per iod w, then i t  w i l l  a l s o  possessthe per iod  Aw = I A w  1' XU2' - - .' Am*)' 
where A i s  any whole number. 

Theorem 2 .  If t h e  func t ion  f(xly x2'. ..) xny ylY y2' ...) yn) is 

condi t iona l -per iodic  with r e spec t  t o  xl, x2 ' . . . '  x 
per iods  

and i f  it has two n' 

then t h e i r  vec to r  sum 
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is  a l s o  a per iod .  

Corollary.  If the  func t ion  (f xlY ~- 
periods 

Oi’={Oil, )...) min} ( i= l ,  2 )...( h),  

then any l i n e a r  combination of  t h e  vec tors  w with i n t e r v a l  c o e f f i c i e n t s  i s  
a l s o  a per iod:  i 

k k k k 

We s h a l l  assume t h a t  no funct ion possesses an i n f i n i t e l y  small per iod:  
i n  o the r  words, the  absolute  value of  a vec to r  w cannot be l e s s  than any 
preassigned number however small. If t h i s  condition is  met, then we can 
accept the following theorem: 

1’ Theorem 3. If the  vec tors  w and Aw a r e  per iods of the  funct ion f ( x  

x yl, y2’.  . ., y ) then A is  a r a t i o n a l  number. 2 ’ ” ”  n’ n X 

Proof. We s h a l l  make use of a theorem from the  theory of numbers. I f  A / 6 3  - 
i s  an a r b i t r a r y  i r r a t i o n a l  number, then it is  always poss ib l e  t o  designate  
two whole numbers p and q such t h a t  t he  quan t i ty  Ip + qhl w i l l  be less than 
any preassigned number. 

Let us assume the  contrary,  namely t h a t  X is an i r r a t i o n a l  number. Then 
we can always designate  two whole numbers p and q such t h a t  the  quant i ty  
(p + qA) w, which by v i r t u e  of Theorem 1 is a per iod of funct ion f ,  w i l l  be 
a r b i t r a r i l y  small. But i f  t h a t  were so ,  f would have an i n f i n i t e l y  small 
per iod,  which i s  impossible.  

Corollary.  Every per iod f o r  any given d i r e c t i o n  can be represented as 
a mult iple  of the  smal les t  per iod  f o r  t h a t  p a r t i c u l a r  d i r e c t i o n .  

Theorem 4. If the  funct ion f (x,, x 2’“’  xn, Y1, Y 2 ’ .  ...’ Yn) i s  

condi t iona l -per iodic  with r e spec t  t o  x x x then t h e r e  e x i s t s  a 

system of per iods w 

a r e  representab le  i n  the  form 

1’ 2 ’ “ ”  n’ 
w2’ .  . . , % such t h a t  any of t he  per iod of funct ion f 1’ 

k 

0 = 2 himi, ( 9 . 5 )  
i=l 

where Xi  r epresents  whole numbers, and where the  number of per iods k does not  

exceed the  number of va r i ab le s  n .  
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Proof. Let us  l i m i t  ourselves t o  the  case n = 2 .  L e t  f (xl, x2, y l , . .  . 
Let us consider  ..., y ) be  pe r iod ic  condi t iona l  with r e spec t  t o  x1 and x2. 

a l l  poss ib l e  per iods of  t h i s  func t ion ,  disposed i n  t h e  order  o f  t h e i r  
increas ing  absolu te  values:  

n 

This w i l l  leave us with an i n f i n i t e  sequence, s i n c e  by v i r t u e  of Theorem 3,  
t h e  set of per iods is  denumerable, while t h e  case of a func t ion  with an 
i n f i n i t e l y  small per iod  has a l ready been excluded. 

Let us s e l e c t  from t h i s  sequence the  per iod w1 = w('), and the  f irst  

per iod following it, w2 = w(", which does no t  coincide i n  d i r ec t ion  with 

i ts  predecessor.  

parallelograms whose s i d e s  a r e  defined by t h e  vec tors  w1 and w2 (Figure 11) .  

Let us regard the  per iod  which i s  co l inea r  

On t h e  plane (xl, x2) l e t  us cons t ruc t  a network of 

with w Let us assume the  contrary - -  namely 

t h a t  we have found a per iod ,w which i s  charac te rs  
ized  by a vec tor  whose end does not  coincide with 
t h e  node of t h e  constructed network of p a r a l l e l -  

Theorem 3,  e i t h e r  t he  per iod  w1 w i l l  be a multTple 

of w, o r  the  per iod  w1 i s  a mul t ip le  of .LO. 

I' 

/64 
i ograms. Then, according t o  the-coro l la ry  of 

Figure 11 .  

But t he  f i rs t  i s  impossible by assumption, and the  second i s  impossible 
by v i r t u e  of the  choice of  t he  per iod w l .  

In t he  general  case,  one can conclude t h a t  t o  any per iod of  a r b i t r a r y  
d i r e c t i o n  there  must correspond a vec tor  whose end coincides  with the  node 
of t he  network of parallelograms; f o r  i n  the  opposi te  event,  t h i s  vec tor  
would have t o  be smal le r  i n  absolute  value than ( w 2 ( ,  which cont rad ic t s  the  
choice of the  vec tor  w2. 

D e f h i t i o n .  . _ _  The aggregate of per iods which s a t i s f y  the  conditions of  
Theorem 4 i s  c a l l e d  a "per iodic  system". 

If we consider t he  condi t ional-per iodic  funct ion f (xl, x 2'"' 'n: Y 1 '  
y2, ..., y ) with n per iods,  then i n  an n-dimensional space the re  w i l l  be a n 
l a t t i c e  ( the  analog of  the  network of  paral le lograms)  which i s  defined by a 
per iodic  system. The 
pe r iod ic  system {tol, w 2 , .  . . , w 1 can be replaced with another having the  same 

number o f  per iods 

The pe r iod ic  system can be  se l ec t ed  i n  var ious ways. 

n 
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If the  determinant d e t  / A i k ]  i s  equal t o  21, then the pe r iod ic  system i s  
ca l l ed  "simple". 

var iab les  wi, t h e  funct ion f can be transformed i n  such a way t h a t  it w i l l  
have the  simple pe r iod ic  system 

With the  he lp  of t r a n s i t i o n  from t h e  va r i ab le s  x t o  the  new i 

§ 10. Conditional-Periodic Motions 

Suppose t h a t  f o r  the  Hamilton-Jacobi equation (4.17) we have found i t s  
t o t a l  i n t e g r a l  i n  t h e  following form by t h e  method of separa t ion  of va r i ab le s :  

(10.1) 

Then the  general ized moments pi w i l l  be funct ions only of t he  corresponding 
conjugate coordinates 

Since i n  p r a c t i c a l  cases the  moments p i n  a Hamiltonian occur only i n  the  i 
second degree, then as a r e s u l t  of the  separa t ion  of t he  va r i ab le s  i n  t h e  
Hamilton-Jacobi equation, and i n t e g r a t i n g  the  funct ion V '  we w i l l  have the  
following s t r u c t u r e  (CM. 55): i' 

If the  r e l a t i o n s  of  (10.3) hold,  then we may encounter th ree  types of 
v a r i a t i o n  i n  the  coordinates q * l i b r a t i o n ,  r o t a t i o n  and asymptotic motion 

(see [ 2 8 ] ) .  
i' 

Let q '  and q!' be two adjacent  routes  of  t he  equation i 1 

and l e t  t he  quant i ty  Qi(q.)  assume p o s i t i v e  values f o r  a l l  values of qi which 
1 
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s a t i s f y  t h e  condition 

In such a case t h e  moments w i l l  approach zero only when qi = q! and qi = q;. 

If q i  and q; a r e  simple rou te s ,  then qi w i l l  assume a l l  t h e  numerical values 

included between q i  and 9':. 

occurs only with r e spec t  t o  t h e  coordinate q 

a re  the  " l i m i t s  of libration'!. 
2 e x i s t s  t he  closed curve p I f ,  with change i n  t h e  constance of i i  

in teg ra t ion ,  the closed curves r e t r a c t  toward a c e r t a i n  po in t ,  t he  l a t t e r  i s  
ca l l ed  t h e  cen te r  of l i b r a t i o n .  I t  is t o  t h i s  cen te r  of l i b r a t i o n  t h a t  t he  
s t a t i o n a r y  so lu t ion  corresponds. 

1 

To express t h i s  s i t u a t i o n ,  w e  say  t h a t  l i b r a t i o n  

while t h e  q u a n t i t i e s  q l  and qy 
1 

i' 
For l i b r a t i o n  on the  p lane  (qi,pi) there  

-O.(qi) = 0 .  

- /66 

If q! and qy a re  simple routes  of equation (10.4), between which, i n  the  

case of v a r i a t i o n  i n  t h e  numerical values of i n t e g r a t i o n  no new routes  a r i s e ,  
then the  s t a t e  of equi l ibr ium i s  s t a b l e .  On t h e  o t h e r  hand, i f  with va r i a t ion  
i n  01 between q i  and q; some new routes  appear, then t h e  condition of e q u i l i -  

brium may be  uns tab le .  In such a case, f o r  a c e r t a i n  system o f  values of 
t h e  constant ai, one of t he  routes  q i  and q!' becomes mul t ip le ,  and then, f o r  

c e r t a i n  i n i t i a l  conditions o f  the coordinate,  qi w i l l  approach t h e  s t a t e  of 
equilibrium asymptotically.  

1 

i 

1 

This i s  r e f e r r e d  t o  as '! l imiting motion". 

If t h e  function Qi(q.)  i s  p e r i o d i c  with r e spec t  t o  qi (without l i m i t a t i o n  
1 

of gene ra l i t y  we can assume t h a t  t he  per iod  is  27r) then the  motion is  
r e f e r r e d  t o  as r o t a t i o n a l l .  

a monotonically increas ing  func t ion  o f  t ime) .  This type o f  motion occurs 

( In  r o t a t i o n a l  motion of t he  coordinate,  q i s  i 

if (qi +   IT) E Oi (qi)' and i f  ( P ~  (qi) > 0 .  

Let us assume now t h a t  f o r  every coordinate t h e  motion is  e i t h e r  r o t a t i o n a l  
or l i b r a t i o n a l ,  and then proceed t o  examine t h e  i n t e g r a l  

(10.5) 

( t h i s  i n t e g r a l ,  i n  t h e  case o f  v ib ra t ion ,  i s  taken over t h e  closed loop defined 
by t h e  equation p? - c p .  (9. ) = 0 ,  and, i n  the  case of r o t a t i o n ,  between t h e  

l i m i t s  of 0 and 27r). In p l ace  of t he  canonical elements 01 

1 1 1  
we introduce t h e  i 

By t h e  in t roduct ion  of the r o t a t i o n a l  coordinate Qi = s i n  q.  

motion reduces t o  l i b r a t i o n a l  motion. However, i f  we do t h i s ,  t h e  
l i b r a t i o n  l i m i t s  become independent of t h e  i n i t i a l  conditions.  

r o t a t i o n a l  
1' 
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new var iab les  J 

general ized coordinate qi w i l l  be replaced with the  quant i ty  wi,  which i s  

def ined by the  r e l a t ionsh ip  

Then V can be expressed as  a funct ion of Ji and q The 
i' i ' 

(10.6) 

The quan t i t i e s  Ji and w. w i l l  now become new conjugate canonical elements. 

They a re  r e fe r r ed  t o  a s  "action-angle elements" (Ji represents  t h e  va r i ab le s  

of "action", w i 
elements were introduced by Delon. 
S m e r f e l d  i n  quantum physics .  

1 

/67 - 
the  va r i ab le s  of 'tangle" type) .  These so-ca l led  ac t ion  angle 

Later on they were put  t o  use by Bohr and 

Let us examine c e r t a i n  of the  p rope r t i e s  of t he  canonical elements which 
have been introduced. 
cycle  of va r i a t ion  i n  the  coordinate q 

To do so ,  we ca l eu la t e  t h e  increment of wi f o r  a f u l l  

k: 

From (10.6) and (10.1) we learn  t h a t  

Subs t i t u t ing  the  expression obtained i n  (10.7), we then have 

(10.7) 

(10.8) 

i n  which 6 i s  a Kronecker symbol. i k  

Thus, i f  any coordinate q prevents the  f u l l  cycle o f  va r i a t ion ,  then the  k 
corresponding va r i ab le  w i s  var ied  by a whole u n i t  ( i t  should be noted tha t  

phys ica l ly  such a v a r i a t i o n  i s  not  always poss ib le ,  and t h a t  therefore  t h e  
r e s u l t  a r r ived  a t  here  charac te r izes  a purely mathematical aspect  of angular 
v a r i a b l e s ) .  

k 

The reverse  proposi t ion i s  a l s o  t r u e .  If t h e  angular va r i ab le  wk 
increases  by a whole u n i t ,  then t h e  coordinate qk, which is  uniquely defined 

i n  terms of wk,  i n  t h e  case of l i b r a t i o n  re turns  t o  i t s  i n i t i a l  value,  and 

i n  t h e  case of r o t a t i o n  increases  t o  2a. 
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Let us  examine t h e  s t r u c t u r e  of  t h e  s o l u t i o n  def ined by t h e  t o t a l  i n t e -  
g r a l  of equation (10.3). 
of t h e  canonical t ransformation 

If t h i s  i n t e g r a l  i s  regarded as an a r b i t r a r y  funct ion 

av (10.9) 

(i  = 1, 2, ..., k) 
of va r i ab le s  pi, qi t o  va r i ab le s  ci i, I $ I ~ ,  then,  on the  b a s i s  of  equations 

(4 .11) -  (4.13), the  new Hamiltonian K w i l l  be dependent only upon the  quan t i ty  
a -  i' 

(10.10) K = K (a19 a2, - * - 9  an), 

problem 

I n  
usua l ly  

an d 9 , 

s o  t h a t  

on 

i n  o ther  words, the  va r i ab le s  $i a r e  cyc l i c ,  and the  general  so lu t ion  of  t he  

can be w r i t t e n  as follows: 

(10.11) a K  
asq 

ai = const, .qi = oit + pi, mi = -. 

p r a c t i c a l  problems, t he  new Hamiltonian K by v i r t u e  o f  equation (10.1) 
depends only upon the  constant  of  t h e  general ized i n t e g r a l  of  energy 
hence 

aK ml=-= 1, 0 2 =  . . . '  =On=0, 
azl (10.12) 

t he  so lu t ion  of (10.11) becomes 

ai = const, ql'= t + B1, qz = Bz, . . ., V n  = B n .  (10.13) 

the  b a s i s  o f  equation (10.8), t he  motion is  condi t ional-per iodic .  This 
means t h a t  f o r  i t s  descr ip t ion  it i s  most convenient t o  use canonical var iab les  
such t h a t  the  pe r iod ic  system w i l l  be simple.  
transformation t o  va r i ab le s  a?, 

Let us perform t h e  canonical 
* with the  he lp  of  t he  generat ing funct ion 

1 'i 
n 

(10.14) I/' = 2 m:, 4, ..., a2 (Pk 4- g($, ..., a;), 
k=l 

which y i e lds  t h e  following: 
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(10.15) 

The general  so lu t ion  o f  t he  corresponding system of  equations of motion 
may have t h e  form of equation ( l O . l l ) ,  bu t  i n  t h a t  case K w i l l  no longer 
depend merely upon a* 

i 

and, consequently, n o t  only u* bu t  a l s o  o the r  values  1' 1 
of u? = K' w i l l  i n  general  be d i f f e r e n t  from zero. Just as i n  5 9 we can /69 1 c1 

assume t h a t  the  motion takes  p lace  along n-dimensional t o r i i  a? = const,  

while I$; w i l l  p l ay  t h e  r o l e  of angular va r i ab le s  def in ing  t h e  pos i t ion  of  the  

po in t  on a to rus .  

per iodic  system i s  not  simple.  Obviously, a system of canonical "action- 
angle" va r i ab le s ,  defined by formulas (10.5) - (10.6),  can be  obtained from 
transformations l i k e  t h a t  of  (10.15). The elementary per iods f o r  these  w i l l  
be equal e i t h e r  t o  zero o r  t o  un i ty .  
var iab les  makes them p a r t i c u l a r l y  convenient i n  p r a c t i c a l  s i t u a t i o n s .  

1 

For an a r b i t r a r y  choice of t h e  var iab les  a; and $;, a 

This p e c u l i a r i t y  of a "angle-action" 

Therefore, by v i r t u e  of  equation (10.11) , we have 

w. - v.t 4- 6.  y .  - - av (10.16) dJi ' 1 -  1 1 9  1 - 

where Ji, 6. a r e  constants .  

condi t iona l  pe r iod ic  functsons of the angular var iab les  w This means t h a t  

the  coordinates q (2 = 1,. . . , n) can be expanded i n  mul t ip le  Fourier  s e r i e s :  

According t o  (10.8), the  old var iab les  qi a r e  
1 

i '  

2 

!I. .... i,,=-m 

Or, making use o f  t he  vec tor  form of recording,  and s u b s t i t u t i n g  

i n  p lace  of (10.17) we w i l l  'then have 

(10.17) 

(10.18) 

(10.19) 
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In  t h e  theory of  per turbed  motion the  p rope r t i e s  of t he  vec to r  v t u rn  out 
t o  be q u i t e  s u b s t a n t i a l .  
t he  i d e n t i c a l  r e l a t i o n s h i p  

If between t h e  frequencies  vi t h e r e  does no t  e x i s t  

( A ,  v) = 0, (10.20) 

/ 70 where A is a vec tor  with i n t e r v a l  components, then t h e  dynamic system is - 
r e f e r r e d  t o  as %on-degenerate". If t h e  r e l a t i o n s h i p  (10.20) i s  f u l f i l l e d  
i d e n t i c a l l y ,  then eigendegeneracy takes p lace ,  and t h e  system is re fe r r ed  t o  
as "eigendegenerate". If t h e  r e l a t i o n s h i p  ( A ,  v) = 0 i s  f u l f i l l e d  only when 
c e r t a i n  i n i t i a l  condi t ions a r e  given, we say t h a t  "random degeneracy" takes  
p lace .  F ina l ly ,  t he re  is  s t i l l  another p o s s i b i l i t y  i n  connection with 
degeneracy. 
coincide,  then i n  an n-dimensional space of general ized coordinates ,  t he  
t r a j e c t o r y  f i l l s  a region whose number of measurements is n - k.  In  t h i s  
event we speak of " l imi t ing  degeneracy". 

If the  lower and t h e  upper l i m i t s  of  l i b r a t i o n  for k coordinates 

Let us take  an example of l i m i t i n g  degeneracy. We s h a l l  assume t h a t  a 
po in t  i s  moving on a r o t a t i n g  e l l i p s e .  Then, during t h e  process of motion, 
t h e  po in t  w i l l  everywhere densely f i l l  t h e  annulus whose ou te r  and inne r  
r a d i i  are defined by t h e  pe r i cen te r  and the  apocenter.  With r e spec t  t o  the  
radius-vector  t h e  motion w i l l  be of v i b r a t i o n a l  charac te r .  If ,  however, we 
a l t e r  t he  i n i t i a l  condi t ions i n  such a way t h a t  the  e c c e n t r i c i t y  of the  
e l l i p s e  approaches zero,  then the  l i m i t s  o f  l i b r a t i o n  w i l l  approach each 
o ther ,  and the  annulus w i l l  con t r ac t  i n t o  a c i r c l e .  In the  l imi t ing  case,  
ins tead  of  a two-dimensional region we obta in  a one-dimensional region.  
zero value of e c c e n t r i c i t y ,  l i m i t i n g  degeneracy appears. 

With 

Now l e t  us e s t a b l i s h  one of t he  b a s i c  p rope r t i e s  of condi t iona l -per iodic  
motion [39]. 

Theorem. If the  motion i s  of  l i b r a t i o n a l  cha rac t e r  and i s ,  moreover, 
non-degenerate, then t h e  t r a j e c t o r y  w i l l  everywhere densely f i l l  the  region 
of general ized coordinates  which i s  l imi ted  by the  hypersurfaces defined by the 
l i m i t s  of  l i b r a t i o n .  

Proof, For s i m p l i c i t y  we l i m i t  ourselves  t o  a system with th ree  degrees 
of freedom. We s h a l l .  t ake  t langle-act ionl l  va r i ab le s  as our canonical va r i ab le s .  
Then t h e  system w i l l  be simple-periodic,  and w i l l  be equal t o  un i ty .  Let us 
introduce a rec tangular  system of coordinates (Figure 12) with o r ig in  a t  a 
c e r t a i n  po in t  0 i n  a space of angular va r i ab le s  w e 1' 2'  3' 
be the  u n i t  vec tors  a l l  t h e  corresponding coordinate  axes. Then, on the  
b a s i s  of (10.16), t he  t r a j e c t o r y  defined by the  equations 

w 2 ,  w3. Let el ,  e 

W& - V&:t rt- d& (k = 1, 2, 3) 

is a s t r a i g h t  l i n e ,  while t h e  d i r ec t ion  cosines  of  t h i s  s t r a i g h t  l i n e  a r e  - /71 
propor t iona l  t o  t h e  frequencies  vl, v2, v3. By the  condit5on of t he  theorem, 
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t he  motion is  non-degenerative, and, consequently 
t h e  values of  v w i l l  be incommensurable. k 

In  t h i s  proof we make use of the  concept of  t h e  
equivalence of the  two po in t s  (wl, 22, w3) and 

(wi, w;, w i ) .  These two p o i n t s  are described as 
"equivalent" when the  vec to r  jo in ing  them i s  of t h e  
form 

Po 

F i g u r e  12. 3 

2 h k v k e k ,  
k=l 

+-- 
where Xk represents  whole numbers. 

ourselves  t o  an examination of the  behavior of t h e  t r a j e c t o r y  within a u n i t  
cube. 

j ec to ry  with the  faces  of t he  cube. For  convenience we s h a l l  assume t h a t  
t h e  o r i g i n  of coordinates 0 coincides with the  po in t  P 

of the  incommensurability o f  the  frequencies  vk ,  no one of the  poin ts  P 
coincide with any o the r .  

Having replaced every po in t  with one equivalent  t o  i t ,  we can then l i m i t  

Let Po, Ply P 2 , . . .  represent  the  po in t s  of i n t e r s e c t i o n  of the  tra- 

As a consequence 0 '  
w i l l  i 

On each of these  faces  we can cons t ruc t  an i n f i n i t e  s e t  of vec tors  

'mPn , 
t o  d e t e c t  a t  l e a s t  one vec tor  qn whose absolute  value i s  l e s s  than t h a t  of  

any preassigned number however small. This follows from the  theorem takes from 
the  theory of numbers which was c i t e d  i n  § 9 .  

* 
which toge ther  j o i n  Pi po in t s .  I t  i s  obvious t h a t  i t  i s  always poss ib l e  

Now l e t  us consider  the  d i s t r i b u t i o n  of po in t s  P on any of the  faces  of i 
the cube -- f o r  example, on f ace  e 2,  e3. 
w i l l  be found a terminal  number CI such t h a t  the  po in t  Pa w i l l  l i e  on the  face  
e e Taking t h i s  po in t  as the  i n i t i a l  one, l e t  us  examine a l l  poss ib le  

vec tors  gn. 
e e We s h a l l  show t h a t  these  po in t s  cannot l i e  on a s tva igh t  l i n e .  

By reason of the  non-degeneracy, t he re  

2' 3 '  
These vec tors  def ine  a l l  po in ts  of t he  t r a j e c t o r y  ly ing  on face 

2' 3' 

If we assume the  contrary,  then f o r  any two po in t s  P '  and P i  of t h i s  1 
face  of t he  cube which belong t o  the  t r a j e c t o r y ,  we have 

and, i n  addi t ion  we have t h e  po in t  
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By reason of  the  coplanar i ty  of the  vec tors  $oPj, we obta in  

(10.21) 

Multiplying the  elements of  t h e  f irst  row, first by xl ,  and then by x2, 
deducting from t h e  r e s u l t s  obtained, t he  elements of  t he  second and the  t h i r d  - 
rows, respective12 we transform equations (10.21) i n t o  the  following: 

Since,  by the  condition of the  theorem v are incommensurable, then i 
I I wi # O  ( i =  1, 2), 

and therefore  the  preceding condi t ion i s  r ewr i t t en  as 

Dividing the  elements of  t he  first row by x1 - 1, and 

€or x + m y  we a r r i v e  a t  1 

1 

E ('e) - xal x,E (2) - 1 

follows : 

= 0. 

converting t o  the  l i m i t  /73 - 

= 0. 
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But t h i s  i s  incons i s t en t  with t h e  condi t ion of t he  incommensurability of the  
frequencies  v and v 3 .  

face e2, e3 cannot l i e  on a s t r a i g h t  l i n e .  

f o r  t h e  o the r  faces .  

Consequently, t h e  s e t  of  po in t s  (Pi] belonging t o  t h e  2 
Analogous reasoning can  be  applied 

I t  i s  now c l e a r l y  evident  t h a t  t he  po in t s  o f  the  t r a j e c t o r y  which l i e  on 
the  faces o f  t he  cube f i l l  t h e  l a t t e r  densely everywhere. Consequently, the  
t r a j e c t o r i e s  pass  as c l o s e  t o  any of  t h e  p o i n t s  of  t h e  cube as one cares t o  
s t i p u l a t e .  

J. Vin t i ,  while s tudying t h e  motion of  a r t i f i c i a l  e a r t h  sa te l l i t es  on the  
b a s i s  of t he  problem in t eg rab le  with the  he lp  of S tacke l ' s  theorem [40], took 
up the  quest ion of  mean motions within S tacke l ' s  systems [41]. Below we 
extend t h e  r e s u l t s  obtained by Vin t i  t o  a r b i t r a r y  dynamic systems which are 
in t eg rab le  with t h e  he lp  of  J acob i ' s  theorem by the  separa t ion  o f  va r i ab le s .  

Theorem. If t h e  dynamic system i s  such t h a t  a s ingle-valued Hamiltonian 
e x i s t s  within t h e  considered region o f  v a r i a t i o n  of  t h e  general ized coordinates ,  
and i f  each of t he  general ized coordinates  possesses a l i b r a t i o n  v a r i a t i o n ,  and 
i s ,  moreover, a s ingle-valued and d i f f e r e n t i a b l e  func t ion  of  canonical varia- 
b l e s  of  t h e  "angle" type,  then t h e  mean frequency f o r  each o f  t h e  coordinates  i s  
equal t o  t h e  frequency of  t h e  corresponding angular  v a r i a b l e .  

Proof .  Let T be t h e  i n t e r v a l  o f  time containing a whole number o f  cycles  
N 

s h a l l  understand the  quan t i ty  

of  v a r i a t i o n  of  t he  ,coordinate q By t h e  term "mean frequency of  n ' I  we k k '  k 

N k  
n k  = lim - 9 

T-oo 

assuming t h a t  t h i s  l i m i t  e x i s t s .  
condi t iona l -per iodic  motions 

Now it i s  necessary t o  show t h a t  f o r  

where, according t o  (10.16) 

(10.22) 

(10.23) 

/74 

If a l l  va lues  of vi are commensurable, then w e  can f i n d  a p o s i t i v e  value vo 

and a l s o  c e r t a i n  na tu ra l  numbers ml,  m2,. . . , m such t h a t  n 

vh = mkvO ( R  = 1, 2, . . ., n). (10.24) 

By reason of  (10.8) and (10.24), f o r  rea l  motion w e  have 
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and f o r  t he  i n t e r v a l  of t i m e  T = l / u o ,  t h e  v a r i a t i o n  i n  w 
equation (10.25) , w i l l  be  

according t o  k' 

Awk = %. (10.26) 

In  t h i s  case each of t h e  coordinates  q 

i s  per iodic ,  with t h e  per iod  of l / v o .  
completes % f u l l  cycles ,  and the  motion k 

Thus, t h e  mean frequency n i s  equal t o  k 

(10.27) 

If the  frequencies  vk a r e  incommensurable, then we s t i p u l a t e  

= v k  : v1, (10.28) 

i n  which case a t  l e a s t  one of the  q u a n t i t i e s  Sk must be i r r a t i o n a l .  
we f i n d  

As above, 

(10.29) 

Making use of D i r i c h l e t ' s  theorem t o  t h e  e f f e c t  t h a t  i f  among t h e  r e a l  
numbers E , ,  52'. a * ,  En, then the re  is  a t  l e a s t  one which i s  i r r a t i o n a l ,  and the  

system o f  i n e q u a l i t i e s  

(10.30) 

admits of an i n f i n i t e  s e t  of  i n t e g r a l  so lu t ions  with r e spec t  t o  P and n,  and 
a so lu t ion  f o r  P i s  not  l imi ted  above. 

Let us consider  those values of T = P/v f o r  which t h e r e  e x i s t s  a whole 

i n t e r v a l  of time, each of  t h e  angular coordinates  w v a r i e s  from the  i n i t i a l  
value w (0) t o  t he  magnitude 

1 
number which satisfies t h e  i n e q u a l i t i e s  of (10.30). I n  t h e  course of  t h i s  / 75 

k 
k 

But, on the  b a s i s  of (10.30) 

(10.31) 

(10.32) 
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while  

(10.33) 

so t h a t  

(10.34) 

While P assumes inc reas ing  values which s a t i s f y  t h e  conditions of (10.30), 
each of t h e  magnitudes nk,  i n  correspondence with (10.33), approaches zero. 
On t h e  b a s i s  o f  t h e  foregoing theorem, and a l s o  equation (10.34) , t h e r e  e x i s t s  
an i n f i n i t e  s e t  of values of T f o r  which t h e  t r a j e c t o r y  i n  a space of canonical 
va r i ab le s  of vvangle'v type approaches as c l o s e  t o  t h e  p o i n t s  as one d e s i r e s ;  
here,  Awk = % (mk is  a whole number). 

Let 

and f o r  t = T 

(10.35) 

(10.36) 

If, according t o  (10.30) ,. P increases  without l i m i t ,  then qk approaches t h e  
q u a n t i t i e s  

I t  is  evident from equation (10.37) t h a t  Awk = % (k = 1, 2 , .  . . , n ) .  But i n  t h i s  

event t he  time i n t e r v a l  T contains an i n t e g r a l  number of f u l l  cycles of v a r i a t i o n  
i n  each of  t h e  coordinates.  According t o  the  d e f i n i t i o n  o f e q u a t i o n  (10.22), 
we a r r i v e  a t  the following mean frequency: 

n ~ =  lim , mk - (10.38) 
P + P  T - 

This l i m i t  e x i s t s ,  so  t h a t  - / 76 

and the re fo re  
"R lim - = E,+. 

T-rm (10.39) 
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Thus, nk = vlSk = vk.  The theorem is  proved. 

§ 1 1 .  The Problem of P e r t u r b e d  Motion 

Both the  problems of  classical c e l e s t i a l  mechanics, and the  new problems 
of c e l e s t i a l  b a l l i s t i c s ,  i n  t he  majori ty  of  cases cannot b e  resolved i n  
quadratures i n  f i n i t e  form. Therefore, c e l e s t i a l  mechanics makes extensive 
use of approximati0.n methods f o r  so lv ing  systems o f  d i f f e r e n t i a l  equations of 
motion, p a r t i c u l a r l y  the  var ious forms of t h e  method of successive approxima- 
t i ons .  

Let us suppose t h a t  w e  are s tudying a mechanical system whose Hamiltonian 
funct ion H,  on the  b a s i s  of  physical  or mathematical considerat ions,  can be  
broken down i n t o  two por t ions :  

H = H  + R ,  (11.1) 0 

then the  funct ion R i n  t h e  region o f  v a r i a t i o n  of  canonical var iab les  which 
i n t e r e s t s  us remains q u i t e  small i n  absolute  va lue  i n  comparison with the  
f irst  term Ho. 

and drops out  when these  parameters approach zero. The r o l e  of t he  small 
parameter can be played by t h e  mass of t h e  p l ane t  i n  the  sun-planet-spaceship 
o r  by a quant i ty  propor t iona l  t o  t h e  f l a t t e n i n g  of  t h e  p l ane t ,  i n  the  problem 
of the  motion o f  an a r t i f i c i a l  s a t e l l i t e  of  t he  p l a n e t .  
parameter i s  introduced a r t i f i c i a l l y ,  f o r  example, by means of transformation 
of  va r i ab le s .  

Usually, t h e  funct ion R contains  one o r  s eve ra l  small parameters, 

Sometimes t h e  small 

If within the  region o f  phase space which i n t e r e s t s  us p i, qi, t h e  follow- 
ing  condition i s  always met 

(11.2) 

then we can always assume t h a t  the  Hamiltonian o f  t he  problem has t h i s  form: 

i n  which 

The term Ho i s  c a l l e d  "unperturbed" and i s  constructed usua l ly  i n  such a way 

t h a t  t he  s impl i f i ed  problem with a Hamiltonian Ho e i t h e r  can be in t eg ra t ed  i n  

quadratures,  o r  admits of a c e r t a i n  family of so lu t ions .  
t he  Hamiltonian Ho i s  ca l l ed  "unperturbed", while t he  motion defined by the  

The motion def ined .by  
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Hamiltonian funct ion H, i s  c a l l e d  "perturbed". ?he funct ion R is  ca l l ed  
perturbed o r  "perturbation".  

Let us w r i t e  t h e  canonical equations of per turbed motion: 

If 1-1 = 0 ,  then in s t ead  of (11.5) we have these  equations: 

(11.5) 

(11.6) 

We s h a l l  assume t h a t  system (11.6) can be  in t eg ra t ed  by t h e  Jacobi method. Let 

be the  t o t a l  i n t e g r a l  of t he  Hamilton-Jacobi equation descr ibing unperturbed 
motion. 

Taking (11.7) as the  generat ing funct ion,  we transform system (11.5) t o  
new va r i ab le s  c1 and B i .  In  correspondence with (4.11) - (4.13), the  new i 
system of canonical equations has t h i s  form: 

(11.8) 

The new var iab les  ci 

mechanics. 
and Bi a r e  r e f e r r e d  t o  as oscula t ing  elements i n  c e l e s t i a l  i 

System (11.8) i s  solved by the  method of successive approximations; as  
/78 - zero approximation f o r  the  va r i ab le s  ci and B .  we take  the  constant values 

corresponding t o  unperturbed motion: 
i 1 

(11.9) 

The method of  successive approximations enables us t o  represent  t h e  sought-for 
q u a n t i t i e s  i n  t h e  form of  s e r i e s  arranged i n  order  of increas ing  degrees o f  
t he  small parameter: 

(11.10) 
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R e  indiv idua l  terms of these  s e r i e s  are ca l l ed  per turba t ions  o r  i n e q u a l i t i e s ,  
and t h e  exponent of t h e  small  parameter i n  t h e  term under considerat ion i s  
r e f e r r e d  t o  as t h e  order  of per turba t ion .  

Depending upon t h e i r  a n a l y t i c a l  s t r u c t u r e ,  per turba t ions  a r e  reduced t o  
three  categories:  

1) a per turbed type 

(11.11) k 
A t  9 

where A i s  a c e r t a i n  constant  coe f f i c i en t  which depends upon t h e  i n i t i a l  values 
of t h e  elements, and k is  a na tu ra l  number; these  a re  ca l l ed  "circular" ;  

2) a per turbed type 

A s i n  (.vt + S ) ,  (11.12) 

where A, v,  6 a r e  constant  q u a n t i t i e s  which depend upon t h e  i n i t i a l  conditions;  
these a r e  r e fe r r ed  t o  a s  "periodic"; 

3) per turba t ions  having t h e  form 

Atksin (vf 4- a), k # 0, 

are  c a l l e d  "mixedf'. 

(11.13) 

The de l inea t ion  of per turba t ions  of these  t h r e e  types i s  conditioned by 
the  charac te r  of t h e  so lu t ion  of t h e  unperturbed problem i n  the  case of 
l i b r a t i o n  motion. Since, according t o  (10.19), general ized coordinates i n  
unperturbed motion a re  represented i n  the  form of mul t ip le  Fourier  s e r i e s ,  then 
the  per turba t ion  funct ion i n  t h e  system of equations of per turbed motion (11.9) 
i s  a l s o  expanded i n  mul t ip le  Fourier s e r i e s ,  t h i s  system being independent o f  
t h e  va r i ab le  i n  which time appears. From t h i s  it is obvious t h a t  with 
in t eg ra t ion  of system (11.9) by t h e  method of successive approximations, t he  

/ 79 s e r i e s  which represent  perturbed motion may contain only terms of the  type - 
(11.11) - (11.13). 

An extremely important question i n  both c e l e s t i a l  mechanics and c e l e s t i a l  
b a l l i s t i c s  i s  t h a t  of  t h e  combined e f f e c t  of a l l  t h e  sought-for and mixed 
per turba t ions .  Can we expect t h a t ,  as a r e s u l t  of  c i r c u l a r  per turba t ions ,  the  
perturbed and the  unperturbed values of t he  oscula t ing  elements w i l l  eventual ly  
diverge by an i n d e f i n i t e l y  wide margin? Or is  it poss ib le  t h a t  the  combination 
of a l l  c i r c u l a r  and mixed per turba t ions  is ac tua l ly  a pe r iod ic  function of time? 
Is it not  poss ib le ,  as  well, t h a t  c i r c u l a r  per turba t ions  a re  r e a l l y  defec ts  
produced by the  mathematical methods employed? 

In order  t o  discover  t h e  essence of  t h i s  problem l e t  us consider t h e  
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d i f f e r e n t i a l  equation 

-- dx cospt = 0, 
dt ( 11.14) 

i n  which p is  t h e  s m a l l  parameter. 
i n  the  form of  s e r i e s  of degrees of a small parameter, then we g e t  

If w e  look f o r  a so lu t ion  t o  t h i s  equation 

x =  x + t - ... (11.15) 0 

A t  t h e  same time, i n  f i n i t e  form t h e  general  so lu t ion  of  t h i s  equation is 
wr i t t en  as follows: 

(11.16) 

As i s  apparent from (ll.lS), per turba t ions  o f  any order  a r e  c i r c u l a r ,  while 
from (11.16) it follows t h a t  i n  combination they y i e l d  a pe r iod ic  pe r tu rba t ion  
with per iod  2 w : u .  Since the  quant i ty  1-1 is  small, then the  per iod of per turbed 
v a r i a t i o n  i n  the  quan t i ty  x w i l l  be very l a rge .  An i n f i n i t e  combination of  
c i r c u l a r  per turba t ions  x corresponds t o  a s ingle- long per iod inequa l i ty .  Thus, 
i n  t h e  example considered, c i r c u l a r  per turba t ions  have a r i s en  as a r e s u l t  o f  
a weakness inherent  i n  t h e  method of successive approximations. 

We should ask  ourselves  whether t h i s  same th ing  might no t  take p lace  i n  
problems of t h e  motion of  c e l e s t i a l  bodies.  
t h i s  problem, most r e c e n t l y  those  made by V.  I .  Arnol'd [42] ,  Yu. Mozer [43], 
and o thers ,  i n  which s i g n i f i c a n t  progress  was made. 
examine t h i s  quest ion i n  . fur ther  d e t a i l .  

Many s tud ie s  have been devoted t o  

In  Chapter 6 we s h a l l  
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CHAPTER I I 

NEWTONIAN GRAVITATIONAL POTENTIAL OF AN ABSOLUTE S O L I D  

§ 1 .  T h e  Poten t ia l  of Volume Masses. Laplace's  Equation. - /go 

There a re  many s i t u a t i o n s  i n  c l a s s i c a l  c e l e s t i a l  mechanics i n  which i t  i s  
q u i t e  s a t i s f a c t o r y  t o  r ep lace  real g r a v i t a t i n g  masses with mater ia l  po in t s .  
This i s  due t o  the  f a c t  t h a t  thet l imensions of g rav i t a t ed  bodies frequency 
a r e  neg l ib ly  small i n  comparison with t h e  d i s t ances  which separa te  them. 
the  case of c e l e s t i a l  b a l l i s t i c s ,  however, t he  s i t u a t i o n  i s  e n t i r e l y  
d i f f e r e n t .  E i the r  during the  course of t he  e n t i r e  f l i g h t ,  o r  during ind iv idua l  
s tages  of  motion, t h e  spaceship is i n  t h e  immediate v i c i n i t y  of t he  g rav i t a t ing  
body, from which it i s  separated by a d i s t ance  which i s  of  t he  same order  as 
t h e  dimensions of t h e  body i t s e l f .  In  t h i s  s i t u a t i o n  i t  i s  necessary t o  take  
very ca re fu l  account of t he  per turb ing  inf luence  exerted by the  shape of the  
g r a v i t a t i n g  body. Therefore, t he  methods used t o  compile the  g r a v i t a t i o n a l  
p o t e n t i a l  of the  p l ane t  are of g rea t  i n t e r e s t  from t h e  pure ly  p r a c t i c a l  po in t  
of  view. 

I n  

In  s tudying t h e  p o t e n t i a l s  of c e l e s t i a l  bodies w e  s h a l l  proceed from two 
assumptions. 

1) The g r a v i t a t i n g  body is  an absolu te  s o l i d  and is  undeformed. 

2) The g r a v i t a t i n g  body is  f a i r l y  similar t o  a sphere with r a d i a l  
d i s t r i b u t i o n  of dens i ty .  

We s h a l l  adopt a rec tangular  Cartesian system of  coordinates with o r i g i n  
a t  a c e r t a i n  po in t  0 o f  t h e  body, t h e  coordinate  axes being d i r ec t ed  along 
the  main axes of t h e  e l l i p s o i d  of i n e r t i a  of  t h e  body (Figure 1 3 ) .  Let 
K (E ,  q, <) be  the  dens i ty  o f  t h e  body a t  the  moving po in t  M ( c y  q, 5) and l e t  

A = V(X-  E ) z  + (y--i)Z=+ (z-.C)" be the  system between t h e  poin t  M and the  po in t  

P (x, y, z ) ,  wh'ich i s  outs ide  the  body. 

Then the  g r a v i t a t i o n a l  p o t e n t i a l l  of  t h e  element o f  mass dm which includes /81 
po in t  M i s  defined by t h e  equation 

- 

where f is the  g r a v i t a t i o n a l  constant ,  d-r i s  t h e  element o f  volume. In t eg ra t ing  
with r e spec t  t o  volume occupied by the  body we f i n d  an expression f o r  the  

We should remember t h a t  t he  term "potential! '  i n  t he  theory of  g rav i t a t ion  
was introduced by Gauss [44]. 
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grav i t a t iona l  p o t e n t i a l  of  t h e  e n t i r e  body a t  the  ex terna l  po in t  

In  formula (1.2) t he  in t eg ra t ion  is performed 
over the  e n t i r e  volume occupied by the  body 
under considerat ion.  
d i f f e r e n t i a t e d  funct ion of coordinates through 
t h e  e n t i r e  ex terna l  space. 

The p o t e n t i a l  U i s  t h e  

The g r a v i t a t i o n a l  force  F exer ted  by the  
body i s  described by the formula 

F = grad U .  (1.3) 

Figure 13. 
performing the  two p a r t i a l  d i f f e r e n t i a t i o n s  on 
equation (1.2) with respec t  t o  x, y ,  z ,  we 
e s t a b l i s h  t h a t  within the  ex terna l  space t h e  
p o t e n t i a l  U s a t i s f i e s  Laplaces equation: 

I f  we assume t h a t  the  dens i ty  K ( S , ~ ,  <) has  continuous f i r s t - o r d e r  p a r t i a l  
de r iva t ives  within t h e  body, then  it can be shown t h a t  a t  i n t e r n a l  po in t s  of 
t h e  body the  p o t e n t i a l  s a t i s f i e s  the  Poisson equation: 

- /82 

AU = - 4nx. (x ,  lJ, 2). (1.5) 

The p o t e n t i a l  of t he  body can be  ca lcu la ted  direct ,Jy with use of formula 
( 1 . 2 ) .  This d i r e c t  method, however, i s  not  t he  bes t  one. Since the  p o t e n t i a l  
U i n  ex te rna l  space s a t i s f i e s  Laplace's  equation, and, therefore  i s  a harmonic 
funct ion,  then it is  f requent ly  p re fe rab le  t o  employ a d i f f e r e n t  method f o r  
f ind ing  the  p o t e n t i a l  -- a method assoc ia ted  with t h e  equations ( 1 . 4 ) - ( 1 . 5 ) .  
When t h i s  i s  done it is necessary t o  so lve  D i r i c h l e t ' s  ex te rna l  problem. We 
s h a l l  proceed on the  b a s i s  of  D i r i c h l e t ' s  theorem, the  proof o f  which may be  
found by the  reader  i n  var ious s p e c i a l  textbooks on the  theory of the  Newtonian 
p o t e n t i a l  [45, 461. This theorem is  as  fol lows.  

Theorem. If the  dens i ty  K with in  the  body possesses continuous f i rs t -  
order  p a r t i a l  de r iva t ives ,  then the  funct ion U (x, y ,  z ) ,  which i s  r egu la r  a t  
i n f i n i t y ,  s a t i s f i e s  t he  following equation: 

0 outs ide  the  body, 
AU =(  

-4m i n s ide  t h e  body, 
(1.6) 
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and coincides with the g rav i t a t iona l  p o t e n t i a l  of t he  body, 

Let us note  t h a t  from the  condition of r e g u l a r i t y  of t h e  p o t e n t i a l  a t  
i n f i n i t y ,  the  following condi t ion r e s u l t s :  

l im pU = fm,  
p+33 (1.7) 

where - 1 / x z + y 2 + . 2 2 ,  while m =iss x d z  i s  the  mass of t h e  g rav i t a t ing  body. 

?he e f fec t iveness  of determining the  g r a v i t a t i o n a l  p o t e n t i a l  by t h e  second 
method depends upon t h e  choice of coordinates .  
t o  approach the  so lu t ion  i n  cu rv i l i nea r  coordinates ql ,  q2, 

rectangular  coordinates .  
t h a t  t h e  Laplace equation w i l l  be so luble  by t h e  separa t ion  of  va r i ab le s .  
of a l l  w e  transform Laplacers equation t o  new va r i ab le s  q 

with rec tangular  coordinates:  

Frequently it i s  more convenient 
r a t h e r  than i n  93' 

When t h i s  i s  done, t h e  coordinates must be so  choosen 
F i r s t  

q2, q3 associated - /83 1, 

The s implest  form of Laplace's equation i s  obtained orthogonal coordinates 
(see ( 3 . 4 ) ,  Chapter I ) .  

As a r e s u l t  of ca lcu la t ions ,  we obta in  t h e  following f o r  t he  Laplacian: 

where t h e  q u a n t i t i e s  Hi a r e  t he  Lam6 c o e f f i c i e n t s ,  def ined by formulas (3.6) , 
Chapter I. 

Spherical  and degenerate e l l i p s o i d a l  coordinates a re  most f requent ly  
employed i n  problems of c e l e s t i a l  b a l l i s t i c s .  
separat ion of va r i ab le s  i n  both of these systems of coordinates .  

Laplace's equation admits of 

Making use of formulas (3.16) i n  Chapter I f o r  the  Lam6 coe f f i c i en t s  i n  
a system of spher ica l  coordinates,  we can use equation (1.9) t o  obtain Laplace's 
equation i n  sphe r i ca l  coordinates: 

(1. IO) 
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In the  new s tud ie s  made on t h e  theory o f  t he  motion of a r t i f i c i a l  ea r th  
s a t e l l i t e s  by J. P.  V i n t i  [.40], M. D. Kis l ik  1471 and others ,  t he  p o t e n t i a l  
of t e r r e s t r i a l  m a v i t a t i o n  is found from Laplace's equation wr i t t en  i n  one of 
t he  systems of degenerate e l l i p s o i d a l  coordinates.  
spheroidal  coordinates (3.20) Chapter I ,  analogous t o  the  Thiele coordinates : 

We make use of t h e  

x = c c h q  COS 6 COS h, 
y = c chq cos 6 sin h, 
z = c s h q  sin 6. 

From (1.9),  with t h e  he lp  of expressions f o r  t he  Lam6 coe f f i c i en t s  (3.25) 

spheroidal  coordinates:  
Chapter I, we a r r i v e  a t  t h e  following form of Laplace's equation i n  ob la t e  - /84 

The same method can be used t o  obtain Laplace's equation i n  p r o l a t e  
spheroidal  coordinates , as  defined by t h e  transformation formulas (3.29) 
Chapter I: 

I n  so lv ing  problems i n  t h e  theory of t h e  p o t e n t i a l ,  it i s  convenient t o  
make use of the  expansion of  harmonic funct ions i n  s e r i e s  i n  terms of spher ica l  
funct ions.  
i n  t h e  following sec t ion .  

5 2. Spherical Functions. Lagrangian Polynomials 

We s h a l l  give some b r i e f  information on these  spher ica l  €unctions 

Let us consider Laplace's equation i n  spherkcal coordinates ( l . lO) ,  and 
look f o r  p a r t i a l  so lu t ions  o f  t h i s  equation i n  the  following form: 

Obviously, determining any of  t h e  mul t ip l i e r s  of  equation (2.1) ,  as  a r e s u l t  
of t he  separat ion of  va r i ab le s  i n  equation (1. l o ) ,  reduces t o  the  in t eg ra t ion  
of an ordinary d i f f e r e n t i a l  equation of second degree. 

If we mult iply equation (1.10) by r2 cos2 4 ,  and t r a n s f e r  t he  term which 
depends upon X t o  t h e  r i g h t ,  we a r r i v e  a t  t he  following equation, following 
s u b s t i t u t i o n  i n  Laplace's equation: 
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This is poss ib le ,  however, only if  both members of t h e  e ua t ion  a r e  constant 

/ 85 
quan t i t i e s .  Designating this constant  with t h e  symbol k 4 , w e  obta in  the  

following equations for determining R, CP and A: - 
dsA 
dh" - + k2h = 0, 

On the  b a s i s  of  t h e  same reasoning, both members of equation ( 2 . 3 )  a re  equal 
t o  one and t h e  same constant ,  which f o r  convenience we s h a l l  designate with t h e  
symbol n (n + 1 ) .  Then we have t h e  following: 

coscp dcp 
d & % ) - n ( n + l ) R = O .  

Thus we see  t h a t  determining any of  t h e  m u l t i p l i e r s  leads t o  i n t eg ra t ion  
of equations (2 .2) ,  (2.4) and (2.5). Here t h e  choice of t he  constants k and n 
must be such t h a t  any of  t h e  so lu t ions  of equation (2.1) a r r ived  a t  w i l l  be 
a harmonic funct ion.  Then t h e  so lu t ion  of boundary-value problems of t he  
Newtonian p o t e n t i a l  can be obtained by means of t h e  superposi t ion of various 
p a r t i a l  so lu t ions ,  as  i s  usua l ly  done when t h e  Fourier  method f o r  i n t eg ra t ing  
equations i n  p a r t i a l  de r iva t ives  i s  used. 

The general  so lu t ion  of equation (2.2) has t h i s  form 

A = A cos kh + B sin kh, 

where A and B a re  constants  of i n t eg ra t ion .  

As regards equation (2.4) ,  i n  the  theory of t h e  p o t e n t i a l  we make use 
only of  those so lu t ions  which correspond t o  the  na tu ra l  values of k and n,  
with the  proviso t h a t  k must not  exceed n .  P a r t i a l  so lu t ions  of equation 
(2 .4)  depend upon the  constants  k and n ,  and therefore  it i s  convenient t o  use 
the  designation P!(sin 4 ) .  

Combinations of so lu t ions  of equations (2 .2 )  and (2.4) of  t he  form 

where Ank and Bnk a r e  a r b i t r a r y  constants ,  a r e  ca l l ed  "general spher ica l  

funct ions of t he  n - th  degree1. 

~ _ _ _ ~  

Spherical  funct ions were f i rs t  introduced by Laplace. 

74 



I n  s tudying t h e  s o l u t i o n s  of  equation (2 .4) ,  w e  begin with t h e  case k = 0 .  /86 
Subs tit u t  ing  

y = ql (cp), x = sincp, 

w e  f irst  transform t h i s  equation t o  t h e  form 

With k = 0,  i n s t ead  of (2.7) w e  w i l l  have 

0 
n 

P a r t i a l  so lu t ions  of t h i s  equation p (x) 
symbol P ( x ) l .  

w i l l  subsequently be denoted by t h e  

n 
I t  i s  not  d i f f i c u l t  t o  demonstrate t h a t  t he  polynomial 

2 z = (x - l ) n  

satisfies the  following d i f f e r e n t i a l  equation: 

dz 
dx (x2- I)-- 2nxz = 0. 

If we d i f f e r e n t i a t e  t h i s  equation with r e spec t  t o  x (n + l), then we a r r i v e  
a t  t h e  following equation: 

t i  
dx - [ ( 1 - 9) $1 + n ( n  + 1) A") = 0. (2.9) 

Subs t i t u t ing  y = z ( ~ )  i n  p l ace  of (2 .9) ,  w e  a r r i v e  at equation (2.8) .  From t h i s  
i t  

1 

i s  poss ib l e  t o  conclude t h a t  t h e  funct ion 

(2.10) dn 

dx" 
y = -(x2 - 1)" 

-~ ... . . ~- 

Equation (2.8) i s  a p a r t i a l  case of Gauss I equat ion (hypergeometric equat ion) .  
The property o f  t h e  i n t e g r a l s  of t h i s  equation is  most f u l l y  and r i g i d l y  
s tud ied  i n  t h e  a n a l y t i c a l  theory of  d i f f e r e n t i a l  equat ions.  A d e t a i l e d  
presenta t ion  of t h e  theory of sphe r i ca l  func t ions  can be found i n  t h e  mono- 
graphs by E.  Hobson [48] and J. Lense [49].  
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i s  a p a r t i a l  so lu t ion  of the  equation which i n t e r e s t s  us. 
i s  l i n e a r  and homogeneous, then t h e  product of funct ion (2.10) by any constant 
w i l l  a l s o  be a so lu t ion  of  t h i s  equation. 

Since equation (2.8) 

In t h e  theory of t he  p o t e n t i a l  we s h a l l  make use of so lu t ions  of equation - /87 
(2.8) a r r ived  a t  by t h e  Rodrigues formula, which is  i t s e l f  derived from equation 
(2.10) : 

1 d" (2 - 1)" P,, ( x )  = --- 
2nn! dx" (2.11) 

The Rodrigues formula def ines  a polynomial of t he  n- th  degree with respec t  t o  
x; t h i s  polynomial i s  ca l l ed  a Legendre polynomial. 

The f irst  of these  polynomials which may be encountered i n  expansions of  
t h e  g rav i t a t iona l  p o t e n t i a l  o f  t he  ea r th ,  and which axe employed i n  t h e  theory 
of motion of a r t i f i c i a l  e a r t h  s a t e l l i t e s ,  a r e  as follows (Figure 14): 

P" (4 = 1, 
P, (si = x, 

3 1 

5 3 

35 15 3 

( i 3  35 15 

231 315 105 5 
16 16 16 16 ' 

429 315 35 
16 16 16 16 x1 

6435 12012 GOSO 12GOx2 + 35 
128 128 128 128 128 ' 

12155 25740 

P Z ( X )  = -x2-T 2 , 

P3(x) = - 2 - _ Z , x ,  2 

P 4 ( x )  =-X4--xZ+- 8 -4 8 '  

Ps(-L) =-x5 8 - 2 x 3  4 + 8x, 

ps (x) === -xG - - 2 + - XZ --- 

p, (x) = 

p ,  (x) = -x8  _- -xG + (1 AA ___. __ 

x7 -E? ,y5 + - x3 - - 

18018 x5  4620 x3 + - x. 315 
P,  (x )  = - 128 XD -- -x7 128 + - 128 128 128 

As is  apparent from the  Rodrigues formula, t he  Legendre polynomial is an 
ana ly t i ca l  funct ion,  and therefore  we can make use of a Cauchy in t eg ra l :  

(2.12) 

(2.13) 

where C i s  
with t h e  formula 

an a r b i t r a r y  Jordan curve, and represent  t he  Legendre polynomial - /88 

(2.14) 
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known as t h e  Schl'&li formula. Gf2  4 
We transform t h e  i n t e g r a l  o f  (2.14) t o  a 

new v a r i a b l e  a, defined by t h e  r e l a t i o n s h i p  

Following simple t ransformations,  i n s t ead  o f  
equat ion (2.14) we arrive a t  

(2.15) 

Figure 14. 
Comparing equations (2.15) and (2.13),  we 
e s t a b l i s h  t h e  fact  t h a t  

i n  o the r  words, t h e  Legendre polynomial P (x) i s  equal t o  t h e  coe f f i c i en t  when 
an i n  t h e  Maclaurian series n 

(2.16) 

The le f t -hand  member o f  t.his equation is  r e f e r r e d  t o  as a generat ing funct ion.  /89 

We now e s t a b l i s h  c e r t a i n  important p rope r t i e s  of  t h e  Legendre polynomial. 

- 

D i f f e r e n t i a t i n g  equation (2.16) with r e spec t  t o  a, w e  f i n d  t h a t  

o r  

Equating the  c o e f f i c i e n t s  which have i d e n t i c a l  degrees of a i n  t h e  r i g h t  and 
i n  t h e  l e f t  members, w e  arrive a t  t h e  fol lowing r ecu r ren t  r e l a t ionsh ip :  

(2.17) (n + 1) P,,,, ( x )  - (2n + 1) xp,  (4 +'nPn-, (4 = 0. 
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But without going i n t o  d e t a i l s  of t he  ca l cu la t ions ,  w e  can state t h e  following 
property of Legendre polynomials: 

0 i f  m # n, 
i f  m = n.  

-1 

(2.18) 

This means t h a t  t he  system of  Legendre polynomials i s  orthogonal and t h a t  it 
may b e  used f o r  t h e  expansion of  funct ions i n  s e r i e s  on the  b a s i s  of  Legendre 
polynomials. 

Let us r e t u r n  now t o  equation (2.8) and s tudy t h e  general  case f o r  k # 0 .  
We s h a l l  show t h a t  t h e  p a r t i a l  so lu t ion  of t h i s  equation i s  t h e  funct ion 

k k dklJ,(x) 
Pn(x)=(1-x2)2 -, 

dxk 
(2.19) 

t h e  so-ca l led  a d j o i n t  Legendre funct ion of  n- th  degree and rank k of  f i rs t  
type1. 

D i f f e ren t i a t ing  equation (2.8) k times 'and s u b s t i t u t i n g  z = Y ' ~ ) ,  we 
a r r i v e  a t  the  following equation 

(1 - x2) 2" - 2x (k  -1- 1) 2' + In (n + 1) - k (k -t. 1)lz = 0, 

which is  s a t i s f i e d  by the  de r iva t ive  of t he  funct ion z = P(k) (x) . 
t h e  s u b s t i t u t i o n  

Af te r  making n 

k _ -  
2 = ( 1  -xZ) Pjtk'(x) 

and the  appropriate  t ransformations , we a r r i v e  a t  an equation f o r  ad jo in t  
Legendre funct ions which coincides  with equation (2.8) .  

The property o f  t h e  ad jo in t  funct ions of Legendre which i s  b a s i c  f o r  t h e  
theory of t h e  p o t e n t i a l  is  given by t h e  theorem of  or thogonal i ty ,  which i s  
expressed as follows: 

(2.20) 

- -  - _ _ ~  - 

In  addi t ion  t o  Legendre polynomials, mathematicians a l s o  dea l  with t h e  
Legendre funct ions of second type, and with ad jo in t  Legendre funct ions 
of  second type. 
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The formulas f o r  Legendre polynomials (2.11) and ad jo in t  Legendre funct ions 
(2.19) enable us t o  arrive a t  an e x p l i c i t  expression f o r  a sphe r i ca l  funct ion 
of  t h e  n- th  degree (see (2 .6) ) :  

It dkP, (sin (p) 
Yn (Cp, h)  = 2 (Ank COS kh f Bnk  Sin kh)  COSk Cp 

k=O (dsincpIk ' 
(2.21) 

From equation (2.21) it is  evident  t h a t  t he  sphe r i ca l  funct ions represent  
l i n e a r  combinations of t h e  func t ions  

dkPn - . .. - (sin q) cosk cp cos kh,  dkP,, (sin cp) cosk cp sin kh,  (2.22) 
(d sin q ~ ) ~  (d sin ( p ) k  

which a r e  ca l l ed  sphe r i ca l  harmonics. 

We s h a l l  t ake  two sphe r i ca l  harmonics which d i f f e r  by a t  l e a s t  one index, 
and i n t e g r a t e  t h e i r  product with r e spec t  t o  t h e  sur face  o f  t h e  sphere.  
ing  simple ca l cu la t ions  we obta in  the  following: 

Follow- 

(2.23) 

Consequently, the  whole family of  sphe r i ca l  harmonics represents  an orthogonal 
system of func t ions .  

- /91 

Let the  funct ion f(+, A )  be f i n i t e ,  homogeneous and continuous on the  
sur face  of a sphere of u n i t  r ad ius .  
i n  t h e  form of a se r i e s1 -  

We s h a l l  assume t h a t  it can be represented 

the  terms of  which 
e a r l i e r  by formula 

a re  general  sphe r i ca l  funct ions which were determined 
(2 .6) .  

If t h e  s e r i e s  (2.24) converges uniformly, then i n  order  t o  determine i t s  
c o e f f i c i e n t s  A 

sphe r i ca l  harmonics. Multiplying the  s e r i e s  (2.24) by the  sphe r i ca l  harmonic 

and Bnk we can make use of  t h e  property of or thogonal i ty  of nk 

Pf:  (sin (p) cos kh 

~~ _ _  - __ - - . - 

?his expression was f i r s t  pointed out  by Laplace, bu t  t he  proof of i t s  
convergence was given by Legendre and Di r i ch le t  . 
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and i n t e g r a t i n g  with r e spec t  t o  t h e  su r face  of  t h e  sphere,  we a r r i v e  a t  t h e  
following equation by v i r t u e  o f  equation (2.23), following t h e  appropriate  
operations:  

x 2 x  

1 f ( q ,  h)  P~(sincp)coskhcoscpdrpdh. (2.25) 
(2n + 1) (n - k)l 

= 2 :6, (n + k)! ,! 
0 0  

... = 1. I n  p r e c i s e l y  the  same way we f i n d  t h a t  where bo = 2,  61 = 6 2  - - 

n z x  

\ )  f ( %  W k (  ,I sin 9) sin kh cos cp d q  dh.  (Pn + 1) (n - k)! 
Bnk = 2x6, (n+k)! " 

0 0  

(2.26) 

I t  should be  noted t h a t  by reason o f  t h e  uniform convergence of  t he  s e r i e s  
(2.24), t h e  expansion of  t h e  funct ion i s  unique and does not  depend upon the  
method by which it i s  derived. 

I n  order  t o  obtain a c l e a r e r  i dea  of t h e  expansion of the  given funct ion 
i n  s e r i e s  of sphe r i ca l  func t ions ,  we may compare the  l a t t e r  with the  Fourier  
t r igonometr ic  s e r i e s .  With v a r i a t i o n  from 0 t o  27r i n  t he  argument i n  the 
Fourier  s e r i e s ,  t h e  n- th  term of t he  s e r i e s  becomes zero 2n t imes.  The routes  
o f  t he  n- th  term a r e  r e f l e c t e d  i n  equ id i s t an t  po in ts  on t h e  c i r c l e ,  and on 
passage through the  routes  the  terms of t h e  s e r i e s  change s ign .  We f i n d  an 
analogous p i c t u r e  i n  the  case of  expansions i n  sphe r i ca l  func t ions .  The 
sphe r i ca l  harmomics can be broken down i n t o  th ree  ca tegor ies .  

For k = 0 the re  is only one harmonic Po ( s i n  4) = P ( s i n  $), which becomes n n 

/92 

zero a t  n symmetric p a r a l l e l s  t o  t h e  equator.  
surface of  the  sphere i n t o  zones, where the  Legendre polynomials a l t e r n a t e l y  take 
on p o s i t i v e  and negat ive values .  
ca l led  zonal harmonics (Figure 15 ) .  

These p a r a l l e l s  break up the  

Thus, t h e  harmonics corresponding t o  K = 0 a re  

n 
If k = n ,  the atta.ched Legendre funct ions dnP (x)/dx 

become constants  and t h e  sphe r i ca l  harmonics a re  re -  
duced t o  : 

n 

cosn cp cos nh, cos" cp sin nh. 

From t h i s  it is  evident  t h a t  t h e  sphe r i ca l  harmonics 
become zero at  the  meridians f o r  which 

Figure 15. 
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The surface of t h e  sphere is  divided i n t o  2n sphe r i ca l  s ec to r s  by these  
meridians; i n  these  sec to r s  t h e  spher ica l  harmonics are a l t e r n a t e l y  pos i t i ve  
and negat ive.  
t o  as "sec tor ia l"  (Figure 16).  

For t h i s  reason, t h e  spher ica l  harmonics i n  quest ion a r e  r e fe r r ed  

F i n a l l y ,  i n  t h e  intermediate  
case when 0 < k < n the  spher ica l  
harmonics become zero a t  2k 

e.; G?$* 

Figure 16. 

meridians,  with 

cos kh = 0 i f  sin kh = 0 

and n -k p a r a l l e l s ,  defined by - /93 
the  routes  of t h e  equation 

Figure 17. 
dkP,  (sin 9) 
(d sin q))k 

= 0. 

The d i s t r i b u t i o n  of p o s i t i v e  and negative values of spher ica l  harmonics 
i s  i l l u s t r a t e d  i n  Figure 17. Such harmonics a re  r e f e r r e d  t o  by t h e  term 
fltess era1111 . 
5 3. Expansion o f  the Potential of  a Solid Body in Series in Spherical 

Functions. 

Let us consider the  g r a v i t a t i o n a l  p o t e n t i a l  of a s o l i d  body beginning with 
t h e  assumptions formulated i n  § 1, Chapter 2 .  U t i l i z ing  the  symbols employed 
e a r l i e r ,  for  the  p o t e n t i a l  we have t h e  following expression: 

where 

If w e  t r a n s f e r  t o  spher ica l  coordinates ,  

x = r cos cp cos A, 
E = r' COS cp' cos A', 

y = r cos cp sin A, 
q = r' cos 9' sin A', Q = r' sin cp' 

z = r sin rp, 

1 The c l a s s i f i c a t i o n  and terminology r e l a t i n g  t o  sphe r i ca l  funct ions were f i rs t  
devised by English mathematicians. 
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then f o r  t h e  d is tance  between a moving poin t  on t h e  body and an ex te rna l  po in t  
P (x, y,  z ) ,  we arrive a t  t h e  expression 

Now l e t  us expand t h e  quant i ty  l / A ,  which appears as p a r t  o f  t h e  i n t e g r a l  
expression of formula (3.1), i n t o  s e r i e s  i n  Legendre polynomials, l imi t ing  
ourselves t o  the  case r ' < I-. 
of ( 2 . 1 6 ) ,  we immediately a r r i v e  a t  

Recall ing t h e  form of t h e  generat ing funct ion 

Now l e t  us study the  convergence of s e r i e s  ( 3 . 4 ) .  F i r s t  of a l l  we s h a l l  
es t imate  the  absolute  magnitude of t h e  Legendre polynomial. I f ,  f o r  t he  
in t eg ra t ion  i n t e r v a l  i n  formula (2.14) w e  take the  c i r c l e  whose rad ius  i s  
dx 2 - 1 and whose cen te r  i s  a t  po in t  z = x, whose equation has the  form 

z = x +  v m e x p i c p ,  -a -c<cp<a-c ,  

then, following t h e  appropriate  operat ions,  t h e  i n t e g r a l  of (2 .14 )  can be 
transformed t o  t h e  following Laplace formula: 

Formula (3.5) y ie lds  t h e  following 

o r ,  s ince  i n  t h e  given case 1x1 < 1, 
i n  the  following form: 

(3 .51  

x + i  1/1-x2coscpIndcp 

the preceding inequa l i ty  can be wr i t t en  

from which it is  evident  t h a t  w i t h  n > 0 and f o r  any value of 1x1 < 1, the  
following inequal i ty  i s  j u s t i f i e d :  

Now l e t  us go t o  an est imate  of the  absolu te  value of  t he  common term of 
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s e r i e s  (3.4).  On t h e  b a s i s  of t h e  inequa l i ty  (3.7) w e  have 

q < 1, and the re fo re  we f i n a l l y  a r r i v e  a t  But, by assumption, - = F' 
r 

Since the  s e r i e s  

converges absolutely,  s e r i e s  (3.4) possesses t h i s  same property.  Moreover, 
on the  b a s i s  of  a well  known theorem i n  the  ana lys i s  of  func t iona l  s e r i e s ,  
s e r i e s  (3.4) i s  found t o  be  uniformly convergent. Thus, t he  assumptions which 
were m d e  i n  the  preceding paragraph apply equal ly  i n  the  present  ins tance .  

I f  we replace the  quan t i ty  l / A  i n  formula (3.1) with i t s  value from 
( 3 . 4 ) ,  we a r r i v e  a t  the  following expression: 

In order  t o  obtain a d e f i n i t i v e  expression f o r  t he  s e r i e s  which represents  the  
p o t e n t i a l  U, it i s  necessary t o  transform the  Legendre polynomial Pn(cos y ) ,  
making use of a summation theorem which has the  following form: 

(3.10) 

6 o  = 2 ,  61 = 6 = ... = 1. 2 where, as above, 

The bas i c  idea  involved i n  t h e  der iva t ion  of formula (3.10) i s  a s  fol lows.  /96 
Owing t o  the  l i n e a r i t y  of  t h e  Laplace equation, a sphe r i ca l  funct ion subjected 
t o  any l i n e a r  orthogonal transformation of  coordinates w i l l  s a t i s f y  the  Laplace 
equation: i n  o ther  words, the  transformation merely produces a new spher.ica.1 
funct ion.  In  p a r t i c u l a r ,  f o r  any a r b i t r a r y  r o t a t i o n  o f  t h e  systdm of 
coordinates ,  the  i n i t i a l  sphe r i ca l  funct ion i s  transformed i n t o  a new funct ion 
i n  the  new coordinates .  

The Legendre polynomial Pn(cos y) can be  regarded as a transformed 
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sphe r i ca l  funct ion i n  a system of coordinates whose z-axis passes through t h e  
po in t  ( r l ,  $ I ,  A I ) .  Then, according t o  what has  been sa id ,  t he  polynomial 
Pn(cos y) , corresponding t o  t h e  new system o f  coordinates ,  must be a sphe r i ca l  

funct ion i n  the  o ld  system of coordinates ( 6 ,  A) as w e l l :  i n  o ther  words. t he re  
~ 

must e x i s t  values of t h e  c o e f f i c i e n t s  Ank and Bnk which are independent of 
$ and A: 

( 3 . 1 1 )  

I t  i s  obvious t h a t  the  c o e f f i c i e n t s  A 

But by reason of  t he  symmetry of  ( 3 . 3 )  with r e spec t  t o  $, A and $ I ,  A ' ,  
formula ( 3 . 1 1 )  must have the  following form: 

and Bnk are func t ions  of $ l  and A ' .  nk 

n 

Pn (COST) = 2 hkpf: (sin 'p) Pk (S in  Cp') COS k ( h  - A'), 
k=n 

where h represents  c e r t a i n  numerical c o e f f i c i e n t s .  k 
These c o e f f i c i e n t s  can be ca lcu la ted  from t h e  following formula: 

( 3 . 1 2 )  

( 3 . 1 3 )  

In t h i s  way w e  a r r i v e  a t  the  formula ( 3 . 1 0 ) ,  which represents  the summation 
theorem of sphe r i ca l  func t ions .  
transform the  expansion of  t he  p o t e n t i a l  (3 .9) .  

This formula w i l l  be used below i n  order  t o  

A de ta i l ed  proof of t h i s  theorem may be found i n  [45] and [46]. 

Subs t i t u t ing  f o r  Pn(cos y)  i n  equation ( 3 . 9 )  i t s  expression a s  obtained - / 9 7  

from formula ( 3 . 1 0 ) ,  we a r r i v e  a t  the  following: 

CO n 

Introducing the  nota t ions  

( 3 . 1 4 )  
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and observing, moreover, t h a t  t hese  coe f f i c i en t s  depend only upon the  shape of 
t he  body and upon t h e  d i s t r i b u t i o n  of  mass within t h e  body, we can present  t h e  
preceding expression i n  t h i s  form: 

M I I  

(3.15) 

Another approach, based on equations (2.19) and (2.21), is  t o  rep lace  i n  
equation (3.15) the  l i n e a r  combination of sphe r i ca l  harmonics with the  general  
sphe r i ca l  funct ion.  This r e s u l t s  i n  

n=o 
(3.16) 

We s h a l l  ca l cu la t e  t he  first terms occurring i n  t h e  expansion of equation 
(3.16), making use of  t he  s e r i e s  (3 .9) .  

If n = 0 ,  then, i n  correspondence with ( 2 . 1 2 )  P (cos y) = 1, and the  0 i n t e g r a l  

gives the  mass M of t h e  g r a v i t a t i n g  body. 
t o  fM/r, we a r e  i n  possession of the  Newtonian p o t e n t i a l  of po in t  mass. 

Since the  f i rs t  term w i l l  be equal 

If n = 1, then, by reason o f  equation (2.12),  

t he  second term o f  t he  expansion can be wr i t t en  as  fo l lows:  

In  h i s  expression t h e  t r i p l e  i n t e g r a l s  represent  t he  s t a t i c  moments, whic 
as is  wel l  known from mechanics, a r e  equal t o  

(3.17) 

a r e  t h e  coordinates of the  center  o f  masses of t he  g rav i t a t ing  yc* =c where xc, 
body. 

If the  o r ig in  o f  t he  coordinate  system placed a t  the  cen te r  of i n e r t i a  of  
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t h e  g r a v i t a t i n g  body, then t h e  second term i n  the  expansion of t h e  p o t e n t i a l  be- 
comes zero. In  t h e  general  case t h i s  second term is wr i t t en  as Eollows: 

E =  fM (xxc + yyc + z z c ) .  
r3. r 3  

If n = 2, then on t h e  b a s i s  of equation (2.12)  and (3.9), we have the  
following: 

and then t h e  t h i r d  term of the  expansion (3 .9 )  can be w r i t t e n  as follows: 

Introducing t h e  moments of i n e r t i a  with respec t  t o  coordinate axes 

and the  cen t r i fuga l  moments (products of i n e r t i a )  

(3.18) 

(3.19) 

(3.20) 

/99 

i n  p lace  of  (3.18) w i l l  have t h i s  form 

( ( B  + c - 2A) x2 + ( A  + c - 28) y2 + fYz - f - _ -  
r 6  Z r j  + ( A  + B - 2C) z2 + 6Dyz + 6Exz + 6Fxy3. 

I f  t h e  main axes o f  i n e r t i a  a r e  taken as coordinate axes, then D = E = F = 
= 0 ,  and, therefore ,  
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(3.21) 

In the  remaining por t ion  of t h i s  t e x t  we assumed t h a t  the  coordinate axes a r e  
s e l e c t e d  i n  t h i s  manner, un less  otherwise s t a t e d .  

Limiting ourselves t o  t h e  terms of  the  expansion thus found, we can 
formulate the  following approximate expression f o r  t he  g rav i t a t iona l  p o t e n t i a l  
of  t he  body: 

+ 4. [ ( B  + C-2.4) 2 -t- ( A  -1- C- 2B)y3  + ( A  + B - 2C) 2 1 .  
(3.22) 

§ 4. Poten t ia l  of T e r r e s t r i a l  Gravi ta t ion.  

The g rav i t a t iona l  p o t e n t i a l  of the ea r th  can be represented i n  the  form 
of s e r i e s  (3.15), o r ,  following c e r t a i n  simple transformation i n  the  following 
form: 

where M i s  the  mass of t he  e a r t h ,  R i s  t h e  mean equa to r i a l  rad ius  of t he  earth,/100 

and Inm and Anm a r e  constants  which depend.upon the  geometry of t he  masses of 

the  ea r th .  In  formula (4.1) the  index n assumes a l l  r e a l  values beginning with 
2: i n  o the r  words, it i s  assumed t h a t  t he  o r ig in  of coordinates coincide with 
the  cen te r  o f  mass of t he  ea r th ,  while t h e  equa to r i a l  plane of the  ea r th .  
i s  taken as the  b a s i c  plane.  

-- 0 

When the  c e n t r a l  axes of i n e r t i a  a r e  taken t h e  coordinate axes, formula 
(4.1)  assumes i t s  s implest  form. However, i t  i s  normal i n  geography t h a t  
the  x-axis should be made t o  pass t h e  i n t e r s e c t i o n  of the  Greenwich meridian 
and the  equator;  and i f  t h i s  i s  followed, then a l l  of  the  terms i n  formula 
(4.1) are preserved, i n  p a r t i c u l a r  t h e  harmonics Pzl cos (X-X21). 
equation (4.1) it is  evident  t h a t  determining the  parameters of the  ea r th  
g r a v i t a t i o n a l  f i e l d  reduces t o  f ind ing  t h e  coe f f i c i en t s  Inm, Anm. 

From 

There a re  seve ra l  e s s e n t i a l l y  d i f f e r e n t  methods f o r  f ind ing  t h e  g rav i t a -  
t i o n a l  f i e l d  of t h e  e a r t h ,  o r  t he  shape of t h e  ea r th .  
and t h e  grav imet r ic  methods a r e  the  most prominent. 

The methods of mechanics 

The gravimetr ic  method f o r  determining the  p o t e n t i a l  o r  t h e  shape of t h e  
e a r t h  is based on measuring t h e  acce lera t ion  of g rav i ty  a t  var ious po in t s  on t h e  
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e a r t h ' s  sur face .  A number of s c i e n t i s t s ,  i n  p a s t  years ,  have proposed so-ca l led  
formulas f o r  t h e  d i s t r i b u t i o n  of gravi ty .  The most recent  attempts i n  t h i s  
d i r ec t ion  have been made by I . D .  Zhongolovich [SO], Heiskanen [Sl], U o t i l l a  
[52], etc. 

The work of these  men has been based upon a l a rge  volume of observat ional  

In  evaluat ing t h e  accuracy of gravimetr ic  methods, 
da ta .  One may poin t  ou t ,  i n  p a r t i c u l a r ,  t h a t  I. D. Zhongolovich made use of 
26,000 gravimetr ic  po in t s .  
i t  was pointed out  t h a t  they a r e  l e s s  r e l i a b l e  when it i s  quest ion of 
determining the  c o e f f i c i e n t s  t e s s e r a l  harmonics. For example, t h e  value 
of t h e  geographic longitude o f  measure semi-axis of t h e  t e r r e s t r i a l  e l l i p s o i d ,  
as a r r ived  a t  by t h e  var ious writers, within t h e  l i m i t s  of  - 2 5 O  and +38'. 
A d e t a i l e d p r e s e n t a t i o n  of the gravimetr ic  method may be  found i n  t h e  book by 
I .  I,. Grushinskiy [53] .  

/ l o 1  
5_ 

O f  t he  method of c e l e s t i a l  mechanics, i n  use before  t h e  launching 
of a r t i f i c i a l  ea r th  s a t e l l i t e s ,  we should po in t  out the  following two. The 
f irst  of these  i s  based on analysis  of the  pe r iod ic  i n e q u a l i t i e s  observed 
t h e  astronomical longi tude and l a t i t u d e  o f - the  moon which r e s u l t  from the  
spheroidal  shape of t h e  ea r th  (we r e f e r  t o  the  i n e q u a l i t i e s  d e a l t  with by 
Delaunay's theory of motion [54]).  
of a p e r c u l i a r i t y  of t h e  r o t a t i o n a l  motion of t h e  ea r th .  The coe f f i c i en t s  
i n  the  precession formulas of t he  t e r r e s t r i a l  axis enable us t o  f ind  t h e  
dynamic compression -- t h a t  i s ,  the quant i ty  (C - A)/C. Next, i f  we assume 
t h a t  t h e  ea r th  has a spheroidal  shape (A = B ) ,  with t h e  he lp  o f  formula (3.28) 
we are  ab le  t o  determine t h e  coe f f i c i en t  f o r  t he  second zonal harmonic of t he  
t e r r e s t r i a l  p o t e n t i a l .  

?he second method is  based on an ana lys i s  

The various o the r  astronomical methods f o r  determining t h e  t e r r e s t r i a l  
p o t e n t i a l  a r e  only o f  h i s t o r i c a l  h i s to ry  a t  t h e  present  tlme, s ince  observations 
of a r t i f i c i a l  ea r th  s a t e l l i t e s  a f ford  f a r  g r e a t e r  accuracy i n  t h i s  connection. 
Coeff ic ients  f o r  zonal and t e s s e r a l  harmonics a r e  determined on the  b a s i s  of 
t h e  secu la r  and long-period per turba t ions  observed i n  the  o r b i t a l  elements of 
such s a t e l l i t e s .  The b a s i c  d i f f i c u l t i e s  a r e  encountered i n  connection with 
the  coe f f i c i en t s  o f  t e s s e r a l  harmonics; here  i t  i s  along per iod (24-hour, 12-  
hour, e t c . ) ,  i n e q u a l i t i e s  (which are of small amplitude) which must be 
considered r a t h e r  than secu la r  va r i a t ions .  
must be included i n  the general  formulation of t h e  condi t ional  equations ( the  
method of  l e a s t  squares i s  usua l ly  appl ied he re ) .  I n  order  t o  obtain t h e  most 
accuracy values  poss ib le  f o r  the  coe f f i c i en t s  I Xnm, one must a l s o  include 

i n  these equations t h e  coordinates of the  t racking  s t a t i o n s ,  t he  c o e f f i c i e n t  
of l i g h t  pressure,  more than ten  parameters represent ing  t h e  e a r t h ' s  atmos- 
phere, and so  on. The problem of determining t h e  e a r t h ' s  g r a v i t a t i o n a l  f i e l d  

I .  Kozai [61] may be c i t e d  by way of  example. Kozai's f i gu res  f o r  the  
coe f f i c i en t s  of zonal harmonics a re  given i n  Table 1; h i s  f igu res  f o r  the 
coef f ic ien ts  of  t e s s e r a l  hampnics  a r e  given i n  Table 2 .  

As many as 90 unknown parameters 

nm ' 

/ l o 2  has occupied a g rea t  many inves t iga to r s  [55-601. The r e s u l t s  obtained by - 

From t h e  r e s u l t s  given here ,  it i s  q u i t e  evident  t h a t  t h e  coe f f i c i en t s  
of t h e  expansion i n  s e r i e s  i n  terms of spher ica l  funct ions f a l l  o f f  extremely 
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slowly1. 
coordinates of a r t i f i c i a l  e a r t h  s a t e l l i t e s ,  o r  i n  t h e  elements of t h e i r  o r b i t s ,  
may occur b a s i c a l l y  as a r e s u l t  of t h e  coe f f i c i en t s  of form (R / r )n :  i n  o ther  
words, along with increase  i n  t h e  major semi-axes of t he  s a t e l g i t e  o r b i t s .  
We are thus faced with t h e  very complicated mathematical problem of construct ing 
more r ap id ly  converging s e r i e s ,  represent ing t h e  p o t e n t i a l  of t e r r e s t r i a l  
g rav i ta t ion .  In  t h e  theory of t h e  shape of t h e  ear th  use has been made of t h e  
expansion of t h e  p o t e n t i a l  i n  s e r i e s  of Lam6 functions [62 ,  631; however, no 
r a d i c a l  improvement of t h i s  method has so  far been achieved. 
present  w r i t e r s  t h a t  t he  most promising approach would be t o  improve t h e  
convergence of s e r i e s  i n  sphe r i ca l  funct ions,  as is  done i n  the  theory of 
t r igonometr ic  s e r i e s  [64] . Unfortunately no inves t iga t ions  have been made 
along t h i s  l i n e .  

Consequently, diminution i n  t h e  amplitude of  per turba t ions  i n  the  

I t  seems t o  the  

TABLE 2 

1,,,1 .'O' 
. .- ~~~ 

2,32 5 0 , 3 0  
3.95 +0,36 
0.41 + 3 , 2 l  
1-91 *O,20 
2,Gh +0,44 
0.17 &0,06 
0.04(i-Ji0,035 
0~05c,-J=0,030 

- - . . . . . . . .. . . 

--37',5f 5",G 
22" * I 1 0  
31" &i4" 
51",3& 2",0 

l f j 3 " , 5 5  G0,5 
5 4 O  * I 1 0  

-13" & I O 0  

SOo,3_t G o , O  

§ 5. Gravi ta t ional  Po ten t i a l s  of t h e  Other Bodies  of the Solar  System 

If we a re  going t o  launch a r t i f i c i a l  s a t e l l i t e s  o rb i t i ng  around the  o ther  
c e l e s t i a l  bodies of the  s o l a r  system, and i f  we a re  going t o  p r e d i c t  the  
motion of such s a t e l l i t e s ,  it i s  necessary t o  know the  g rav i t a t iona l  f i e l d s  of 
those bodies.  
Saturn,  Uranus, e t c . ,  s ince  these  p a r t i c u l a r  bodies deviate  q u i t e  s t rongly  
from t h e  spher ica l  shape. 

?his is  p a r t i c u l a r l y  necessary i n  t h e  case of t he  moon, J u p i t e r ,  

Even a d i r e c t  op t i ca l  observation reveal  t h a t  t he  

~ 

Careful es t imates  of t h e  convergence r a t e  of t he  expansion of the  p o t e n t i a l  
have been made by K .  V .  Kholshevnikov [206], on the  b a s i s  of various 
premises regarding t h e  d i s t r i b u t i o n  of  p lane tary  densi ty .  
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f l a t t e n i n g  of J u p i t e r  amounts t o  1/10, while t h a t  of Saturn amounts t o  1/16l .  
The degrees of f l a t t e n i n g  observed i n  these  p l ane t s  are much g r e a t e r  than t h a t  
of t h e  ea r th ,  which amounts t o  only 1/298.2. Consequently, the  e f f e c t s  on the  
motion o f  a r t i f ic ia l  satell i tes o r b i t i n g  around these  p l ane t s  and coming under 
t h e  inf luence of t h e  c e n t r a l  body w i l l  be q u i t e  pronounced. 
s t u d i e s  made of t h e  moon lead t o  t h e  conclusion t h a t  t h i s  body possesses no t  
only a perceptable  degree of po la r  f l a t t e n i n g ,  bu t  a l s o  a pronounced equa to r i a l  
f l a t t e n i n g ,  which i s  t h e  r e s u l t  of t h e  t i d a l  ac t ion  of t h e  ea r th .  In t h i s  
connection, it is  re l evan t  t o  poin t  out  t h a t  it i s  p rec i se ly  on count of t h e  
e l l i p t i c a l  charac te r  of t h e  lunar  equator,  t h a t  our s a t e l l i t e  always tu rns  the  
same ' 'face" toward the  ea r th .  

Astronomical 

Below a r e  given some c h a r a c t e r i s t i c s  of  t h e  f i e l d s  of  g rav i t a t ion  o f  a 
number of t h e  major p l ane t s  of t h e  s o l a r  system, and a l s o  of t he  moon. As 
regards t h e  major p l ane t s ,  astronomers have been ab le  t o  obta in  more o r  less 
r e l i a b l e  da t a  on t h e  g r a v i t a t i o n a l  p o t e n t i a l s  i n  those cases i n  which the  
p l ane t s  possess s u f f i c i e n t l y  c lose  s a t e l l i t e s .  Actually,  f o r  the  p lane ts  'we  
have been ab le  t o  determine only the  coe f f i c i en t s  of zonal harmonics -- t h a t  i s ,  
we are ab le  t o  wr i t e  the  g rav i t a t iona l  p o t e n t i a l  i n  t he  following form: 

Mars. The parameters of t he  Martian g r a v i t a t i o n a l  f i e l d  were determined 
through ana lys i s  of t h e  secu la r  motion of  t h e  r i g h t  ascension of t h e  o r b i t s  of 
Phobos and Deimos, which amount, respec t ive ly ,  t o  158", 5 f Oo, 5 and -6O, 
2795 f 0°,0007 p e r  year .  On t h e  bas i s  of these  da ta  it w a s  poss ib le  t o  make a 
r e l i a b l e  determination only o f  t h e  coe f f i c i en t s  o f  t h e  second zonal harmonic, 
s ince ,  on account of t h e  i n s u f f i c i e n t  accuracy of t h e  observations,  e r r o r s  i n  
determining the  regression of the  o r b i t a l  nodes 
of the  same order  as t h a t  associated w i t h  t h e  c o e f f i c i e n t  for the  four th  
harmonic. 
[ 6 5 ] ,  who ar r ived  a t  the  following value f o r  t h e  c o e f f i c i e n t  o f  the  second 
harmonic : 

/ l o 4  

of the  Martian s a t e l l i t e s  were 

The most complete informational da t a  have been used by E .  Woolard 

8R" J = 0,002920 - 0,0058 . 

Here R f f  i s  the  angular rad ius  of Mars expressed i n  seconds of  an a rc .  
term i n  t h i s  formula was ca lcu la ted  on t h e  assumption t h a t  R" = 4Il.680 a t  a 
d is tance  of one astronomical u n i t .  

The f irst  

Jup i t e r .  The parameters of a g r a v i t a t i o n a l  p o t e n t i a l  of J u p i t e r  were 
determined by the  same method used i n  t h e  case of  Mars. Here we used informa- 
t i o n  on the  motion o f  t h e  s a t e l l i t e s  c loses t  t o  t he  p l ane t ,  the  wel l  known 
Gali lean s a t e l l i t e s .  On the  b a s i s  of observat ional  da t a  compiled by de S i t t e r  

I 
_ _  .. . . . . . - . . - .  . _ -  . - _ _ _ _ =  --- 

By the  term "f la t ten ing"  we understand the  r a t i o  o f  the  d i f fe rence  between 
t h e  equator ia l  and t h e  po la r  r a d i i  of t h e  p l ane t  t o  i t s  equator ia l  
rad ius .  
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[66], we obtained t h e  following value f o r  t he  c o e f f i c i e n t  of t h e  f i rs t  zonal 
harmonic 

J = 0.02206 ? 0.00022. 

The c o e f f i c i e n t  f o r  t he  four th  harmonic was cor rec ted  on the  b a s i s  of the  motion 
of the  ascending node of  t h e  o r b i t  of  t h e  f i f t h  s a t e l l i t e .  For  t h e  coe f f i c i en t  
K we obtained the  following value 

K = 0.00253 ? 0.0041. 

For  the  rad ius  of J u p i t e r  we accepted the  value R" = 98II.49. 
ness  has been observed i n  t h e  values  obtained f o r  J. For example, R. Sampson 
[67] obtained t h e  value J = 0.00227. This is  explained by t h e  f a c t  t h a t  the  
masses of t h e  s a t e l l i t e s  play a p a r t  i n  t h e  condi t ional  equations f o r  de te r -  
mining J and K ,  and these  p a r t i c u l a r  q u a n t i t i e s  a r e  not  known with s u f f i c i e n t  
accuracy. 
s a t e l l i t e  masses, the  cor rec t ions  being determined by t h e  method of l e a s t  
squares along with the  parameters J and K .  

A c e r t a i n  uneven- 

F o r  t h i s  reason it i s  necessary t o  introduce cor rec t ions  t o  the  

Saturn.  The c o e f f i c i e n t s  of t h e  expansion of t he  p o t e n t i a l  o f  Saturn 
were determined on the  b a s i s  of s ecu la r  perturbances i n  t h e  l a t i t u d e  of t h e  
node and of the  pe r i cen te r  of the  inne r  s a t e l l i t e s  o f  t h i s  p lane t .  On t he  
b a s i s  of da t a  co l l ec t ed  by Je f f r eys  [68], we obtained the  following values:  / lo5 

J (i,c)2501 + 0.00003, I( = 0,00386 =k 0,00026. 

For the  rad ius  of Saturn we accepted the  value R" = 8Il.625 a t  a d i s tance  of 
9.53885 astronomical u n i t s .  
e r r o r  s ince  we a re  not  i n  possession of r e l i a b l e  information on t h e  masses of 
t he  r ings  of Saturn.  

These p a r t i c u l a r  f igures  , however, may be i n  

The Moon. Analyt ical  methods f o r  determining the  parameters of  the  moon 
g r a v i t a t i o n a l  f i e l d  which a r e  based on the  s tudy of i t s  r o t a t i o n a l  motion lead 
t o  the  following values  f o r  t he  parameters of t he  expansion of t he  lunar  
p o t e n t i a l  [69] : 

c,,, := (- 0,238 -+ 0,016). cZ3 = (0.06 t 0,08)-10-4. 

By processing se lenodet ic  da ta ,  Goudas [70] has a r r ived  a t  the  following 
values  f o r  t he  c o e f f i c i e n t s  of  t he  expansion of  t h e  lunar  p o t e n t i a l :  

cz0 = - 0,205.10-3, 
~ 3 0  =z - 0.863. lo-", 
c , ~  = + 0,263. 
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We should n a t u r a l l y  expect t h a t  t h e  most accura te  r e s u l t s  would be obtained 
on the  b a s i s  of methods based on t h e  s tudy of t h e  per turbed motion of a r t i f i c i a l  
satell i tes i n  o r b i t  around t h e  moon. 
employed by E. L. Akim [71], who analyzed the  t r a j e c t o r a l  measurements made 
f o r  t h e  lunar  s a t e l l i t e  "Luna-10" during t h e  per iod  from 3 Apri l  1966 through 
30 May 1966. This per iod represents  460 revolu t ions  of t h e  moon. In  h i s  
study Akim made use of t h e  a n a l y t i c a l  theory of t h e  motion of a lunar  s a t e l l i t e ,  
based on the  e f f e c t  of t h e  ea r th  and t h e  sun upon t h e  moon. This l a t t e r  f a c t o r  
i s  a q u i t e  s u b s t a n t i a l  one, s ince  t h e  secular  per turba t ions  caused by t h e  ea r th  
and by the  sun must s t rong ly  a f f e c t  t he  longitude of ascending node and t h e  
argument o f  t he  pe r i cen te r  of t he  'lLuna-lO1f, t h e i r  values  being as follows: 

This p a r t i c u l a r  method has ,  i n  f a c t ,  been 

while t h e  regression of t h e  node and t h e  l i n e s  o f  aspides o f  t h i s  s a t e l l i t e  
caused by the  shape of t h e  moon a r e  as  follows: 

A 2 = -- 7",7, A 3  = - 11O.8. 

E .  L. A k i m  represents  t he  p o t e n t i a l  of lunar  g rav i t a t ion  as follows: / 106 

where R i s  the  mean rad ius  of t he  moon, @ i s  t h e  se lenocent r ic  l a t i t u d e  
reckoned from the  mean equator  of  t h e  moon, A is the  se l enocen t r i c  longitude 
reckoned from t h e  zero meridian f o r  a c e r t a i n  epoch t 

following f igu res  f o r  t h e  coe f f i c i en t s  c 
ana lys i s  of observat ional  data:  

and suppl ies  t h e  0' 
and dnm, on t h e  b a s i s  of an nm 

cz0 = (- 0.206 & 0,022). d,, I= (0.361 0,358). IO-', 
c,, = (0.157 f 0.358). d,, = (-0.139f 0,145) 
cog = (0.140 f 0,012)-10-', C,, = (-0,178rt,0.032)~10-', 
c~~ = (- 0,363 f 0.099) * IO-' d,, = (-0,702 k4.595). 

= (- 0,568 f 0,026) - 
c~~ = (0,I 18 f 0,047) - IO-', 
cq0 = (0,333 f 0270) IO-', 

E. L. Akim reminds the  reader  t h a t  these  r e s u l t s  a r e  of a preliminary charac te r .  
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CHAPTER I l l  

METHODS FOR THE CONSTRUCTION OF INTERMEDIATE ORBITS 

/ l o7  -- 9 1 .  Formulation of the Problem. 

Many writers, i n  dea l ing  with the  theory o f  t he  per turbed motion of  
a r t i f i c i a l  e a r t h  s a t e l l i t e s ,  have taken theKepler ian e l l i p t i c a l  o r b i t  as t h e i r  
s tandard of an unperturbed ( intermediate)  o r b i t ,  and have employed t h e  c l a s s i c a l  
methods of c e l e s t i a l  mechanics i n  choosing a p a r t i c u l a r  intermediate  o r b i t .  
Quite successfu l  a t tempts  based on t h i s  approach have been made by D. Brower 
[73, 741, I .  Kosai [75, 761, A. A. Orlov [77, 781, D. Ye. Okhtsinskiy [72], 
and c e r t a i n  o the r s .  
of the  s t ronges t  and most promising. 

The first two authors used t h e  Delone-Zeipel method, one 

The choice of a Keplerian intermediate  o r b i t  i s  advantageous i n  t h a t  t h e  
ca l cu la t ion  of the  per turba t ions  can be  made on t h e  b a s i s  of long-establ ished 
methods, which allow t h e  use of expansions i n  s e r i e s  of t h e  coordinates o f  
unperturbed motion without any modif icat ions.  I t  must be remembered, however, 
t h a t  these  c l a s s i c a l  methods were devised t o  dea l  with t h e  motions of t h e  
na tu ra l  bodies of  the  s o l a r  system, and with the  per turb ing  forces  a f f ec t ing  
them. These methods a r e  p a r t i c u l a r l y  e f f e c t i v e  i n  cases of  small  e c c e n t r i c i t y  
and low oxb i t a l  i nc l ina t ion ,  and when t h e  i n t e r v a l  of time under considerat ion 
corresponds t o  only a f e w  hundred revolu t ions .  But i s  it p rec i se ly  such 
condi t ions which a r e  very f requent ly  absent.swhen we have t o  dea l  with a r t i f i c i a l  
e a r t h  s a t e l l i t e s .  F o r  example, t h e  time i n t e r v a l s  involved correspond t o  many 
hundreds and thousands of revolu t ions .  Many of  t h e  a r t i f i c i a l  e a r t h  s a t e l l i t e s  
which have been launched have very eccen t r i c  o r b i t s ;  t he  e c c e n t r i c i t y  on 
occasion may exceed t h e  ce lebra ted  Laplace l i m i t  (e = 0.667), which marks t h e  
region of convergence of t h e  s e r i e s  expansions o f  the  coordinates (and hence 
a l s o  t h e  region of convergence of t h e  expansion o f  the  per turba t ion  func t ion) .  
A l l  t h i s  complicates t h e  use of t he  c l a s s i c a l  methods, s ince  it i s  necessary t o  
r e t a i n  a la rge  number of terms i n  the  s e r i e s .  F ina l ly ,  i n  the  theory of  motion 
of a r t i f i c i a l  ea r th  s a t e l l i t e s  we cannot l i m i t  ourselves t o  f i r s t - o r d e r  per -  
tu rba t ions ,  as  i s  usua l ly  done i n  a n a l y t i c a l  theor ies  of the'motion of na tu ra l  
s a t e l l i t e s ,  a s t e ro ids ,  and t h e  l i k e ;  a t  l e a s t  s eve ra l  s ecu la r  per turba t ions  of 
t h e  second, and sometimes of t h e  th i rd-order  must be  ca lcu la ted .  This makes 
t h e  construct ion of  a p r e c i s e  a n a l y t i c a l  theory extremely cumbersome. Even 
more ser ious  d i f f i c u l t i e s  a r e  encounted i n  t h e  case of a r t i f i c i a l  moon s a t e l l i t e s ,  
s ince  here  it i s  absolu te ly  necessary t o  allow f o r  t he  moon's t r i a x i a l i t y  ( t h i s  
means t h a t  a number of longi tudina l  terms must be re ta ined  i n  the  approximate 
expression of  t h e  moon's g r a v i t a t i o n a l  p o t e n t i a l )  . 

-- / l o 8  

One a l t e r n a t i v e  t o  the  use of  classical methods of t he  theory of p e r t u r -  
ba t ions  i s  t o  employ non-Keplerian intermediate  o r b i t s ;  t h i s  would allow f o r  
t h e  most s i g n i f i c a n t  i r r e g u l a r i t i e s  i n  t h e  motion of spacec ra f t .  
precedents f o r  t h i s  i n  c e r t a i n  c l a s s i c a l  problems, as, f o r  example, H i l l ' s  

There a r e  
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v a r i a t i o n  curve i n  t h e  theory of  lunar  motion [79], and t h e  problem of two 
immobile centers  for t h e  l imi ted  three-bodied problem ( the  reader  may r e f e r  t o  
C. Char l ie r  [28], H. Samter [SO], and a l s o  t h e  present  writer [ S l y  821). 

R. Newton [83] appears t o  have made the f irst  i n  t h i s  d i r ec t ion  when he 
pointed out  t h e  p o s s i b i l i t y  of using the  problem of two immobile centers  i n  
connection with t h e  motion of  a s a t e l l i t e  of  a spheroidal  p l ane t .  The idea  
was subsequently developed by t h e  present  writer [84]. B. Garfinkel [33] has 
suggested a q u i t e  o r i g i n a l  method f o r  p l o t t i n g  an intermediate  o r b i t ;  t h i s  
method has not ,  however, been completely subs t an t i a t ed  on t h e  t h e o r e t i c a l  
l eve l .  I t  i s  J. Vint i  [40] who has suppl ied us with the  most successfu l  and 
v e r s a t i l e  choice of an unperturbed o r b i t  f o r  a r t i f i c i a l  ea r th  s a t e l l i t e s .  
K i s l i k  [47] has d e a l t  i n  d e t a i l  with t h i s  method of designing an intermediate  
o r b i t ,  f o r  t he  p a r t i a l  case o f  a spheroidal  ea r th  which i s  symmetrical with 
respec t  t o  the  equator ia l  plane.  The intermediate  o r b i t  devised by R.  Barrar 
[37] i s  a l s o  deserving of considerat ion.  This o r b i t  y i e l d s  l e s s  accurate  
r e s u l t s  than V i n t i ' s  i n  t he  case of  low-al t i tude ea r th  s a t e l l i t e s ,  bu t ,  thanks / lo9 
t o  i ts  s impl i c i ty ,  it is  r e a d i l y  
s a t e l l i t e s ,  as well  as  a r t i f i c i a l  s a t e l l i t e s  of o the r  p l ane t s .  
t he  b a s i s  of t he  c l a s s i c a l  problem of two immobile cen te r s ,  Ye. P .  Aksenov, 
Ye. A. Grebenikov and the  present  w r i t e r  have been ab le  t o  demonstrate (through 
a genera l iza t ion  of t h e  problem re fe r r ed  to)  t h a t  the  in t eg rab le  cases of 
V in t i ,  Barrar and K i s l i k  a re  r e a l l y  e i t h e r  p a r t i a l  o r  l imi t ing  cases of a 
s i n g l e  more general  problem [13, 851. These w r i t e r s  made a de t a i l ed  q u a l i t a -  
t i v e  s tudy of t h e  o r b i t s  o f  t h i s  problem [86-911. 

M. D. 

adaptable i n  t h e  case of h igh -a l t i t ude  ea r th  
Proceeding on 

The e s s e n t i a l  technique employed i n  t h e  s tud ie s  r e f e r r e d  t o  was t o  devise 
an approximating expression f o r  t h e  g rav i t a t iona l  p o t e n t i a l  f o r  an axisymmetric 
p l ane t  such as w i l l  permit i n t eg ra t ion  of t he  problem i n  closed form, i n  
quadratures.  S t acke l ' s  theorem (see 5 5,Chapter I) i s  used i n  the  search f o r  
in tegrable  cases.  

§ 2.  The Problem o f  Two Immobile Centers. 

As noted e a r l i e r ,  it was R. Newton who recommended t h e  problem of two 
immobile centers  as  a bas i s  f o r  studying t h e  motion of a r t i f i c i a l  ea r th  
s a t e l l i t e s .  Subsequently, the ,present  w r i t e r  [92], [84] and V. G .  Degtyarev 
[93, 94, 951 made some s t u d i e s  i n  t h i s  area.  A t  t h i s  po in t  we s h a l l  go over 
the  b a s i c  r e s u l t s  obtained. 

The problem of two immobile centers  cons is t s  i n  t h e  s tudy o f  t h e  motion o f  
a pass ive ly  g rav i t a t ing  mater ia l  po in t  under the  Newtonian g rav i t a t iona l  
a t t r a c t i o n  of two immobile po in t  masses. Euler was the  first t o  reduce t h i s  
problem t o  quadratures ( f o r  the  plane case) [96], and subsequently so lu t ions  
f o r  three-dimensions were achieved by Lagrange [97] and Jacobi [98]. But a 
general  so lu t ion  became poss ib le  only following the  exhaustive q u a l i t a t i v e  
ana lys i s  begun by Char l ie r  1281 and completed by Badalyan [99, 100, 1011, and 
Ta l lqv i s t  [102], who d e a l t  with t h e  plane case,  and by V.  M. Alekseyev [103], 
who d e a l t  with t h e  three-dimensional case.  These e f f o r t s  y ie lded  a complete 
c l a s s i f i c a t i o n  of a l l  poss ib le  forms of motion as well as  a genealogy o f  t h e  
various c l a s ses  of o r b i t s .  
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L e t  us consider t he  motion of  a mater ia l  po in t  P under t h e  inf luence of  

We s h a l l  choose our system of coordinates i n  such a way t h a t  t h e  poin ts  

g rav i t a t ing  immobile centers  C1 and Cz, whose masses a r e  m 

l y .  
C1 and C2 l i e  on the  z-axis,  while t h e  o r ig in  of coordinates is  a t  t he  center  

of  t h e i r  masses. 

coordinates of  t he  moving poin t  by the  symbols x, y,  z (Figure 18). Then the  

and m2, respect ive-  1 

We s h a l l  designate  t h e  d is tance  CICz by Zc, and t h e  

fo rce  funct ion of t h e  problem w i l l  b e  wr i t t en  
as follows: 

(2.11 u - im1 im 
r 1 + 7  

4 (a4 q?) 

where the dis tances  r and r from t h e  moving 

poin t  t o  the  g rav i t a t ing  centers  are  equal t o  

rl  = ~ X Z  -k y2 + ( z  - all3, 
rn = I/XZ + y2 + ( z  - a2)2, 

1 2 

-___ 

'h 
6, /OD, a, J D7 Figure 18. 

(2.2) 

while 

Since we a r e  in t e re s t ed  i n  applying t h i s  problem t o  t h e  s tudy of t h e  motion of 
a r t i f i c i a l  s a t e l l i t e s ,  t h e  parameters ml, and c i n  expression ( 2 . 1 )  m u s t  be 
so chosen t h a t  the  p o t e n t i a l  (2 .1)  w i l l  e r  as l i t t l e  as poss ib le  from the  
po ten t i a l  of t e r r e s t r i a l  g rav i t a t ion .  

With t h i s  purpose i n  mind we s h a l l  expand the  r ec ip roca l s  of the  dis tances  
i n  s e r i e s  i n  Legendre polynomials, by using formula (2.16)  Chapter 2 .  Then we 
obta in  t h e  following: 

where r i s  defined by t h e  formula 

y Vi? + y3 + 2;. 

/110 

/111 

Subs t i t u t ing  these  s e r i e s  i n  formula (2,1), we obta in  t h e  following 
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expression f o r  t he  func t ion  U: 

M 

where 

According t o  t h e  r e s u l t s  obtained i n  § 4, Chapter 2 ,  i n  a geocentr ic  
equa to r i a l  system of  coordinates ,  t h e  expression f o r  the  e a r t h ' s  g rav i t a t iona l  
p o t e n t i a l  (provided we neglec t  the  longi tudina l  terms) has t h i s  form: 

M 

where r i s  t h e  geocentr ic  radius-vector ,  M i s  t h e  mass of t h e  ea r th ,  and R i s  
t h e  mean equa to r i a l  rad ius  of  t h e  ear th .  

A comparison of equations (2.5) and (2.6) revea ls  t h a t ,  with a proper  
choice o f  t he  q u a n t i t i e s  m m2 and c ,  it is  poss ib le  t o  achieve i d e n t i t y  of 
t he  c o e f f i c i e n t s  o f  the  second and the  t h i r d  zonal harmonics of both s e r i e s .  
The q u a n t i t i e s  m 

1' 

m and c must s a t i s f y  t h e  fol lowing system o f  equations: 1' 2 

As follows from equation (2 .8) ,  it i s  necessary t h a t  m m < 0,  s ince  the  

c o e f f i c i e n t  J2 i n  t h e  case of t he  ea r th  i s  negat ive.  

determine t h e  c o e f f i c i e n t  

1 2  
Using equation (2.6) t o  

and allowing f o r  t he  f a c t  t h a t  i n  the  expansion of (2.7) t he  coe f f i c i en t  J4 > 0,  

w e  s e e  t h a t  t he  approximating p o t e n t i a l  (2.5) f o r  t h e  given choice of t he  
constants  m m and c ,  d i f f e r s  from the  p o t e n t i a l  of t e r r e s t r i a l  g rav i t a t ion  

by the  s ign  of  t h e  c o e f f i c i e n t  i n  the  t h i r d  harmonic. 

/112  - 
1' 2 

But the  four th  harmonic, i n  t h e  case of c e r t a i n  oscula t ing  Keplerian 
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elements, y i e lds  secu la r  i n e q u a l i t i e s ,  and f o r  t h i s  reason approximation of 
t h e  p o t e n t i a l  of t he  e a r t h r s  force  func t ion ,  i n  connection with the  problem of  
two immobile centers ,  can be  used only f o r  a r t i f i c i a l  s a t e l l i t e s  which a re  
s u f f i c i e n t l y  remote from t h e  p l ane t .  Nevertheless,  we cannot exclude the  
p o s s i b i l i t y  of  obtaining good r e s u l t s  when this method is appl ied t o  o t h e r  
p l ane t s .  

approximating p o t e n t i a l  (2.5), whereby the  coe f f i c i en t s  y2  and J 2 R 2  of  expan- 

s ions  (2.5) and (2.7) coincide,  while y4  assumes i t s  minimal p o s i t i v e  value.  

This method assures  a minimal area i n  connection with t h e  non-coincidence of 
t he  q u a n t i t i e s  y and J4R4. 

determining t h e  per turba t ions  from t h e  t h i r d  zonal harmonic. Since the  
coe f f i c i en t s  J 

t i o n s  from the  t h i r d  harmonic a re  per iodic ,  t he  d i f fe rence  between the  t r u e  
motion and t h e  intermediate  motion w i l l  no t  exh ib i t  s ecu la r  v a r i a t i o n ,  and, 
therefore ,  t h e  suggested method w i l l  y i e l d  a b e t t e r  r e s u l t  than the  f i rs t  means 
of approximation. 

?here is  s t i l l  another  means of  determining t h e  parameters of t he  

There i s ,  however, an add i t iona l  e r r o r  involved i n  4 

and J4 a r e  of t h e  same order ,  while t he  f i r s t - o r d e r  perturba- 3 

Fina l ly ,  we should po in t  out  the  p o s s i b i l i t y  of using approximate ca lcu la-  
t i o n s  f o r  moon f l i g h t  t r a j e c t o r i e s  with t h e  he lp  o f  t he  problem of two 
immobile centers .  Moon f l i g h t  o r b i t s ,  s tud ied  i n  d e t a i l  by V. A. Yegorov, a r e  
ca l cu la t ed  by numerical i n t eg ra t ion  of  t he  equations of t he  s e c u l a r  three-  
body problem -- (see equations (1.24) and (1.25), Chapter I ) .  I f  n = 0 ,  these  
equations become the  same as the  equations of  motion i n  the  problem of  two 
immobile cen te r s .  If we use the  methods proposed i n  [15, 28, 811, t he  c i r c u l a r  
three-body problem can be solved i f  t h e  o r b i t s  of  the  problem of  two immobile 
centers  a r e  taken as intermediate  problems. 

Let us proceed now t o  the  in t eg ra t ion  of  t he  equations of motion of t h i s  
problem -- an operat ion most conveniently ca r r i ed  out with t h e . u s e  of  spheroidal  
var iab les1 .  
coordinates ,  t ak ing  as  t h e  x-axis the  l i n e  of centers ,  and p lac ing  t h e  o r ig in  
o r  coordinates midway between the  g r a v i t a t i n g  cen te r s .  Then, applying the  /113 
transformation of (3.29), Chapter I t o  t h e  p r o l a t e  spheroidal  coordinates ,  
we obtain,  f o r  t h e  d is tance  from the  moving poin t  t o  the  centers  

We s h a l l  f i r s t  of a l l  s h i f t  t o  a new system of rec tangular  

r-1 r= c (ch ir -1- cos u ) ,  
/'2 = c (ch ir - cos u ) ,  

(2.10) 

(2.11) 

and the  fo rce  funct ion w i l l  have t h e  form 
1 

cJ (2.12) u -- - [[ (1111 -1- 1 /12 )  ch u f (nz, -- m,) cos [ I ] ,  

1 I n  t h e  p a r t i a l  case of  plane motion, r egu la r i za t ion  of t h e  d i f f e r e n t i a l  
equations was first achieved by Thie le  [104]. 
t o  t h e  three-dimensional case i n  [14]. 

Thie le ' s  method was applied 
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where 

men,  according t o  ( 3 . 3 8 ) ,  Chapter I, t h e  equations of motion i n  spheroidal  
coordinates  w i l l  be  wr i t ten  as follows: 

The system of equations (2.14) admits o f  two i n t e g r a l s :  the  i n t e g r a l  of k i n e t i c  
energy, 

822 [ J  (i2 -k i2) -k i2 sh2 ;I sin2 u ]  = I/ -1 h (2.15) 

and t h e  i n t e g r a l  o f  a reas  

5 sh2 ZI sin2 u = A .  (2.16) 

Eliminating the  c y c l i c  coordinate w from equations (2.14), we obtain equations 
of motion i n  Routhian form: 

d * au8 I cos 11.  ( IP -1- L J ~ )  = -- , I 
clt dl l  

( J u )  -- sin 

d .  
dt - ( J u )  - sh u ch u . ( 1 2  -}- 

(2.17) 

where t h e  transformed f o r c e  funct ion U* i s  defined by the  formula 

The i n t e g r a l  of  k i n e t i c  energy is transformed as follows: 

J ( U " , + ? )  =2(U*++). 

/114 

(2.19) 

By introducing a new independent va r i ab le  T, which is  r e l a t e d  t o  t by t h e  
d i f f e r e n t i a l  equation 

J d.r = d t ,  
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. -- 

t h e  system (2.17) i s  regular ized,  and assumes t h e  following form: 

(2.21) 

where the  primes denote d i f f e r e n t i a t i o n  with respec t  t o  T. 
s h a l l  refer t o  as  t h e  "regular iz ing var iab le"  o r  "regularized time". I t  i s  
evident  from equations (2.1) and (2.12) t h a t  t h e  force  funct ion,  and conse- 
quently also t h e  right-hand members of t h e  equations of motion (2.14) experience 
d iscont inui ty  f o r  values of the  coordinates which correspond t o  one of t h e  
g rav i t a t ing  centers .  However, t h e  transformed equations of motion (2.20) are 
f r e e  from t h i s  inconvenience. System (2.21) admits of a f irst  i n t e g r a l  

The va r i ab le  T we 

ut2 -J- vf2  = 2J (U* + h),  

corresponding t o  the  i n t e g r a l  of  (2.19).  

From equations (2.21) and (2.22) we obtain 

o r ,  s u b s t i t u t i n g  

W 5 J (U* + H), 

we f i n a l l y  a r r i v e  a t  the  following1: 

In tegra t ion  of equations (2.25) y i e lds  

(2.22) 

(2.23) 

(2.24) 

(2.25) 

/115 

_ _  ____ .~ - _  - - ~ _ _ _  
I t  should be noted t h a t  system (2.25) i s  not  equivalent  t o  system (2.17). 
Not all so lu t ions  of system (2.25) w i l l  be so lu t ions  of system (2.17). 
Extraneous so lu t ions  a re  excluded with t h e  help o f  condition (2.27). 
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where C and C' a r e  cons tan ts  of i n t eg ra t ion .  From (2.22) and (2.26) it 
follows t h a t  

c + C' = 0. (2.27) 

Introducing t h e  new va r i ab le s  

and making allowance f o r  (2.27), from (2.26) we obta in  the  following: 

A r 

= V5(T - To), 
P 
I' du 

(2.28) 

(2.29) 

where the  symbols T Following inver -  

s ion  of  t h e  e l l i p t i c  i n t e g r a l s  o f  (2.29), X and 1.1, and consequently a l s o  u and 
v, w i l l  be expressed i n  e l l i p t i c  funct ions of Jacobi  (o r  Weiers t rass ) ,  the  
arguments of which w i l l  be  l i n e a r  funct ions of regular ized  time T.  

from t h e  i n t e g r a l  of areas (2.16), which we s h a l l  represent  i n  t he  following 
form: 

and T~ denote constants  of i n t eg ra t ion .  0 

In addi t ion ,  

(2.30) 

following s u b s t i t u t i o n  i n  p l ace  of u and v t h e i r  expressions i n  terms of T ,  

we obta in  the  following as a r e s u l t  of i n t eg ra t ion :  

w = A ( ' - + - ) d z + w , , .  1 1 
3 (sinzu sh3v (2.31) 

/116 - Fina l ly ,  from (2.20), with the  he lp  of quadrature  we obtain 

t - l o  - { J r l r .  (2.32) 

We s h a l l  refer t o  equation (2.32) as the  equation of  time ( t h i s  equation is 
analogous t o  Kepler's equation, f o r  t h e  eccen t r i c  anomaly plays the  r o l e  of  a 
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regular iz ing  va r i ab le  i n  t h e  two-body problem). 

For t h e  case of motion i n  a plane which contains t h e  immobile centers ,  from 
equations (2.26) we obta in  the  following: 

If w e  introduce new var iab les  5, n defined by the  e q u a l i t i e s  

(2.33) 

12.34) 

and i f  by the  symbols A1, X 2  and 
of t he  equations 

p2 we designate respec t ive ly  the  routes  1’ 

h ~ c - -  0, f (111, I- / / I d )  / l k2  .I . _ _ _  

p I c - 7  0, 
C” 

c i 
hP2 -+ r ( J J l l  - . . _ _  1112) 

then, ins tead  of (2.33) we have the  following: 

(2.35) 

(2.36) 

(2.37) 

(2.38) 

In tegra t ing  (2.37) and (2.38) we a r r i v e  a t  the  following: 

Inversion of t h e  e l l i p t i c  i n t e g r a l s  (2.39) - (2.40) i s  accomplished i n  /117 
var ious d i f f e ren t  ways, depending upon t h e  r e l a t ionsh ips  between the  routes  
of equations (2.35)-(2.36).  The authors of [99-1011 suggests t h e  most 
i n t e r e s t i n g  types of motion (from t h e  po in t  of view o f  p r a c t i c a l  app l i ca t ion ) .  
A l l  of  these  formulations a re  character ized by a negat ive value for t o t a l  
mechanical energy h .  Let us consider one of them: 
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h , > l > h l > - l l  C L 2 > 1 > k > - - l .  

The i n t e g r a l  of (2.29) can be  represented as follows: 

where a and b are defined from t h e  following: 

Subs ti t u t i n g  

5 = a cos 4 

equation (2.41) i s  transformed t o  the  following form: 
(D 

where 

(2.41) 

(2.42) 

(2.43) 

(2.44) 

(2.45) 

(2.46) 

From equations (2.34), (2.43) and (2.46) we f i n a l l y  a r r i v e  a t  t h i s  equation: 

Formula (2.47)  a f fords  a general  so lu t ion  t o  the  first of t he  equations of 
(2.33).  
period 

This so lu t ion  w i l l  be per iodic  with respec t  t o  T and w i l l  have t h e  

(2.48) 
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We proceed now t o  the  inversion of  t h e  i n t e g r a l  (2.40).  We s u b s t i t u t e  /118 

1 - e? 1 +u' 
= 1 + p' C'2 = (2.49) 

and introduce t h e  new v a r i a b l e  @, which i s  r e l a t e d  with T-I by the  following: 

11 = B cos 0. (2.50) 

As a r e s u l t  of transformations w e  ob ta in  

dcp = f 61 (z - TI). ! V1-%'2sin2cp 
0 

In the  l a t t e r  formula the  following designations were introduced: 

B2 , a ? = - .  2h (a? + @?) ,p = ~ 

a2 + P2 1 (1 + p) (1 - a2) * 

From equation (2.51) we f i n d  t h a t  

q = fJ cn [io, (T - T,), "'1. 

S h i f t i n g  t o  t h e  funct ion of  t h e  r e a l  va r i ab le ,  we obta in  

B -- 
q = cn [ G ~  (T -TI),  XI 

where 

F ina l ly ,  we a r r i v e  a t  

(2.51) 

(2.52) 

(2.53) 

(2.54) 

(2.55) 

(2.56) 

The general  so lu t ion  t o  t h e  second of the  equations of (2.33), which is given 
by formula (2.56), is  per iodic ,  having the  per iod  

ii - 
(2.57) 
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From the  formulas obtained f o r  t h e  general  so lu t ion  of t h e  equations of 
( 2 . 3 3 ) ,  it follows t h a t  A and 1-1 a r e  always pe r iod ic  funct ions of  T. I f ,  more- 
over, T and T a re  commensurable, then t h e  o r b i t s  w i l l  be c losed following a /119 
c e r t a i n  number of  revolu t ions ,  and, consequently, they w i l l  be pe r iod ic  with 
respec t  t o  T. 
so lu t ions .  

1 
Obviously, the  problem i n  the plane case admits of a 2  per iod ic  

I f ,  however, T and T a r e  no t  commensurable, then t h e  o r b i t s  w i l l  be  1 
periplegmatic,  and w i l l  everywhere densely f i l l  t h e  region of  poss ib le  motion. 
This p a r t i c u l a r  r e s u l t  follows d i r e c t l y  from the  theorem stated i n  § 10 ,  
Chapter I .  Since eigendegeneracy does not  occur i n  t h i s  problem, the  motion 
w i l l  be condi t ional-per iodic ,  and the  t r a j e c t o r y  w i l l  everywhere densely f i l l  
a c e r t a i n  region of space u ,  v.  

In a s imi l a r  fashion we can a r r i v e  a t  e x p l i c i t  expressions f o r  t he  
spheroidal  coordinates of t h e  po in t ,  depending upon T, and f o r  three-dimensional 
motions. Unfortunately,  no one has ac tua l ly  done t h i s  s o  f a r .  The so lu t ion  
t o  the  problem of two immobile centers  can be sought-for i n  s t i l l  another 
d i r ec t ion .  For  example, one may avoid e l l i p t i c  funct ions e n t i r e l y ,  replacing 
them with tr igonometric s e r i e s .  In  c e r t a i n  cases the  method o f  Poincar6's 
minor parameter [ 9 2 ]  can be used t o  good e f f e c t .  R. K .  Choudkhari [lo51 has 
made use of S te f fensen ' s  method [lo61 i n  t h e  construct ion of po la r  s e r i e s ;  
t h i s  method enables us t o  obta in  recur ren t  formulas f o r  determining the  
coe f f i c i en t s ,  and f o r  es t imat ing the  region of convergence of  t h e  s e r i e s .  
Steffensen method can be used conveniently i n  connection with e l ec t ron ic  
computers. 

The 

§ 3.  Garf inke l ' s  Method. 

Affording. t h e  use of a Keplerian intermediate  o r b i t ,  which does not  
represent  t h e  secu la r  motions of t he  ascending node and the  per igee,  which 
a r e  c h a r a c t e r i s t i c  of a r t i f i c i a l  ea r th  s a t e l l i t e s ,  B .  Garfinkel [lo71 breaks 
down the  Hamiltonian of t h e  perturbed problem i n  such a way t h a t  the  
unperturbed Hamiltonian H w i l l  r e f l e c t  t h e  b a s i c  e f f e c t s  r e s u l t i n g  from t h e  

non-spherical shape of t h e  ea r th ;  i n  addi t ion ,  t h i s  method makes it poss ib le  
t o  in t eg ra t e  t h e  problem i n  closed form. 

0 

If we introduce a geocentr ic  equator ia l  system of sphe r i ca l  coordinates r, 
+, A ,  then the general  so lu t ion  t o  t h e  problem i n  quadratures can be obtained 
by use o f  t he  Jacobi method, provided the  force  funct ion has the  following 
forin :(see (6.17), Chapter I): 

L e t  t he  unperturbed Keplerian o r b i t  of an a r t i f i c i a l  e a r t h  s a t e l l i t e  a t  /120 
t he  i n i t i a l  moment i n  time be character ized by the  major semi-axis a ,  the  
e c c e n t r i c i t y  e and t h e  inc l ina t ion  i .  Then, according t o  B .  Garfinkel,  f o r  the  
unperturbed por t ion  of t he  Hamiltonian it i s  advantageous t o  adopt t h e  funct ion 
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Since t h e  elements a, e , a n d  i are considered t o  be constant , then,  by comparing 
equation (3.1) with the  preceding equation, we see t h a t  t h e  s i q j l i f i e d  
Hamiltonian (3.1) serves t o  descr ibe  t h e  problem which i s  in t eg rab le  i n  f i n i t e  
form. 

In  deal ing with t h e  motion o f  a r t i f i c i a l  e a r t h  s a t e l l i t e s ,  Garfinkel 
considers  only per turba t ions  from t h e  second zonal harmonic. Therefore, f o r  
t he  per turba t ion  func t ion  H1, w e  w i l l  have 

If i t  i s  necessary t o  c a l c u l a t e  t h e  e f f e c t  of  zonal harmonics of  higher  order ,  
t h e  appropr ia te  terms should be  added t o  the  per turba t ion  funct ion ( 3 . 2 ) .  
( 3 . 1 )  and ( 3 . 2 )  it  i s  evident  t h a t  the Hamiltonian func t ion  H o f  t h e  per turbed 
problem 

From 

1 H = H  + H  0 

conta ins  no i n i t i a l  values  of t h e  elements of  t he  c a p i l l a r i a n  o r b i t .  In the  
case o f  s a t e l l i t e  o r b i t s  with small e c c e n t r i c i t y ,  t h e  pe r tu rba t ion  func t ion  
H w i l l  remain o f  small magnitude on the  order  of  J e, a t  l eas t  f o r  small 

i n t e r v a l s  of t ime. 
1 2 

The Hamiltonian of  t h e  unperturbed ( i n  t h e  sense intended by Garfinkel)  
problem corresponds t o  a p o t e n t i a l  of  t h e  type of (6.17),  Chapter I .  There- 
fore ,  i t s  so lu t ion  follows d i r e c t l y  from t h e  r e s u l t s  of  § 6,  Chapter I .  The 
complete i n t e g r a l  of  t he  Hamilton-Jacobi equation is given by formula (6.21),  
Chapter I ,  provided t h a t  i n  p l ace  of  f ( r )  and a($) w e  s u h s t i t u t e  t he  cor res -  
ponding values  which i n  formula ( 3 . 1 )  represent  t h e  p o t e n t i a l  energy o f  t he  
s a t e l l i t e .  The complete i n t e g r a l  i s  formulated as follows: / 1 2 1  

where r0 i s  t h e  geocent r ic  d i s t ance  o f  t h e  a r t i f i c i a l  ea r th  s a t e l l i t e  a t  

per igee,  as determined from t h e  equation L ( r )  = 0 f o r  = 0 ,  while  t h e  
.expressions L ( r )  and N(+) under the  r a d i c a l  are as follows: 

(3.4) 
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On t h e  b a s i s  o f  t he  Jacobi  theorem, the  incomplete i n t e g r a l  of t h e  
equations of motion of an a r t i f i c i a l  e a r t h  s a t e l l i t e  can be w r i t t e n  as 
follows: 

0 

u) 

where CY represents  the canonical d i s tances ,  namely: 01 is t h e  t o t a l  mechanical 

energy of the  un i ty  mass of t h e  s a t e l l i t e ;  J"2 i s  the  module of the  k i n e t i c  

p o t e n t i a l ,  r e f e r r e d  t o  t h e  mass of t he  s a t e l l i t e ;  and 01 is t h e  constant  of 

areas ,  corresponding t o  momentum with respec t  t o  the e a r t h ' s  ax is  of r o t a t i o n .  
?he conjugate canonical  constants  B1, B2, B3, i n  l i n e  with t h e  r e s u l t s  of  

57, Chapter I ,  represent ,  respec t ive ly ,  t he  moment of passage of the  s a t e l l i t e  
through the  per igee,  t h e  angular d i s tance  of per igee  from the  node ( f o r  J2 = 0 ) ,  

and the  longitude of t h e  ascending node. 

determines the  e l l i p t i c a l  c a p i l l a r i a n  motion. 

i 1 

3 

If J2 = 0,  then the  so lu t ion  obtained 

The problem o f  determining the  canonical cons tan ts  (elements) f o r  
Garf inke l ' s  o r b i t  can be solved q u i t e  simply. 
r e f e r  t o  T. E. S t e r n ' s  book [107]. 

The i n t e r e s t e d  reader  may 

5 4. Barrar's Problem /122 

In  the  theory of remote ea r th  s a t e l l i t e s ,  and a l s o  i n  rough 
one can proceed from t h e  p o t e n t i a l  suggested by R. Barrar [37, 1081. Barrar 
obtained an approximate expression f o r  t he  e a r t h l s  g r a v i t a t i o n a l  p o t e n t i a l  
by combining the  expansions of s eve ra l  funct ions i n  s e r i e s  i n  Legendre poly- 
nomials. 
unclear .  
which was obtained i n  5 6 ,  Chapter I ;  

approximation, 

But the  mechanical i n t e r p r e t a t i o n  of  t h i s  approximation remains 
I n  t h e  present  s tudy we have proceeded from the  form of the  equations 

In t h i s  connection, t he  following assumptions were adopted: 

1. ?he p l ane t  i s  a r i g i d  body possessing an ax is  of dynamic symmetry: 
t h a t  i s ,  A = B; and 

2 .  
ax is  of t h e  c e n t r a l  e l l i p s o i d a l  of i n e r t i a .  

The p l a n e t  r o t a t e s  around an axis which coincides  with the  sma l l e s t  
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Let us adopt a p l ane tocen t r i c  rec tangular  system of coordinates (with 
o r ig in  a t  the  cen te r  of mass of t h e  p l ane t ) ,  the  bas i c  plane of which coincides 
with t h e  equa to r i a l  plane of t h e  p l ane t ,  w h i l e . t h e  z-axis i s  d i r ec t ed  along 
the  p l ane t s  r o t a t i o n a l  a x i s .  ?hen, t h e  g rav i t a t iona l  p o t e n t i a l  of t h e  p lane t  
i s  defined by formula (3.15), Chapter 11. 
terms of  t h i s  expansion, and s u b s t i t u t e  A = B i n  (3.20),  Chapter 11, we 
obtain 

If we ca l cu la t e  t he  f i rs t  th ree  

This approximate expression serves  adequately i n  many s a t e l l i t e  problems, 
s ince  it contains  t h e  b a s i c  per turbed term ( the  second spher ica l  harmonic). 
However, the  problem with t h e  p o t e n t i a l  (4.1) is  no t  i n t eg rab le  i n  quadratures ,  
I n  der iv ing  an  approximating p o t e n t i a l ,  we therefore  transform the  coordinates  
as follows: 

Here z i s  a quant i ty  which can be se l ec t ed  subsequently. 
C 

The mechanical sense o f  the  transformation (4.2) becomes c l e a r  i f  we 
r e c a l l  c e r t a i n  f a c t s  from t h e  geometry of masses. 
f o r  an a r b i t r a r y  s e l e c t i o n  o f  t he  pole ,  w i l l  i n  general  be t r i a x i a l .  However, 
f o r  a c e r t a i n  choice of  t he  pole ,  t he  e l l i p s o i d  of i n e r t i a  may be an e l l i p s o i d  
of  r o t a t i o n  o r  a sphere.  
a sphere i s  ca l l ed  t h e  sphe r i ca l  po in t .  

?he e l l i p s o i d  of  i n e r t i a ,  

The pole  f o r  which the  e l l i p s o i d  of  i n e r t i a  becomes /123 

Let us e s t a b l i s h  t h e  condi t ions f o r  which sphe r i ca l  po in t s  e x i s t .  Let 
A, B and C be the  main c e n t r a l  moments of i n e r t i a  of  the  body, and l e t  A ' ,  B '  
and C '  be  the  moments of i n e r t i a ,  while D', E '  and F '  a r e  the  products of the  
i n t e r i a  f o r  t h e  pole  a t  the  p o i n t  (xc, yc., zc) with ' respec t  t o  the  axes 

p a r a l l e l  t o  the  p r i n c i p a l  c e n t r a l  axes of i n e r t i a .  Then (see [ log])  t he  
fo 1 lowing r e l a t ionsh ips  ho Id: 

I f  he  new po le  is a sphe r i ca l  po in t ,  then any axis whic 1 passes  throug.- the  
pole  must be a p r i n c i p a l  a x i s .  Consequently, t he  following equa l i ty  m u s t  hold: 

D' = E '  = F' = 0 

or ,  by reason o f  (4.3) 
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yczc = 0, xczc = 0, xac = 0. 

These equations a r e  s a t i s f i e d ,  f o r  example, i n  t h e  case 

i . e . ,  when the  pole  i s  taken on t h e  z-axis.  
pole i s  found from t h e  conditior, 

The t h i r d  coordinate o f  the new 

o r  i n  correspondence with ( 4 . 3 )  

A + MtZ = fi -+ Mz: = C.  

From t h i s  we f i n d  

which is  poss ib le  only i f  C - > A .  

Thus t h e  exis tence of spher ica l  po in ts  of i n e r t i a  requi res  t h a t  t he  
cen t r a l  e l l i p s o i d  o f  i n e r t i a  s h a l l  be an obla te  e l l i p s o i d  o f  i n e r t i a .  

According t o  t h e  r e s u l t s  obtained i n  § 3,  Chapter 11, the  condition 

holds f o r  the  ea r th ,  so  t h a t  two spher ica l  po in ts  can be  designated f o r  our 
p lane t ,  lying on i ts  r o t a t i o n a l  ax i s .  From formulas (3.20>, Chapter 11, we 
can determine numerical values f o r  t he  z-coordinates of these po in t s .  
t o  t he  numerous determinations thus f a r  made of  the  . coe f f i c i en t s  of  t he  
expansion o f  t he  e a r t h ' s  p o t e n t i a l  i n  s e r i e s  i n  sphe r i ca l  funct ions,  t h e  
coe f f i c i en t  f o r  t h e  second zonal harmonic i s  known with qu i t e  good accuracy. 
For z we assume t h e  value 

Thanks 

C 

z = 209.9 km. 
C 

R e n ,  assuming t h a t  i n  t h e  transformation (4.2) zc is equal t o  the  quant i ty  

obtained, ins tead  of (4.1) we w i l l  have 
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2 2  where p2 = 5' + n 
el iminate  a l l  terms beyond t h e  second zonal harmonic. 
o r i g i n  of t h e  new coordinate  system does not coincide with the  cen te r  of mass 
of t h e  p l ane t ,  t he  c o e f f i c i e n t  f o r  t h e  first sphe r i ca l  harmonic (see formula 
( 3 . 2 0 ) ,  Chapter 11) w i l l  not be equal t o  zero. 

+ c .. me transformation of coordinates have enabled us t o  
However, s ince  the  

Now le t  us t r a n s f e r  from the  rektangular  coordinates  5 ,  n ,  < t o  sphe r i ca l  
coordinates p,  $, X: 

1 
1 

E = p cos 'It) cos h,  
11 = pcos$ sin A, 
5 = psii1111. 

(4.6) 

I t  i s  obvious t h a t  X represents  t he  r i g h t  ascension of t he  s a t e l l i t e  i n  the  
i n e r t i a l  system of coordinates,  while the  angle $, which d i f f e r s  only s l i g h t l y  
from 4, may be r e fe r r ed  t o  as  t h e  quas i - l a t i t ude  (Figure 19).  

?he r e l a t ionsh ip  between t h e  two systems 
of  sphe r i ca l  coordinates i s  defined by these  
equations: 

(4.7) 

I' = fpz- 29zC si.n 11) + 2; , 
z 

P 
C tan+ = tan$ - - sec J, 

w 

The approximating p o t e n t i a l  (4.5) w i l l  have /125 
F i g u r e  19. t h i s  form: 

As follows from t h e  Liouvi l le  theorem (see § 5, Chapter I ) ,  t he  _., uat ion of 
motion of t he  s a t e l l i t e  i n  a force  f i e l d  (4.8) a r e  in t eg rab le  i n  quadratures.  

In the  present  ins tance  the  equations of  motion (3.19),  Chapter I,  a re  
wr i t t en  i n  t h i s  form: 
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From t h e  second of  these equations w e  can determine d i r e c t l y  the  i n t e g r a l  of 
areas : 

2 -  
P A - =  c l ,  

I t  is obvious t h a t  t he  system (4.9) admits of  t h e  i n t e g r a l  of  k i n e t i c  
energy 

p" + ps;i'2 + p2i2 cos2 41 = 2i/+ ~ p .  

(4.10) 

(4.11) 

Multiplying t h e  second equations,of (4 .9)  by 2p2' i ,  and t h e  t h i r d  by 2p2$, 
and combining, we a r r i v e  a t  t h e  following equation a f t e r  i n t eg ra t ion :  

p4 (@ + i2 cos2 9)  = PfMz,  sin 9 + c3. (4.12) 

This i n t e g r a l  characterizes the  va r i a t ion  i n  t h e  module of the  moment o f  
momentum . 

?he ex is tence  o f  t h e  th ree  f irst  i n t e g r a l s  enables us t o  reduce the  
problem t o  quadratures .  
o f  t he  forms of motion, l e t  us move on t o  the  case  which i s  most important 
f o r  c e l e s t i a l  b a l l i s t i c s ,  namely t h a t  i n  which c2 < 0 .  ?he rad ius  vec tor  of 

t h e  p l ane t  va r i e s  i n  t h i s  case according t o  Kepler 's  laws, bu t  the  angular 
coordinates  as a func t ion  of  time do not  do so .  Therefore ' the  o r b i t  of t he  
s a t e l l i t e  w i l l  be r e f e r r e d  t o  q u a s i - e l l i p t i c a l .  

Leaving a s ide  f o r  t h e  moment the  q u a l i t a t i v e  study 

§ 5. S o l u t i o n  of Ba r ra r ' s  Problem 

Excluding from the  i n t e g r a l  (4.11) t he  q u a n t i t i e s  $ and X with the  he lp  
of (4.12), w e  a r r i v e  at 

Allowing f o r  equation (4.8),  we transform equat ion (5.1) t o  the  following 
form: 

The charac te r  of  motion depends upon the  roo t s  o f  t he  equation 

110 



If t h e  a r b i t r a r y  cons t an t s  are such t h a t  t h e  roo t s  of equation (5.3) p 

(p2 > p ) are p o s i t i v e ,  then 
and p2  1 

1 

p1 = a (1 - e ) ,  pz = a (1 $- e). (5.4) 

From t h e  r e l a t i o n s h i p s  

we f i n d  t h a t  

where /127 

(5 * 7) 
2 P a ( 1  - e 

In order  t o  i n t e g r a t e  equation (5.2) ,  we make t h e  following s u b s t i t u t i o n :  

p = a (1 - e  cos€). (5 8) 

Ins tead  of equation (5.2) w e  w i l l  have 

n 
( 5 . 9 )  E =  I.-ecosE ' . 

where 

(5. l o )  2 - f M  n -- a3 e 

From (5.9) we obta in  

E - e s i n  E = n ( t  - T ) ,  (5.11) 

where T is t h e  moment of passage of t h e  s a t e l l i t e  through t h e  p e r i c e n t e r .  

Assuming, as was done i n  t h e  case o f  t h e  two-body problem, 

M n(t - T) ,  (5.12) 
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we a r r i v e  a t  

E - e s i n  E = M. 

Ins tead  of (5.12) we can make use of t he  r e l a t i o n s h i p  

M = Mo + n ( t  - t,o), 

where 

(5.13) 

(5.14) 

(5.15) 

I n  p lace  of time t we can introduce a new va r i ab le  v, def ined by the  
d i f f e r e n t i a l  r e l a t i o n s h i p  

p2dv = m d f ,  (5.16) 

then from (5.2) and (5.16) w e  ob ta in  f o r  t he  rad ius  vec tor  of t he  s a t e l l i t e  
t h e  following expression : 

P 
I + E C O S O  ' 

p =  

From (5.8) and (5.17) w e  f i n d  

(5.17) 

(5.18) 

The r e l a t ionsh ips  obtained f o r  t h e  rad ius  vec tor  have the same form as those 
i n  the  two-body problem; however, s ince  we are  not  concerned he re  with plane 
o r b i t s ,  bu t  r a t h e r  with space curves, the  q u a n t i t i e s  introduced above cannot 
be in t e rp re t ed  i n  t h e  same simple sense which they have i n  the  case of t he  
two-body problem. However, if we s u b s t i t u t e  z = 0 i n  the  p o t e n t i a l  (4 .8) ,  

then the  q u a n t i t i e s  a, e and p, as wel l  c e r t a i n  o the r s ,  assume the  ordinary 
geometrical meaning. 
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C 

Let us proceed now t o  a study of t he  q u a s i - l a t i t u d e  of  t he  s a t e l l i t e ,  I). 
From t h e  f irst  i n t e g r a l s  (4.10) and (4.11) we obta in  

(5.19) 

With t h e  he lp  of (5.18) we transform equation (5.19) t o  t h e  va r i ab le  v: 
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Subs t i t u t ing  

2% c; = [M/-, ( I  4- -sin i) cos2 i 
P 

and 

(5.20) 

(5.21) 

(5.22) 

in s t ead  of (5.20) w e  have t h e  following: 

Subs t i t u t ing  t h e  designat ion s = s i n  J I ,  i n s t ead  of  equation (5.23) w e  a r r i v e  
a t  t h e  following: 

ds (5.24) - = 6 (s - SI) ( s  - s2) '(s - s3), 
dV 

where sly s2 and s3  denote t h e  roo t s  of t h e  polynomial 

/ 129 We now transform equation (5.24) t o  a new va r i ab le  u ,  def ined as follows: 

(5.26) 2 s = s1 + ( s 2  - s ) s i n  u. 1 

As a resu l t  of  t r ans fo rba t ions ,  w e  a r r i v e  a t  t h e  following equation: 

- ~. ~~ 

(5.27) 
du -=csQ1/-k~s in2u,  dv 

where 

(5.28 
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In t eg ra t ing  (5.27), we a r r i v e  a t  

u = am (T, k), (5.29) 

where 

.t = 0- (v +a>, 
(5 .30)' 

where w is  an a r b i t r a r y  constant .  From equations (5.27) and (5.29), it 
follows t h a t  

s = s1 + (s, - s1)sn2T. 

From equations (4.10), (5.21) and (5.22) we a r r i v e  a t  an equation f o r  
determining the  longitude of  t he  s a t e l l i t e :  

from which it follows t h a t  

d f ~ p  (I+ ti sin i) cos i. 
- 

d h  _-  
ds - p% C O P  11, 

9 

o r  

d h  
ds cos2 'II, ds a 

1/1 + 6 sin i cos i dv -- -- - 

Fina l ly ,  we a r r i v e  a t  

_-  dX - VI + s sin i cos i 
(I - s 3  1/d (s1- s) (s - s2) (s - s3) ds 

From (5.33), following i n t e g r a t i o n  we have 

S 
ds +: -1 (1 + s) V(S1- s) (s - S?) ( s i 3 )  

sa 

(5.31) 

(5.32) 

(5.33) 
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(5.34) 
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where R is t h e  constant  o f  i n t e g r a t i o n .  

With the  he lp  of equation (5.20), w e  transform the  i n t e g r a l s  which 
appear i n  (5.34) t o  normal Legendre form: 

1 + 8 sin i A- 8 =-cosi J .- 6 (SI - sa) (1 1 - s, IIE (16, n’, 1.) + 

where the  TI denotes e l l i p t i c a l  i n t e g r a l s  of  t h e  t h i r d  type, while t he  
parameters of  these  i n t e g r a l s  are equal t o  

(5.35) 

(5.36) 

§ 6 .  T h e  Generalized Problem of Two Immobile Centers 

I n  the  preceding paragraphs we have considered various means of approxi- 
-mating the  p o t e n t i a l  of a . sphero ida l  p l ane t .  The s tud ie s  made by Ye. P .  
Aksenov, Ye. A.  Grebenikov and the  p re sen t  author [SS]  have shown t h a t  a l l  
approximating p o t e n t i a l s  which a r e  based upon. the  Garfinkel p o t e n t i a l  represent  
e i t h e r  p a r t i a l  o r  l imi t ing  cases  of  t he  p o t e n t i a l  o f  t he  general ized problem 
of two immobile centers .  

Let us examine t h e  motion of  a pass ive ly  g rav i t a t ing  mater ia l  p a r t i c l e  
under the  g r a v i t a t i o n a l  a t t r a c t i o n  of two immobile centers ,  P1 and P 

we s h a l l  adopt a r ec t angu la r  system of coordinates i n  which the  z-axis l i e s  
on t h e  l i n e  of centers  P1P2. 

Here 2 ’  

The p o t e n t i a l  o f  the-plroblem i s  defined by formula (2.1) : 

where 

(6.1) 
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M 
t he  d is tances  from these  cen te r s  t o  t h e  o r i g i n  of coordinates .  If the  
d is tance  between the  centers  i s  assumed t o  be a, while the  o r i g i n  of the  
coordinate  system is taken a t  the  cen te r  of i n e r t i a  o f  t he  po in t s  P I  and P2,  

and M2 a re  the  masses of t h e  g r a v i t a t i n g  centers  P 1’ p2’ al and a2 a r e  1 
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then a and a a r e  represented as follows: 1 2 

As regards t h e i r  mechanical mean, t h e  constants  M1, M2, al and a2  should 

be regarded a s  r e a l  numbers. In  t h i s  discussion,  however, we s h a l l  no t  l i m i t  
ourselves by t h i s  r e s t r i c t i o n ,  b u t  s h a l l  consider a complex values f o r  these 
q u a n t i t i e s  as  well .  
values .  
s e r i e s  i n  sphe r i ca l  funct ions w i l l  coincide with t h e  expansion of  t he  
g rav i t a t iona l  p o t e n t i a l  of a spheroidal  p l ane t .  

‘Ihe p o t e n t i a l  (6.1) , however, m u s t  assume only r e a l  
The function U w e  s h a l l  construct  i n  such a way t h a t  i t s  expansion i n  

In correspon2ence formula (2.4),  we have 

2 2 where r 
a r r i v e  a t  t he  following expansion of t he  p o t e n t i a l :  

= x2 + y2 + z . If we s u b s t i t u t e  these s e r i e s  i n  formula (6.1) ,  we 

i n  which use has been made of  t he  following designations: 

M,aY + M,a; 
M = M1 + M2, yll = --- M . 

As i s  apparent from equation (6.5), t he  force  funct ion U w i l l  b e  r e a l ,  
provided the  constants M and y 

or ig in  of  coordinates is taken a t  t he  center  of i n e r t i a  of t he  p l ane t ,  then 
by v i r t u e  of  (3.20), Chapter 11, i n  the  expansion of t he  p o t e n t i a l  of t he  
p lane t  the  f irst  sphe r i ca l  harmonic disappears .  
expansion (6.5) we r equ i r e  t h a t  y = 0 .  Thus, t he  p o t e n t i a l  (6.1) represents  1 
the  g rav i t a t iona l  p o t e n t i a l  of  a c e r t a i n  s o l i d  body, provided t h a t  

a r e  r e a l  f o r  any whole number n.  If the  /132 n 

For t h i s  reason, i n  the  
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1m y n  = 0 
ImM = 0. 

(n = 2, 3, ...I, 

Let us e s t a b l i s h  now what condi t ions  must be s a t i s f i e d  by t h e  q u a n t i t i e s  
M I ,  5, a13 a29 i n  order  t h a t  t h e  r e l a t i o n s h i p s  (6.7) - (6.8) s h a l l  b e  

i n  e f f e c t .  
complex q u a n t i t i e s  M 

With t h i s  i n  mind, w e  s h i f t  t o  t h e  tr igonometric form of  t h e  

1' M2, al and a*, making t h e  s u b s t i t u t i o n s  

Condition (6.7), on the  b a s i s  of (6.10), is  w r i t t e n  i n  t h e  form 

while  t he  r e l a t i o n s h i p s  of (6.8) reduce t o  t h e  following form: 

sin + nvl) + E (z)n sin (q, + ncp,) = 0. PI Ri 

From (6.11) we f i n d  t h e  equation 

(6.10) 

(6.11) 

(6.12) 

(6.13) 

i n  so lv ing  which we a r r i v e  a t  

where s i s  any whole number. 

Assuming f o r  t h e  time being t h a t  cos (+ + I ) ~ )  # 0 ,  then from (6.11) and 1 (6.14) we f i n d  t h a t  

Then equation (6.12) i s  reduced t o  t h i s  form 

(6.15) 

(6.16) 

If @1 # 0 o r  IT, and i f  J, 

i n t e g r a l  values of n can be j u s t i f i e d  only on t h e  condition 

# 0 o r  IT ( i  = 1, 2 ) ,  then equation (6.16) f o r  a l l  /133 
1 
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R1 = Rz.  (6.17) 

In t h a t  case, from equation (6.16) we have 

L Y J  

and t h e  l a t te r  equation holds for a l l  i n t e g r a l  va lues  only when 

+ ‘p2 = 0; 2n. 

From t h i s  it follows t h a t  

n 
91 4.31 = 7j- +- JtSl, 

cp2 + $2. = ++ n’sz (Sl, sz = 0, 1, 2, .:. .). -t 

Combining equations (6.19) and (6.20), we have 

+l + 3 2  = as3 (s, = 0, 1, 2, . . .). 

(6.18) 

(6.19) 

(6.20) 

i6.21) 

As follows from equations (6.15), (6.17), (6.19) and (6.20), M1, M2, al, 

a m u s t  be  mutually pa i r ed  a d j o i n t  complex q u a n t i t i e s .  
2 

In t h e  second p o s s i b l e  case 

(6.22) 

which a f fords  i n t e g r a l  values for t h e  q u a n t i t i e s  under cons idera t ion  -- i n  
o t h e r  words i n  t h i s  case we have a r r ived  a t  t h e  c l a s s i c a l  problem of  two 
immobile centers .  

In t h e  preceding d iscuss ions  we proceeded on t h e  assumption t h a t  

But i f  these conditions a r e  no t  met, then equation (6.12) does not  hold f o r  
a l l  i n t e g r a l  values of n .  Hence, the p o t e n t i a l  U assumes r e a l  values only 
i n  two cases.  I n  t h e  f i r s t  case M1 and M2,  and a l s o  a1 and a a re  mutually 

pa i r ed  ad jo in t  complex q u a n t i t i e s :  

/134 2 
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(6.23) 

where M, c, 6 ,  K a r e  real, and i = n. 
Allowing f o r  t h e  condition (6.8),  which gives K - 6 = 0, from equation 

(6.23) w e  ob ta in  

J 
M 

M 

M1 = (1 + i6), 
M2 =.T(l  --i6), 

al = c (6 + i>, 
a, = c ( 6 -  i). (6.24) 

I n  t h e  second case,  a l l  of t h e  cons tan ts  M1, M2, al,  a2 a re  r e a l  numbers. 

Denoting the  r a t i o  of mass M2 t o  the sum of masses M with t h e  symbol y from 
(6.3) we ob ta in  

I MI = M (1  - y), a, = ay ,  
M2 = My, a2=-a((1--y) .  ( 6 . 2 5 )  

Thus t h e  function U,  defined by formula (6.1) , is the  p o t e n t i a l  of a 
r i g i d  body only i n  t h e  case i n  which the  constants M 

s i t h e r  by equations (6.24) o r  by equation (6.25). 

M2,  al ,  a2 a r e  assigned 1’ 

If  we apply t h e  assumptions formulated a t  the beginning of § 5 t o  t h e  
e a r t h ,  then t h e  g r a v i t a t i o n a l  p o t e n t i a l  of t h e  p l a n e t  w i l l  be  ( §  3, Chapter 11) 

(6.26) 

where M denotes t h e  mass of t h e  e a r t h ,  Jk a r e  c e r t a i n  cons tan ts ,  and R = 
= 6,378.1 km. 

If i n  equation (6.1) we s u b s t i t u t e  t h e  va lue  o f  t h e  parameters from 
equation (6.24), then t h e  p o t e n t i a l  w i l l  b e  defined by t h e  following equation: 

(6.27) 

where 
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and its expansion i n  series i n  Legendre polynomials, 

w i l l  have t h e  fol lowing c o e f f i c i e n t s :  

(6.28) 

(6.29) 

(6.30) 

Comparing t h e  expansions of (6.26) and (6.29),  w e  see t h a t  t h e  p o t e n t i a l  

Actually,  f o r  t h i s  purpose w e  have a t  our d i sposa l  t h e  parameters 
of two immobile centers r ep resen t s  approximately t h e  g r a v i t a t i o n a l  f i e l d  of 
t h e  e a r t h .  
which appear i n  equation (6.27), s o  t h a t  t h e  coe f f i c i en t s  i n  the  first th ree  
terms of t h e  expansions of (6.26) and (6.27) w i l l  coincide.  To do t h i s  we 
se t  M equal t o  t h e  mass of t h e  ea r th ,  and determine c and 6 from 

so lv ing  these equations for c and 6 ,  we arr ive a t  

_ .  1/- J i  - 45: J 3  c =  R ,  6 = -  
2 J 2  f- .I; - (IJ: 

(6.31) 

(6.32) 

(6.33) 

We s h a l l  a l s o  f i n d  the  c o e f f i c i e n t  

y4 = c4 (1 + 62) (1 - 362). (6.34) 

k 
i n  t h e  expansion of t h e  t e r r e s t r i a l  g r a v i t a t i o n a l  p o t e n t i a l  [55-611. 
shows how l i t t l e  J4 d i f f e r s  from the  corresponding c o e f f i c i e n t  i n  t h e  p o t e n t i a l  

of t h e  ea r th  with t h e  sampling of c and 6 used. 

A number of writers have obtained numerical values  f o r  the  coe f f i c i en t s  5 
Table 3 

Thus the  approximating expression of t h e  p o t e n t i a l  obtained from t h e  
general ized problem of two immobile centers  o f f e r s  a very good approximation 
of t h e  e a r t h ' s  g r a v i t a t i o n a l  p o t e n t i a l .  

From Table 3 and formulas (6.33) it i s  evident  t h a t  t h e  l i n e a r  quan t i ty  c 
introduced he re  is  i n  fact  the z-coordinate of t h e  sphe r i ca l  po in t  of i n e r t i a .  

/135 

120 



When 6 = 0, then formula (6.27) gives  t h e  p a r t i a l  case corresponding t o  
M. D.  K i s l i k ' s  p o t e n t i a l .  
asymmetry of t h e  e a r t h  with r e spec t  t o  t h e  equa to r i a l  plane;  however, t h e  
corresponding intermediate  o r b i t s  are very c lose  t o  those  a c t u a l l y  observed. 

This  p o t e n t i a l  does not  take  i n t o  account t h e  / 136 

2.3 2.1 209.8 
2*4 1.4 209.9 
2#4 1.7 209.8 

209.9 1*1 - 
- 2.0 209.9 

-1082,2 
-1082q8 
-1082.5 
-1083~0 
-108247 

-3.2 1.2 
-3.4 1,2 
-3,4 192 

1.2 
1.2 

- - 
I I I 1 -  

Source' 

[561 

15131 

t571 
[BO] 
[591 

I 

Now l e t  us r ep resen t  t h e  p o t e n t i a l  of (6.1) i n  t h e  form 

(6.35) 

where 61, which remains undefined, i s  a small quan t i ty .  Expanding the  

inverse  d is tances  i n  Taylor 's  series, and r e s t r i c t i n g  ourselves  t o  terms of  
t h e  first o rde r  of smallness with r e spec t  t o  t h e  q u a n t i t i e s  61y a l ,  a2,  w e  
obtain 

where 

(6.36) 

(6.37) 

I f  w e  s t i p u l a t e  

then formula (6.36) assumes t h e  same form as t h e  formula which def ines  Barrar's 
p o t e n t i a l  (see (4.5)). 
s impl i f i ed  expression f o r  t h e  fo rce  func t ion  of  t h e  problem of  two immobile 
centers .  
p o i n t  of  view o f  t h e  geometry of masses. 
two immobile cen te r s ,  one can regard  t h e  Barrar p o t e n t i a l  as being t h e  
g r a v i t a t i o n a l  p o t e n t i a l  o f  an immobile c e n t e r  and a "dipole"; i . e .  
t h e  Barrar p o t e n t i a l  is  a l i m i t i n g  v a r i a n t  o f  t h e  p o t e n t i a l  o f  two g r a v i t a t i n g  
cen te r s .  

Consequently t h e  Barrar  p o t e n t i a l  i s  r e a l l y  a 

I n  § 4 w e  c l a r i f i e d  the  meaning o f  t h e  Barrar p o t e n t i a l  from the  
Proceeding from t h e  problem of 

e s s e n t i a l l y  /137 
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Vin t i  has  also proposed an approximate formula f o r  t h e  p o t e n t i a l  of 
terrestrial  g r a v i t a t i o n .  If t h i s  formula is  expressed i n  terms o f  a coordinate 
system which has  been s h i f t e d  along t h e  e a r t h ' s  r o t a t i o n a l  axis, r a t h e r  than 
i n  terms of a geocentric '  system, it then r ep resen t s  a p a r t i a l  case of t h e  
genera l ized  problem of two immobile centers .  
d i s tances  l/rl and l/rZ we can w r i t e  

Actually,  in case of t h e  complex 

where 

We now expand l/rl and l/r2 i n  power series of i c / p .  

these  s e r i e s  i n  formula (6.27), w e  have 
Then, s u b s t i t u t i n g  

(6.38) 

Tne p o t e n t i a l  (6.38) coincides with V i n t i ' s  p o t e n t i a l  wi th in  the l i m i t s  of 
accuracy imposed by t h e  choice of q u a n t i t i e s .  

Thus, we see t h a t  a l l  of t h e  approximating expressions f o r  t h e  e a r t h ' s  
p o t e n t i a l  proposed by var ious  w r i t e r s  represent  e i t h e r  p a r t i a l  o r  l imi t ing  
cases o f  t he  fo rce  func t ion  of t h e  generalized problem of two immobile cen te r s .  
This i s  an important f a c t ,  inasmuch as t h e  methodology devised f o r  t h e  
c l a s s i c a l  problem of two immobile cen te r s  can, i n  i t s  e n t i r e t y ,  be applied t o  
t h e  study of t h e  motion o f  a r t i f i c i a l  e a r t h  s a t e l l i t e s .  
one t o  make use o f  r e s u l t s  obtained e a r l i e r  by t h e  present  w r i t e r  [15] i n  the  
i n t e g r a t i o n  of t h e  t h r e e  dimensional generalized problem o f  two cen te r s .  

Now le t  us consider t h e  i n t e g r a t i o n  of t h e  d i f f e r e n t i a l  equations of 

Doing s o  enables 

motion. 

In ob la t e  sphero ida l  coordinates (3.20), Chapter I ,  

1 x = cchvs in  ucos w, 
y = c ch u sin :i sin w, 
z = c S + c s t v c o s u  
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(6.39) 

t h e  d i f f e r e n t i a l  equations,  i n  correspondence with (3.28),  Chapter I, a r e  
w r i t t e n  as follows 
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d I au 

d .  I au 
( J h )  + (b + i2 - G2 ch2 u) sin u cos u = -- , I eo au 

-(Ju) - ( / i 2  $. i2 + G2 sin2 n )  sh u ch u = -- , 1 dt  cz a v  
d -  - (wch2us in2u)=  0, dt 

I 
I 
J 

(6.40) 

while t he  funct ion U, following t ransformation t o  r e a l  form, can "e wr i t t en  
as follows, with t h e  he lp  o f  Euler ' s  well-known formulas: 

Comparing (6.41) and (8.12), Chapter I, w e  observe t h a t  t he  p o t e n t i a l  of 
t h e  general ized problem of two immobile centers  admits of i n t eg ra t ion  i n  
quadratures.  

?he system (6.40) possesses two f irst  i n t e g r a l s :  t he  k i n e t i c  energy 
i n t e g r a l  , 

and the  angular-momentum i n t e g r a l ,  

i% ch2 u sin2 u = c,. 

(6.41) 

(6.42) 

(6.43) 

Excluding the  c y c l i c  coordinate  w with t h e  help of t he  i n t e g r a l  (6.42),  
we represent  t h e  equations o f  motion i n  t h i s  form 

aw 

d -  
dt  
- ( J u )  -+ (u2  $; u 2 )  sin 

d .  
dt  
- ( J v )  - ( U 2  4- Z J ~ )  sh u ch u = , 

(6.44) 

where the  a l t e r e d  f o r c e  func t ion  i s  expressed by the  formula /139 

m e  k i n e t i c  energy i n t e g r a l  i s  now transformed t o  

(6.45) 

(6.46) 

J u s t  as i n  § 2 of  t h e  p re sen t  chapter ,  we regu la r i ze  the  equations of 
motion (6.44) by introducing an independent va r i ab le  T,  defined by t h i s  formula 
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d t  = Jd-c = (Sh2 v -1- cos%) d-c. (6.47) 

Transformations then enable us t o  arrive a t  t h e  following d i f f e r e n t i a l  
equations: 

(6.48) 

where t h e  prime marks denote d i f f e r e n t i a t i o n  wi th  r e spec t  t o  T. 
(6.48) admits of a k i n e t i c  energy i n t e g r a l ,  

%e system 

h 
11'2 + v'2 = 2 J  (w + F )  , (6.49) 

which i n  tu rn  allows us t o  transform t h e  equations of motion (6.48) t o  t h e  
following form: 

arv aJ - h 
u" = J __ au + du (w + 7) 9 

df =Jx 3- %(W + ,.). aw aJ h 

The system (6.50) can b e  w r i t t e n  as follows: 

N dW v =- 1 

av 

where the  a l t e r e d  fo rce  func t ion  is def ined as 

- 
W = J ( W + $ ) .  

(6.50) 

(6.51) 

(6.52) 

I n  e x p l i c i t  form t h e  func t ion  i s  def ined as follows: / 140 

(6.53) 

and t h e  k i n e t i c  energy i n t e g r a l  assumes t h i s  form 
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u t 2  + v' = 2w. (6.54) 

Calcu1a;ting t h e  p a r t i a l  de r iva t ives  o f  t h e  func t ion  
the  va r i ab le s  u and v, we ob ta in  

with respect t o  

(6.55) 

As a r e s u l t  o f  t h e  t ransformations,  w e  have obtained a system of  equations 
(6.48) which decomposes i n t o  two mutually independent equations.  

Multiplying equation (6.56) by u ' ,  and equation (6.57) by v ' ,  and in t eg ra t ing ,  
w e  a r r i v e  a t  

du 2 - 211 5 (=) - c" cos2 11 - 2 fM6 P cos LI - - s in?u  -1- 2c;, (6.58) 
dv 2 Ph C? (=) = -sh2v 4- % s h v  + + 2 4 .  

C2 ch v (6.59) 

Comparing t h e  k i n e t i c  energy i n t e g r a l  (6.54) with t h e  f i r s t  i n t e g r a l s  of 
(6.58) and (6.59),  w e  f i n d  t h a t  t h e  cons tan ts  c2 and c r 2  a re  r e l a t e d  as  
follows : 

c + C t 2  = 0. (6.60) 2 

Hereafter we s h a l l  r e t a i n  only the  constant  c i n  the  equat ions.  2 

Introducing t h e  new v a r i a b l e s  

A = sh V, LI. = COS U ,  

i n  place o f  t h e  i n t e g r a l s  (6.58) and (6.59),  w e  ob ta in  

(6.61) 

/141 
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from which,by i n t e g r a t i n g ,  we a r r i v e  a t  

(6.62) 

(6.63) 

where 

Following inversion of t he  e l l i p t i c a l  quadratures  (6.62) and (6.63) , t he  
q u a n t i t i t e s  A and u are found as e x p l i c i t  func t ions  of T, and then the  longi-  
tude w i s  determined by t h e  quadrature  

Following t h i s ,  we can f i n d  the  time t from t h e  

f = (h2 + pZ) &. 

+ C b .  

formula 

(6.64) 

(6.65) 

Formulas (6.62) - (6.65) o f f e r  a general  so lu t ion  t o  the  problem. 

NOTE: The general ized problem of  two immobile centers  can b e  success fu l ly  
appl ied i n  the  study of  a r t i f i c i a l  s a t e l l i t e s  of o the r  p l ane t s  than the  e a r t h .  
Calculat ions made by Ye. L. Lukashevichl have made it poss ib le  t o  obtain the  /142 
following values f o r  t he  parameters of approximating p o t e n t i a l s  of  severa l  
p lane ts :  f o r  Mars, c = 150,013 km, 6 .= 0;  f o r  J u p i t e r ,  c = 8,461.57 km, 6 = 0 ;  
and f o r  Saturn,  c = 7,547.368 km, 6 = 0 .  

?he c o e f f i c i e n t  6 i s  everywhere taken equal t o  zero, s ince  i n f o r -  
mation on the  numerical value o f  t h i s  coe f f i c i en t  f o r  t he  t h i r d  harmonic is 
completely lacking i n  the  case of t he  la rge  p l ane t s .  
observations of t h e  n a t u r a l  s a t e l l i t e s  of  t h e  l a rge  p l ane t s  is impossible, 
s ince  i t  is  assoc ia ted  with pe r iod ic  r a t h e r  than c i r c u l a r  i n e q u a l i t i e s .  

To determine 6 from 

Only some general  remarks can be made regarding the  q u a l i t y  of  
the  approximation. 

view of the  closeness of many of the  physical  c h a r a c t e r i s t i c s  of t he  e a r t h  and 

lye.  L. Lukashevich has  kindly presented these  f igu res  t o  the  author.  

We do no t  know the  coe f f i c i en t  J4 f o r  Mars. However, i n  

. - - .  . ~ ~~ - -  
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Mars, w e  may expect t h a t  t h e  r a t i o  J /J2 w i l l  be of  t he  same order  f o r  the  

two p lane t s .  

1.05 f o r  J /J2 

J u p i t e r  i s  known t o  have a value of 0.000216 -- i n  o the r  words, J4 i s  of the  

same order  f o r  t h i s  p l ane t .  
harmonic i n  the  motion of  t he  Gal i lean s a t e l l i t e s  i s  neg l ig ib ly  small. The 
known value of J4 f o r  Sa ture  is 0.000278. Consequently, t he  approximating 

expression f o r  t h e  p o t e n t i a l  is s a t i s f a c t o r y  i n  t h i s  case a l s o .  We should 
note, i n  addi t ion,  t h a t  o f  the  t o t a l  annual angular motion o f  t he  Saturnian 
s a t e l l i t e s  M i m a s  and Tethys, amounting t o  365O.23 and 72O.227, t he  e f f e c t  
o f  t he  four th  harmonic accounts f o r  5O.74 and O O . 3 2 .  From t h i s  we conclude 
t h a t  t he  inherent  e r r o r  of the  approximation i s  i n s i g n i f i c a n t .  

4 2  
me approximation o f  t h e  Martian p o t e n t i a l  gives a value of 

J4 f o r  b u t  a corresponding value of  1 - 2 f o r  the  e a r t h .  4 2' 

I t  should be noted t h a t  the  e f f e c t  o f  t he  fourth 

§ 7. Approximation Solut ion o f  t h e  Generalized Problem o f  Two Immobile 
Centers 

I n  the  case  of remote a r t i f i c i a l  e a r t h  s a t e l l i t e s ,  we can l i m i t  ourselves  
t o  an approximate so lu t ion  of t h e  general ized problem of  two immobile centers  
[108]. We introduce a c y l i n d r i c a l  system of coordinates  r, c, A ,  which i s  
r e l a t e d  t o  the  system of rec tangular  geocentr ic  coordinates as  follows 

I g - Z - C c 6 ,  

tank ,,A. 
X 

(7.1) 

From formulas (3.10) and (3.12),  Chapter I ,  we can e a s i l y  der ive  the  
following Hamilton-Jacobi equation: 

i n  which U i s  assumed t o  be  independent of  t he  longitude A .  From equation 
(7.2) w e  f i n d  t h a t  

v = - a,t + a,h -I- w (T, t), 

where ci and a a r e  a r b i t r a r y  cons tan ts ;  t he  constant  W must s a t i s f y  the  

equation 
1 3 

(7.3) 
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Transforming equation ( 7 . 4 )  t o  ob la t e  sphero ida l  coordinates,  q l ,  92 ’  93’ 
def ined by the  equations 

q 3  = h 
(7.5) 

(formulas (8.15), Chapter I ,  enable us t o  f i n d  t h e  connection between these 
spheroidal  coordinates and those defined by formulas ( 3 . 2 0 ) ,  Chapter I ) .  From 
equations (7.5) we f i n d  

In spheroidal coordinates qi, t he  Hamilton-Jacob equation (7.4) has the  
form 

(7.7) 

In  equation (7.7) i n  p lace  of  U there  now appears an e x p l i c i t  expression f o r  
t he  p o t e n t i a l  o f  t h e  general ized problem of two immobile centers  (6.41).  
From equations ( 7 . 3 )  and (7.7) ,  it is  easy t o  der ive the  t o t a l  i n t e g r a l  of  
t he  Hamilton-Jacobi equation: 

/144 

v = - alt + a 3 q n  4- 

(See (8.13), Chapter I ) .  

The t o t a l  i n t e g r a l  (7.8) enables us t o  f i n d  the  general  i n t e g r a l  of  t he  
We can obta in  an approximate so lu t ion  problem i n  terms o f  t h e  va r i ab le s  q 

by making use of t he  expressions o f  (8.18), Chapter I .  
t o  the  first degree of t he  small  quant i ty  c y  we obtain 

i’ 
Limiting ourselves 
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from which we f ind 

where 

Then i n  p lace  of C7.8) we obta in  

- ~ ~ _ _ _ _ _  V = - alt + ash + \ v2a lp2  + 2fMp + a, dP 
+ 1 cos2 I!I (2fMc6 sin + - a,) - ui-, 

PO 0 

where r is  a c e r t a i n  cons tan t .  0 

From (7.12) i n  the  usual manner (see (4.19),  Chapter I) we f i n d  the  
general  i n t e g r a l :  

(7.10) 

(7.11) 

7. 
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where B i  designates  the  cano:iical constants .  

The canonical constants  ai and Bi  a r e  unsui tab le  f o r  our purpose, s ince  

they do not  a f f o r d  a s u f f i c i e n t l y  simple mechanical and geometrical i n t e r p r e -  
t a t i o n .  Therefore, it i s  p re fe rab le  t o  introduce another  system of elements, 
which, with c = 6 = 0 ,  w i l l  coincide with the  system of elements cha rac t e r i z ing  
Keplerian motion (with c = 6 = 0,  formulas (7.13) - (7.15) def ine Keplerian 
motion, as follows from t h e  p o t e n t i a l  (6 .41) ) .  

129 

. . .. 



Let us suppose t h a t  the  motion takes  p lace  wi th in  a l imi t ed  por t ion  o f  
space i n  t h e  v i c i n i t y  of t h e  g r a v i t a t i n g  body. 
o f  k i n e t i c  energy cx is negat ive ,  I n  t h i s  case, t h e  motion may be c a l l e d  

quasi  - e 1 l i p  t i c a l  . 
This occurs when t h e  constant  

1 

Let us denote the  roo t s  of the  quadra t ic  equation 

2a,p2 + 2 f M p  + a2 = 0 

with t h e  symbols p1 and p2. Both roo t s  a r e  p o s i t i v e ,  provided 

s e t t i n g  

w i l l  be assoc ia ted  with the elements a and e /146 1’ a2 the  canonical elements a 
as follows: 

(7.16) 

a2 z - f M p ,  (7.17) 

2 where p = a ( 1  -e ) .  
semi-axis,  t he  e c c e n t r i c i t y  and the  parameter of t h e  q u a s i - e l l i p t i c a l .  

The q u a n t i t i e s  a, e ,  p we s h a l l  r e f e r  t o  as the  major 

Let 

and l e t  p = po i f  t = T. Then from (7.13) w e  f i n d  t h a t  

= -T (7.18) 

The quan t i ty  T i s  the  moment of passage through the  per igee (see (7.17), 
Chapter I ) .  

Analysis of the  equation 

- 2fMcd sin3 $ + a2 sinZ I!) 3. 2 f M c  sin $ - a: - a2 = 0 (7.19) 

shows t h a t  it i s  advantageous t o  s u b s t i t u t e ,  i n  p lace  o f  t he  constant  ci the  3’ 
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element i, which is def ined as follows: 

u3 = cos i -If fM ( p  + 2c6 sin i). 

I n  p l ace  o f  t he  cons tan t  8, w e  int roduce the  quan t i ty  w: 

(7.20) 

(7.21) 

If c = 6 = 0, t h i s  p a r t i c u l a r  quan t i ty  coincides  with t h e  d is tance  between the  
pe r i cen te r  and t h e  node, while the  angle  i measures the  i n c l i n a t i o n  o f  t h e  
o r b i t  . 

Fina l ly ,  i n  p lace  o f  B w e  introduce the  quan t i ty  5): 3 

P 3 =  8 ,  (7.22) 

which represents  t he  longitude o f  t he  ascending node (see (7.26) , Chapter I) . 
Let us  examine equation (7.13). We set  

p =; u ( I  - e cos E ) .  (7.23) 

Then, following in t eg ra t ion ,  i n  p l ace  o f  equat ion (7.13) we have /147 

E - e s i n  E = n ( t  - T) (7.24) 

where 
n2 = fM 

a3 

In  addi t ion ,  l e t  

P 
1 +- c c o s u  * 

p =  

From (7.23) and (7.26) w e  f i n d  t h a t  

( 7 . 2 5 )  

(7.26) 

(7.27) 

"he first of t h e  i n t e g r a l s  o f  equat ion (7.14) i s  ca l cu la t ed  by means of  
t he  s u b s t i t u t i o n  of  (7.26) 
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Let us examine the  second i n t e g r a l  which appears i n  (7.14): 

S e t t i n g  

we f i n d  t h a t  

E = sin?), 

where 5 represents  t he  r o o t s  of equation (7.19): i 

1 

i E ,  = sin i, 

&,3 = - [- p - 2cS sin i -J= f ( p - 2 c S  sin i)z+ 16c2d2 cos2 i] . 
1 --i 4CS 

The approximated va lues  of t h e  roo t s  5 and E3 w i l l  be  2 

E 2 z - s i n i ,  ~ 3 z - L  2cs * 

With the  he lp  of  t h e  s u b s t i t u t i o n  

E = ( E 2  - El) siii2G + El 

t he  i n t e g r a l  (7.29) reduces t o  the  following form: 

where F(@, k) i s  an e l l i p t i c a l  i n t e g r a l  o f  t h e  first type, while i t s  
module k s a t i s f i e s  t h e  equat ion 

(7.28) 

(7.29) 

(7.30) 

(7.31) 
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(7.32) 

(7.33) 
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Then from (7.14) w e  f i n d  t h a t  

(7.35) 

while 

From (7.35) we ob ta in  

(p = am (u, I z ) .  

From formulas (7.30), (7.32) and (7.37) i t  follows t h a t  

(7.36) 

(7.37) 

(7.38) 

Let us tu rn  now t o  the  i n t e g r a l  under considerat ion:  

which forms part o f  equat ion (7.15).  By means o f  s u b s t i t u t i n g  (7.32) i n t e g r a l  
I1 i s  transformed t o  normal form: 

where t h e  parameters o f  t h e  i n t e g r a l s  o f  t h i r d  type i n  (7.39) a r e  

From (7.15) and (7.39) it is  easy t o  obta in  an equation which determines t h e  
r i g h t  ascension (geographical longitude) o f  t h e  s a t e l l i t e :  

/ 149 
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The formulas obtained completely def ine t h e  motion o f  an a r t i f i c i a l  e a r t h  
s a t e l l i t e .  

The approximate so lu t ion  of  t he  ,generalized problem o f  two immobile 
cen te r s  has the  same s t r u c t u r e  as t h a t  of  t h e  so lu t ion  of Bar rar ' s  problem. 
This i d e n t i t y  i n  s t r u c t u r e  of t h e  so lu t ion  i s  of course not a m i d e n t a l .  
I t  is due t o  the  f a c t  t h a t  i n  the  expansions i n  s e r i e s  w e  obtained the  Barrar 
p o t e n t i a l  from t h e  p o t e n t i a l  o f  the  problem of two iminobile cen te r s .  

§ 8. T h e  L i m i t i n g  Variant of t h e  Problem of Two Immobile Cen.ters and Its 
Application i n  Ce le s t i a l  B a l l i s t i c s  

In a rectangular  p lane tooent r ic  system of coordinates whose x-axis is 
d i rec ted  toward the  per turbing body (Figure 20), the  g rav i t a t iona l  ' p o t e n t i a l  
o f  the two immobile centers  i s  wr i t t en  as  follows: 

-___ 

where r = Jx2 + y2 + z2 while c i s  the  dis tance between centers .  

Assuming t h a t  the  p l ane tocen t r i c  d i s tance  r is small  i n  comparison with 
c, we expand p o t e n t i a l  (8.1) i n  s e r i e s  i n  Legendre polynomials: 

A s  was done by H i l l  [110], we l i m i t  ourselves t o  the  f irst  terms of the  / 150 
expansion, i . e . ,  we consider t h e  problem of two immobile centers  without making 
allowance f o r  t he  "parallax" of t he  per turbing body: 

The force f i e l d  under considerat ion cons i s t s  of superimposed f i e l d s :  Newtonian 
g rav i t a t iona l  f i e l d  o f  a po in t  mass, a uniform f i e l d .  

"I '  P 

This problem i s  in t eg ra t ed  i n  paraboloidal coordi- 
na tes  (see § 3, Chapter I ) :  

t 'I 
91 = 1 ( r  -1- x),  

(72 = ( r  - x ) ,  

Y 
9 3  = aictg - . z 

Figure 20. 
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Here we have introduced o t h e r  paraboloidal  coordinates  than those which 
appear i n  (3 .39)  Chapter I; the  l a t te r  are assoc ia ted  with t h e  coordinates 
introduced above by t h e  following r e l a t ionsh ips :  

Making the  corresponding changes i n ~ f o r m u l a  (3 .40)  Chapter I,  we ob ta in  
t h e  fol lowingexpression f o r  k i n e t i c  energy: 

while t he  force  function'  w f l l  be as follows: 

"hen the  Hamilton-Jacobi equation (8.27) Chapter I w i l l  be as follows: 

In correspondence with equation (8.27) Chapter I the  t o t a l  i n t e g r a l  
i s  determined by formula: 

where 

while ai represents  t h e  canonical cons tan ts .  

i n t e g r a l  of  the  problem: 

From (8.8) w e  f i n d  t h e  general  

(8.10) 

(8.11) 
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(8.12) 

The p resen ta t ion  of t he  motion of a p a r t i c l e  i n  a Newtonian c e n t r a l  f i e l d  
i n  t h e  presence of a constant  per turbing fo rce  i s  descr ibed i n  an a r t i c l e  by the  
present  writer [lll]. 
d i f f e ren t ly ,  consider ing the  motion of  p a r t i c l e s  
of force  i n  the  presence of a force  vector  of  r e a c t i v e  acce le ra t ion .  Careful 
and r e f ined  q u a l i t a t i v e  s tudy of t h e  forms o f  motion i n  t h e  three  dimensional 
problem has been made by A.  L.  Kunitsyn [17, 181, f o r  t he  purpose of  determining 
t h e  per turbed e f f e c t  of  so l a r  l i g h t  pressure [112].  Other appl ica t ions  of t h i s  
problem i n  t h e  f i e l d  o f  c e l e s t i a l  b a l l i s t i c s  may be found i n  [113, 1141. 

V.  V .  Beletskiy [16] has approached t h e  problem 
i n  a c e n t r a l  Newtonian f i e l d  

I n  the  cons t ruc t ion  of approximate so lu t ions  t o  the  problems of a s t ro -  
dynamics, f requent  use i s  made of t he  method o f  t he  g r a v i t a t i o n a l  spheres 
of c e l e s t i a l  bodies [ l l S J .  Spheres of  inf luence,  t he  Hill g rav i t a t iona l  
sphere,  ordinary g r a v i t a t i o n a l  spheres,  e t c  . , a r e  analyzed. Proceeding 
from t h e  l imi t ing  c i r c u l a r  3 body problem, M .  D .  K i s l i k  11161 introduced 
the  condcept of  t he  "sphere of  influence", t he  rad ius  of which is  
approximately 50% g r e a t e r  than the  rad ius  of t he  Laplascian sphere o f  
inf luence.  I t  would seem advantageous t o  introduce a g rav i t a t iona l  
sphere based on t h e  l imi t ing  analyzed v a r i a n t  of t he  problem o f  two 
immobile center ,  which i s  s tudied  here .  

Let us now proceed t o  a b r i e f  exanination of  the  r e s u l t s  obtained by /152 
A .  L. Kunitsyn. Most i n t e r e s t i n g  as regards app l i ca t ions  i s  the  c l a s s  of 
motions with negat ive energy a 

upon the  values of t he  cons tan ts  ai. 

< 0 .  The charac te r  of  o r b i t a l  motion depends 1 
Let the roo t s  o f  the  equations 

(8.13) 

(8.14) 

be K, A ,  v and a, 6, y ,  r e spec t ive ly .  Let us determine the  boundaries of the  
regions of poss ib le  motion, as  i l l u s t r a t e d  i n  Figure 21 .  O f  the  two poss ib le  

types of  motion i l l u s t r a t e d  i n  Figure 2 1  by 
the  shaded areas ,  l e t  us consider  t h e  one 
which occurs i n  the  to ro ida l  reg ion  formed by 
the  in t e r sec t ion  of t he  four  paraboloids .  
t r a j e c t o r i e s  of  t h i s  type always l i e  within 
a l imi ted  po r t ion  of space, and e x h i b i t  a s a t e l l i t e  
charac te r .  

The 

J u s t  as i n  § 2 ,  we now introduce an indepen- 
dent va r i ab le  T 

(ql i- q2) ~ T G  = d t .  (8.15) 

Figure 21. 
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Then equat ions (8.10) and (8.11) w i l l  y i e l d  t h e  following 

(8.16) 

(8.17) 

( the  following i n i t i a l  condi t ions  are assumed: f o r  T = T ~ ,  t he  e q u a l i t y  q1 = .  

- - 910' 92 = 920 i s  f u l f i l l e d ) .  

Then from (8,12) w e  f i n d  

We reduce t h e  e l l i p t i c a l  quadrature  (8.17) t o  normal Legendre 
form with the  he lp  o f  t he  s u b s t i t u t i o n  

c], =; Y - (Y - A) sin? cp 

and, i nve r t ing  i n t e g r a l  obtained,  w e  a r r i v e  a t  

where 

while t h e  module of t he  e l l i p t i c a l  i n t e g r a l  k2 defined by t h e  equa l i ty  

In addi t ion ,  w e  s u b s t i t u t e  

uzo = F (arc sin v x  V - - h  , I<,) 

(8.18) 

/153 

(8.19) 

(8  :20) 

(8.21) 

(8.22) 

(8.23) 

F o r  t ransformation of t h e  e l l i p t i c a l  i n t e g r a l  (8.16) w e  make use of  t h e  
s u b s t i t u t i o n  

(8.24) 
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and, i n  addi t ion ,  i n v e r t i n g  the  e l l i p t i c a l  i n t e g r a l ,  w e  a r r i v e  a t  t h e  formula 

ql = a f -  (P - a) sn2 I(ul 4- iil0), 41,  (8.25) 

where 

(8.26) 

(8.27) 

The quadrature (8.18), following the  appropr ia te  t ransformatlons,  assumes 
the  following form: 

where 

?L-V n1= - P--" , n 2 = y -  
U 

Fina l ly ,  t h e  equation of time is obtained from (8.15) i n  t h e  following / 154 
form: 

In conclusion l e t  us apply t h i s  problem t o  es t imat ing  the  per turba t ions  of 
l i g h t  pressure  i n  the  case of the  ,"Echo-Itfl s a t e l l i t e ,  which consis ted o f  
an i n f l a t e d  bal loon f o r  which the  r a t i o  of t he  c ross -sec t iona l  a r ea  t o  
t h e  mass of the  s a t e l l i t e ,  S/Mc, was approximately 100 m3*secz/kg. The 

inves t iga t ions  descr ibed i n  [117] demonstrated t h a t  i n  the  course of  1 2  
hours of f l i g h t  t h e  per igee d is tance  of  the  Echo-1 s a t e l l i t e  was reduced 
by 42 km under t h e  e f f e c t  of l i g h t  pressure .  
obtained i n  the  so lu t ion ,  the  quani ty  f M/c2 should be replaced with the  
psrturbi-ng acce le ra t ion  of l i g h t  pressure  p, which is  defined as 

To u t i l i z e  the  r e s u l t s  

P 
. . . __ - -~ ~ - __- - - - - - __ - - .~ . . - . . 

Resul ts  of t h e  ca l cu la t ions  were kindly forwarded t o  me by A.  L. Kunitsyn. 
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where k i s  a coef f ic ien t  which depends upon the  albedo of t he  s a t e l l i t e ,  
po i s  the  pressure  of -luminous s o l a r  r a d i a t i o n  at t h e  e a r t h ' s  o r b i t  f o r  

a black body (po = 4.5 

e a r t h ' s  o r b i t ,  and rc is  the  d is tance  from t h e  s a t e l l i t e  t o  the  sun. From 

t h i s ,  f o r  k = 1, we f i n d  t h a t  1-1 = 4.5 

kg/m2) , a is t h e  major semi-axis of  t he  

m/sec2. 

Assuming t h a t  r = 7,970 km, and performing t h e  ca lcu la t ions ,  we f ind  the  
r e l a t i o n s h i p  between per turba t ion  of t he  radius-vector  
angle .  We discover  t h a t  even during a s i n g l e  loop by the  s a t e l l i t e ,  
per turba t ion  of t he  r ad ius  vec tor  may reach a value of approximately 
0.6 km. Use of t h e  o r b i t s  of  t h e  l imi t ing  v a r i a n t  of the  problem of two 
immobile centers  i n  place of  intermediate  o r b i t s  does no t  lead t o  any 
secu la r  per turba t ion  i n  the  rad ius  vec tor .  A t  t he  same time, use of t he  
c l a s s i c a l  method of  ca l cu la t ing  t h e  per turba t ions  inev i t ab ly  leads t o  the  
presence o f  s e c u l a r  terms. This i s  t h e  b a s i s  of  the  s u p e r i o r i t y  of  t he  
l imi t ing  va r i an t  of  t he  problem of two immobile centers  over t he  two-body 
problem i n  the  present  s i t u a t i o n .  

and the  po la r  

§ 9 .  Q u a l i t a t i v e  Est imates o f  Approx imat ing  P o t e n t i a l s  

?he smallness of  the  d i f fe rence  between the  t r u e  and the  approximating 
p o t e n t i a l  does not ,  s t r i c t l y  speaking, a f ford  a s u f f i c i e n t  bas i s  f o r  presuming 
deviat ions i n  t h e  coordinates .  Thus, our  e a r l i e r  a s se r t ions  regarding the  
q u a l i t y  of t he  approximation a r e  based on i n t u i t i v e  r a t h e r  than on mathematical 
considerat ions.  
numerical i n t eg ra t ion  of t he  equations of motion leads t o  more o r  l e s s  exact  
conclusions regarding ind iv idua l  t r a j e c t o r i e s ,  But it does not a f ford  any 
evaluat ion of  the  approximation a s  a whole. 
complicated when the  longi tudina l  terms i n  the  g r a v i t a t i o n a l  p o t e n t i a l  a re  
taken i n t o  account. 

Comparison of t h e  ana ly t i ca l  theory with the  r e s u l t s  of /155 

The problem becomes p a r t i c u l a r l y  

Nevertheless,  it is  q u i t e  poss ib le  t o  formuiate some idea of the  q u a l i t y  
of t h e  approximation, a t  l e a s t  as regards ind iv idua l  coordinates  , by proceeding 
on the  b a s i s  of q u a l i t a t i v e  methods of ana lys i s .  O f  p a r t i c u l a r  value i n  t h i s  
connection i s  H i l l ' s  method, which is  based on ana lys i s  of t he  curve (o r  
surface)  o f  zero ve loc i ty ,  and t h e  method of contac t  c h a r a c t e r i s t i c s  developed 
by Hadamard [118] and Poincarg [119]. 

H i l l ' s  method enables us t o  determine the  s t a b i l i t y  of motion i n  the  
Lagrangian sense,  using t h e  k i n e t i c  energy i n t e g r a l  (or  t he  Jacobi i n t e g r a l ) .  
This method has been appl ied repea ted ly  i n  t h e  plane secura l  three-body 
problem (G. H i l l  [120], Bohlin [121], Darwin [122],  N .  D. Moiseyev [123] and 
o the r s  .) 

If the  equations of  motion admit of  a k i n e t i c  energy in t eg ra l  

(9.1) 
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where U is  the  fo rce  funct ion,  v i s  t h e  ve loc i ty  of t h e  po in t ,  then it is  
necessary t o  consider t h e  sur face  

U(X, y, z) + h = 0 (9 2) 

which is  c a l l e d  the  sur face  of zero ve loc i ty  (or H i l l ' s  su r f ace ) .  Since motion 
i s  poss ib le  only i f  

the  surface (9.2) breaks down s p a t i a l l y  i n t o  a region of poss ib le  motion 
( U  + h > 0) and a region i n  which motion is  impossible (U + h < 0 ) .  If the  
region gf poss ib le  motion is  closed, then motion w i l l  always take  place i n  
t h i s  region, and the  t r a j e c t o r y  w i l l  be s t a b l e  i n  t h e  Lagrangian sense.  

For our purposes t h e  problem can be formulated somewhat d i f f e ren t ly :  
we inves t iga t e  Lagrangian s t a b i l i t y  i n  the  presence o f  continuously ac t ive  
conservative per turba t ions  - -  i n  o ther  words, we s tudy the form of the  sur face  
of zero ve loc i ty  f o r  a small  v a r i a t i o n  i n  the  force funct ion.  

/ 156 

In  the  problem of the  motion of  t he  p a r t i c l e  i n  an axisymmetric f i e l d  of 
forces ,  H i l l ' s  method reduces t o  t h e  following. In  cy l ind r i ca l  coordinates 
the  equations of  motion have t h i s  form: 

-2 = u,. 

d -  
dt - (p2h) = o, (9.3) 

For s impl i f ica t ion .  of  t h e  procedure and fo r  obtaining more p rec i se  
evaluat ions,  we lower t h e  degree of (9.3) with t h e  he lp  of t he  angular-momentum 
in t eg ra l ,  

2. 
p x = c .  

As a r e s u l t  we a r r i v e  a t  t h e  following system 

(9.4) 

i n  which 
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while  the  k i n e t i c  energy i n t e g r a l  becomes 

v2 = 2(W + h). .  (9 * 7) 

On t he  sur face  ( p ,  z) t h i s  i n t e g r a l  def ines  t h e  curve of  zero ve loc i ty ,  

(9 * 8) W(p,z) + h = 0 .  

Subs t i t u t ing  i n  W ,  i n  p l ace  of  U, t h e  approximating.or  t h e  t rue p o t e n t i a l ,  
w e  a r r i v e  a t  

o r  

(9.10) 

(here s i n  4 = z / r ) .  

F o r  purposes of  i l l u s t r a t i o n ,  l e t  us consider t h e  case i n  which J - 0 i n  /157 k -  
every ins tance  -- i n  o t h e r  words, t h e  two-body problem. Then equation (9.10) 
assumes the  form 

whence 

If h < 0, then, s u b s t i t u t i n g  

c -f-X 
fM ' cos i = 

i n s t ead  of  (9.12) w e  w i l l  have 

- M r = - $- ( 1  q q / 1 -  cos2 i sec2cp) . 

(9.11) 

(9.12) 

(9.13) 

(9.14) 
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If, on t h e  o the r  hand, Jk # 0,  then (9.10) y i e l d s  

where 

(9.15) 

(9.16) 

Assigning t o  Jk the  values which a r e  of i n t e r e s t  t o  us ,  we a r r i v e  a t  the  

region o f  poss ib l e  motion, and on t h i s  b a s i s  we can guess a t  c e r t a i n  p rope r t i e s  
o f  t he  motion. 

Let us proceed,not t o  t h e  second method of q u a l i t a t i v e  s tudy - -  t h a t  
proposed by Poincare [119] f o r  a system of two d i f f e r e n t i a l  equat ions of  t he  
f irst  degree, and based on considerat ion o f  t h e  mutual behavior  o f  t he  i n t e g r a l  
curves and the  curves of t h e  uniparametr ic  ("topographic") fami. ly ,  

f ( x ,  y) = d.  (9.17) 

Hadamard [118] has appl ied  t h i s  method t o  dynamic systems of t h e  form 

j t =  u;, y =  u I/' (9.18) 

N .  D .  Moiseyev has general ized it t o  cover t h e  case o f  i r r e v e r s i b l e  dynamic 
prob lems [ 1231 . 

Let us consider f i r s t  the  system (9.18) ,  assuming the  ex is tence  of  a /158 
k i n e t i c  energy i n t e g r a l ,  

(9.19) 2 
jc + y 2  = 2(17 + h ) .  

We s h a l l  a l s o  assume t h a t  equat ion (9.17) def ines  t h e  quani ty  d as a p o s i t i v e ,  
single-valued, continuous func t ion  of  x, y. Suppose we have a c e r t a i n  i s o -  
ene rge t i c  family o f  t r a j e c t o r i e s  of system (9.18) -- i . e . ,  a family of  t r a j e c -  
t o r i e s  with f ixed  values  'of h .  
po in t  P (xo, y ) t h e r e  w i l l  be found a t  l e a s t  two which a t  po in t  P are tangent  0 
t o  the  curve 

Among t h e  i n t e g r a l  curves pass ing  through the  

f ( x ,  Y) = f (xu,  Yo). (9.20) 

The condi t ion o f  contac ts  o f  t h e  i n t e g r a l  and t h e  topographic curves (9.20) i s  
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formulated as follows: 

I -. t .  
f = f - x  + f y = 0 .  (9.21) 

X Y 

If t h e  d i f f e r e n t i a l  element o f  t h e  o r b i t  l i es  on the  whole wi th in  the  
curve (9.20), then i n t e r n a l  con tac t  i s  present .  If i t  l i e s  outs ide curve 
(9.20),  however, w e  refer  t o  "external" contac t .  F ina l ly ,  i f  t h e  d i f f e r e n t i a l  
elements of  t h e  two curves coincide,  then t h e  contact  i s  of  h igher  order .  The - cha rac t e r  o f  t he  contac t  depends upon the  s ign  of  F: f o r  i n t e r n a l  contac t ,  
f < 0 and f o r  external contac t  3 > 0 .  
energy i n t e g r a l  we can ob ta in  t h e  following expression: 

F o r  'f, with allowance f o r  t he  k i n e t i c  

I t  i s  obvious t h a t  t he  curve 

f = O  

(9.22) 

(9.23) 

represents  t he  boundary sepa ra t ing  the  region o f  ex te rna l  contacts  from the  
region of  i n t e r n a l  contac ts .  

Equations similar t o  (9.5) w i l l  b e  found convenient i n  t h e  s tudy of  
s a t e l l i t e s  i f  we take  a system o f  concentr ic  c i r c l e s  as the  family of topo- 
graphic  curves : 

f (p ,  z)  = p2 + ze = r2 = d2. (9 .24 )  

If a family of  e l l i p s e s  i s  chosen, t he  use of  e l l i p t i c a l  coordinates  w i l l  / 159 
s impl i fy  the  procedure. 

For  example, l e t  us take t h e  topographic family of  c i r c l e s  (9.24) on the  
plane (p ,  z) (here,  ac tua l ly ,  w e  have a topographic family of spheres) .  Since /163 

j ;  = 2p, f; = 22, f ip = f;, = 2, fiZ = 0, 

then f o r  t h e  c h a r a c t e r i s t i c  o f  contac ts  w e  w i l l  have 

f= 4 (u + h)  + 2 (pUi + zU:). (9.25) 

'shis curve w i l l  d iv ide  t h e  region of  i n t e r n a l  contac ts  from the  region of 
ex te rna l  contac ts .  
t h e  region of  apocenters.  
i s t i c  o f  contac ts  i n  the,problem of  t h e  motion o f  a s a t e l l i t e  moving i n  t h e  
equa to r i a l  p lane  of a t r i a x i a 1  p l a n e t .  

With i t s  he lp  w e  can divide t h e  region of p e r i c e n t e r s  from 
I t  would ev ident ly  b e  use fu l  t o  s tudy  the  charac te r -  
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CHAPTER I v  

Q U A L I T A T I V E  A N A L Y S I S  OF THE FORMS OF MOTION OF A S A T E L L I T E  
OF A SPHEROIDAL PLANET 

§ 1 .  M o t i o n s  of E l l i p t i c a l  T y p e  /160 

Qua l i t a t ive  ana lys i s  of poss ib l e  forms of motion may be  found i n  t h e  works 
of Ye. P .  Aksenov, Y e .  A.  Grebenikov and V .  G .  Demin [86, 87, 88, 891, f o r  t he  
case i n  which 6 = 0 ,  i . e . ,  without allowance f o r  t h e  asymmetry of t h e  ea r th  with 
respec t  t o  t h e  equa to r i a l  plane.  
have been analyzed by Yu. I .  Ivanov [124]. Fam V a n  Chi [125] has 
s tud ied  one class of  motions. 
s tud ied  by V .  M .  Alekseyev [31]. 

In the  general  case,  t h e  types of motion 

The geneology of  sol i i t ions has been c a r e f u l l y  

We s h a l l  r e s t r i c t  ourselves  here  t o  a s tudy of t h e  case 6 = 0 .  Here any 
form of motion can be assigned t o  one of t h ree  c l a s s e s ,  depending on t h e  s ign  
of t h e  constant  h,  which i s  the  t o t a l  mechanical energy. Motions f o r  h < 0 w e  
s h a l l  c a l l  e l l i p t i c a l ;  motions f o r  h > 0 we s h a l l  c a l l  hyperbolic;  and motions 
f o r  h = 0 ,  we s h a l l  c a l l  parahnl ic .  

This terminology corresponds t o  t h e  types of motion i n  the  two-body problem. 
The terminology i s  convenient s ince ,  f o r  c = 6 = 0, t h e  equations of motion 
become d i f f e r e n t i a l  equat ions with respec t  t o  t h e  motion of  t h e  two-body pro- 
blem. In t h i s  case motions assigned t o  t h e  f i rs t  class w i l l  follow Keplerian 
e l l i p s e s ;  those of t h e  second class,  hyperbolas;  and those of  t h e  t h i r d  class, 
parabolas .  

Cer ta in  of t he  t r a j e c t o r i e s  of  t h i s  problem l i e  e n t i r e l y  within the  body 
of t h e  e a r t h  i t s e l f .  These a r e  of no p r a c t i c a l  i n t e r e s t  and w e  have the re fo re  
excluded them from t h e  present  d i scuss ion .  T ra j ec to r i e s  which l i e  a t  l e a s t  
p a r t i a l l y  above t h e  su r face  of t h e  ea r th  w e  s h a l l  r e f e r  t o  as "real" .  If a 
t r a j e c t o r y  l i e s  e n t i r e l y  above the  sur face  of t h e  e a r t h  and a t  l e a s t  p a r t i a l l y  
i n  outer  space,  w e  s h a l l  r e f e r  t o  i t  as "of s a t e l l i t e  type". Those t r a j e c -  
t o r i e s  which l i e  p a r t i a l l y  within the  body of t h e  ea r th  we s h a l l  r e f e r  as 
"bal l i s  t i c "  . 

/161 

2 For convenience w e  s h a l l  introduce t h e  des igna t ion  -h c = h.  Then, with 

due allowance f o r  t h e  observat ions made above, i n  p l ace  of formulas (6.62) and 
(6.63), Chapter 3 ,  w e  w i l l  have t h e  following 

1 
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where X = -sh v, p = COS U. 

1; Study of t h e  coordinate  p .  The charac te r  of t h e  so lu t ion  of equation 
(1.1) f o r  coordinate  p depends upon t h e  roo t s  of t h e  polynomial 

f (p) = 2h,p4 + 2 (c., - h,) p2 - (2c, 4.- c:), (1.4) 

which a r e  def ined by t h e  formula 

We s h a l l  denote these  r o o t s  by the  symbols ?p and ?p The discr iminant  1 2 '  

A = (h, + c')' + ~/z,c', 

with h l  > 0 i s  always negat ive.  

f (p )  a t  least  two ( i n  order  t o  be s p e c i f i c  we have denoted them by symbol rtp ) 
w i l l  be r e a l ,  and 

Therefore,  of t h e  four  roo t s  of t he  polynomial 

1 

Depending upon the  magnitude of t he  o the r  roo t s  f u 2 ,  a number of  d i f f e r e n t  
cases may occur:  

a) roo ts  ? v  are complex; 2 

b) roo t s  ?p a r e  r e a l  but a r e  g r e a t e r  than un i ty  i n  absolute  value;  2 

c) roo t s  ?p  a r e  r e a l  but  i n  absolu te  value a r e  l e s s  than un i ty ;  2 

d) P 2  = 0 ;  

f )  lull = 14 = 1- 

e) roo t s  +p are r e a l ,  and 1u21 = 1; 2 

From equations (1.3) and (1.4) it is  evident  t h a t  t h e  region of permissible/ l62 
values.  of p corresponding t o  r e a l  motion is  def ined by t h e  inequa l i ty  

In ca.qe a) t h e  polynomial f ( p )  s a t i s f i e s  condi t ion  (1.7) and l p . (  2 l p l l  > 1, 
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which i s  impossible,  s i n c e  by reason of  (6.61) Chapter 3 ,  11-11 < 1. 
case a) i s  meaningless. Case b) a l s o  tu rns  out  t o  be meaningless, s ince  t h e  
inequa l i ty  1 p2 I > 1 leads  t o  t h e  condi t ion 2h c2 <. 0 ,  which con t r ad ic t s  t h e  

assumption t h a t  t h e  o r b i t  belongs t o  t h e  e l l i p t i c a l  class. In  case d ) ,  z = 0 ,  
i . e . ,  t h e  motion takes  p l ace  i n  t h e  equa to r i a l  plane.  Case e) occurs when 
c1 = 0 .  

motion takes  p l ace  i n  t h e  meridional plane.  
cussed i n  d e t a i l  i n  one of  t h e  subsequent paragraphs. 
t h e r e  is no need f o r  d iscuss ion  wi th in  t h e  framework of t h e  general ized problem 
of  two immobile cen te r s ,  s ince  the  exact equations of motion of  an a r t i f i c i a l  
e a r t h  s a t e l l i t e  i n  t h e  equa to r i a l  p lane  can be in t eg ra t ed  (see V .  V .  Beletskiy 
[126, 1271).  Case f )  may occur when c = 0 ,  h = -c and consequently, 

meridional o r b i t s  e x i s t  i n  t h i s  case a l s o .  

Therefore 

1 1  

But then ,  from (1 .3)  it follows t h a t  w remains constant ,  and t h e  

This p a r t i c u l a r  case w i l l  be d i s -  
As regards case d ) ,  

1 1 2'  

In  case c) from t h e  condi t ion 0 < l p l l  < 1 w e  have t h e  inequa l i ty  

2c2 + c2 1 < 0 ,  (1  * 8) 

which w i l l  be made use  of l a t e r  on i n  t h e  ana lys i s  of t h e  v a r i a t i o n  of  t he  
e l l i p t i c a l  coordinate  A .  

Thus, t h e  motion of a r t i f i c i a l  ea r th  s a t e l l i t e s  along t r a j e c t o r i e s  of 
double curvature  i s  poss ib l e  only i n  case c ) .  Representing f(1-1) i n  the  form 

we transform equation (1.1) t o  the  following form: 

(1.10) 

Inver t ing  the  e l l i p t i c a l  . in tegral  ( l . lO) ,  we ob ta in  an e x p l i c i t  expression f o r  
p as a func t ion  of regular ized  t ime: 

where the  symbol T denotes the  constant of  i n t eg ra t ion ,  and 0 is  defined by 
t h e  formula 0 

The modulus of t he  Jacobi  func t ion  i s  equal t o  
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2. Study of the coordinate A. Let us denote the polynomial in the right- 
hand portion of formula (1.2) by the symbol + ( A ) ,  so that 

(1.14) 

and let A A2, A 3 ,  A be the roots of this polynomial. 1' 4 
According to the inequality (1.8) all of the coefficients of polynomial 

(1.14) are negative and, consequently, all of its real roots are also negative. 
Depending upon the relationship between the coefficients, the following cases 
may be distinguished: 

(1.15) 
(1.16) 
(1.17) 
(1.18) 
(1.19) 
(1.20) 
(1.21) 
(1.22) 
(1.23) 
(1.24) 
(1.25) 

As will be evident later on, real motion is impossible in certain of the 
indicated cases. In order to distinguish these cases we establish a criterion 

Chapter 3, we can obtain (see also (3.20), Cllapter I) 
/164 i- for the existence of real motion. From the tranformation formulas (6.39) ___- 

from which, following simple estimates, we arrive at 

where R is the polar radius of the earth. Substituting the value of c from 
Table 3, § 6, Chapter 3 in the latter inequality, we arrive at the following 
criterion for the existence of real motion: 

I A l  > 30. (1.27) 

For convenience of analysis, we shall introduce in place of (1.14) the 
polynomial 
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which has t h e  same roo t s  as $ ( A ) .  I t s  c o e f f i c i e n t s  are 

(1.28) 

(1.29) 

For e l l i p t i c a l  o r b i t s  of double curvature  t h e s e  c o e f f i c i e n t s  a r e  p o s i t i v e ,  and 
by reason of  (1.8) t h e  inequa l i ty  

K G + l ,  

holds .  

(1.30) 

Let us analyze var ious  cases  i n  d e t a i l .  

Case a ) .  Real motions a r e  absent ,  s ince  here  +(A) < 0 .  

Case b ) .  A1 = A 2  = X g  = x 4  < 0 .  As i s  r e a d i l y  ev ident ,  t he  motions must 

take  p lace  on t h e  e l l i p s o i d  

1' A = A  

However, t ak ing  i n t o  cons idera t ion  the  e q u a l i t y  of  t h e  c o e f f i c i e n t s  of A 3  and A 
i n  polynomial (1.26),  with t h e  help of  Vieta 's  theorem w e  ob ta in  

3 
A 1  = (1.32) 

from which i t  follows t h a t  A may assume t h e  va lues  -1, 0 ,  a n d + l .  Since such 

values  of  A do not s a t i s f y  the  c r i t e r i o n  (1.27), i t  follows t h a t  case b) i s  
el iminated.  

1 

Case c ) .  A1 = A 2  = A 3  < A < 0 .  Vieta's theorem gives 4 
/165 - 

(1.33) 

from which it follows t h a t  
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(1.34) 

From the condition that all roots of $ ( A )  are negative, we obtain the inequality 

the solution of which gives 

(1.35) 

(1.36) 

Since the reason of variation of coordinate X is determined by the inequality 
X < X < X4, then X does not exceed a, but this condition contradicts the 
existence criterion (1.27). Thus this particular case is also eliminated. 
1 -  - 

Case d ) .  We shall first demonstrate that two roots of the polynomial @ ( A )  
belong to the interval ( - 1 , O ) .  Compiling Shturm's system [128] f o r  the 
polynomial @ ( A )  : 

where the coefficients ai, bi, d. are equal to 
1 

(1.37) 

(1.38) 

with the help of Shturm's theorem we conclude that all roots of the polynomial 
$ ( A )  are real and different for the condition 
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- 
By converting to polar coordinates a = r'cos $ I ,  b = r' sin $ '  inequalities 
(1.39) with allowance for (1.38), are transformed to the following form: 
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while the  c o e f f i c i e n t s  necessary i n  t h e  subsequent ana lys i s  are equal t o  

1 a. (y’) =-= cos‘ qY ( 1  - 4 cos2 q’) ,  
b” (y’) :’= 9 cos8 cp’ ( I  -- 5 cos2 cp’). 

(1.40) 

(1.41) 

If r ’  i s  s u f f i c i e n t l y  l a rge ,  then with 

i n e q u a l i t i e s  (1.40), and hence a l s o  (1.39),  a r e  f u l f i l l e d .  Inequa l i t i e s  (1.42) 
a l s o  may be s a t i s f i e d ,  provided t h e  constants  a and 
condi t ion 

are  chosen from t h e  

Tr a rc t an  2 < # I f  < - 2 .  (1.43) 

However, from (1.38) and (1.27) it i s  evident t h a t  it i s  always poss ib le  t o  
chose the  i n i t i a l  condi t ions i n  such a way t h a t  t h e  cons tan ts  of i n t eg ra t ion  
h and c w i l l  a ssure  f u l f i l l m e n t  of i nequa l i ty  (1.43).  Consequently, r e a l  

forms of motion always correspond t o  t h e  case i n  ques t ion .  Moreover, by reason 
of t he  theorem concerning t h e  upper l i m i t  of t h e  moduli of t h e  roo t s  of t he  
polynomials [128], f o r  an appropr ia te  choice of values  of  t o t a l  energy and 
the  constant  of a reas ,  t h e  moduli of  t he  roo t s  A. may assume a r b i t r a r i l y  l a rge  

va lues .  
poss ib le  i n  case d ) .  

2 

1 
I t  now remains only t o  determine whether s a t e l l i t e - t y p e  o r b i t s  a r e  

For t h i s  purpose w e  es t imate  t h e  i n t e r v a l  i n  which t h e  roo t s  X 
a r e  included. We apply t h e  Boudin-Fourier [128] i n  t h e  i n t e r v a l  (-1, 0 ) .  
Computing successfu l ly  the  de r iva t ives  from + ( A )  t o  t h e  fou r th  order  i nc lus ive ,  
we f i n d  t h a t  with X = 0 

and X4 3 
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- 
(I’ (0) = -  0, 9’ (0) ;> 0, ([I” (0) > 0, q1’” (0) > 0, rp1v (0) > 0. 

If X = -1, then it i s  necessary t h a t  $ ( - I )  > 0 ,  s ince  otherwise condi t ion 
(1.43) would not  be s a t i s f i e d .  - 
t h a t  # I t1 ’  (-1) > 0 ,  i . e . ,  a > 4 ,  f o r  i n  the  - contrary meaning of t h e  inequa l i ty  
(#I!!’ (-1) 0) w e  would have a<4, F < 6 ,  d < 5, which would be a cont rad ic t ion  
of t he  c r i t e r i o n  of ex is tence  of r e a l  o r b i t s .  The case i n  which t h e  func t ion  
@ ( A )  and i t s  four  de r iva t ives  up t o  t h e  fou r th  degree f o r  X = -1 a r e  p o s i t i v e ,  
a l s o  drops out ,  s ince  here  a < 6 ,  which i s  impossible on t h e  bas i s  of (1.27).  

For r e a l  motion, moreover, i t  i s  necessary 
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Consequently, w e  have one of  t he  v a r i a n t s  ind ica ted  i n  Table 4. By ve r i fy ing  
t h e  corresponding i n e q u a l i t i e s ,  w e  f i n d  t h a t  a l l  t h r e e  va r i an t s  are poss ib le .  
Thus, roo t s  X and A 4  a r e  rea l  wi th in  t h e  i n t e r v a l  (-1, 0 ) .  3 

TABLE 4 __ 

+ 
-I- 
-1- 
- I -  

- 

__ 

The process of  ob ta in ing  an equation which w i l l  c o n s t i t u t e  an e x p l i c i t  
expression f o r  t h e  coordinate  X i n  terms of T i s  c a r r i e d  out i n  t h e  following 
manner. In tegra t ing  (1 .2)  and transforming the  r e s u l t i n g  e l l i p t i c  i n t e g r a l  
(na tu ra l ly  making allowance f o r  t h e  r e l a t ionsh ips  between t h e  roo t s  Xi), we 
obta in  f o r  t he  spheroidal  coordinate  X t he  following: 

i n  which t h e  following nota t ions  a r e  adopted 

The modulus of  t h e  Jacobi  func t ion  i s  def ined as fol.lows: 

F ina l ly ,  w e  ob ta in  the  following value f o r  t h e  coordinate  w by means of  
quadrature  : 

which can a l s o  be  w r i t t e n  as fol lows:  

(1.44) 

(1.45) 

(1.46) 

/168 

(1.47) 

(1.48) 

(1.49) 

where t h e  following no ta t ions  are adopted 
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(1.50) 

(I. 51) 

In  t h e  present  ins tance  as wel l  as i n  a l l  o the r  cases  of o r b i t s  of  t h e  e l l i p t i c  
class, t h e  i n t e g r a l  (1.50), which is  an e l l i p t i c  i n t e g r a l  of t h e  t h i r d  type,  
is transformed i n  t h e  same way. A s  a r e s u l t  of t h e  t ransformations it i s  
poss ib le  t o  ob ta in  t h e  following expression f o r  this  i n t e g r a l :  

where r[ ($, k, n) denotes t h e  normal Legendre form of t h e  e l l i p t i c  i n t e g r a l  
of t h i r d  type,  while 

cp = ama (z - z,), 
n=-p,2 

2 '  

(1.53) 

(1.54) 

Next, s u b s t i t u t i n g  x = snal ( T  - T , ) ,  i n t e g r a l  (1.51) i s  transformed t o  

(1.55) 

i n  which w e  have the  following values  f o r  t h e  c o e f f i c i e n t s  

2 B D  (BC - AD) B?CZ - A2JJz 
GI (B2 f- D") > a1 = Gl (E" f- D') ' a, = 

bo = B' + D2, bl = 2 ( A B  + C D )  
6, = A2 + C'. 

ai,  bi: 

(1.56) 

The i n t e g r a l  i n  formula (1.55) can be expressed i n  terms of two e l l i p t i c  /169 
i n t e g r a l s  of t h i r d  type with complex-conjoint parameters,  which i n  tu rn  can 
be transformed t o  e l l i p t i c  i n t e r v a l s  of t h i r d  type with r e a l  parameters [129]. 

In t h e  ca l cu la t ions  w e  can make use of (1.55),  o r ,  what i s  much s impler ,  
employ r ap id ly  converging expansions of e l l i p t i c  func t ions  and i n t e g r a l s  i n  
s e r i e s  ( the  r ap id  convergence i n  the  case of s a t e l l i t e  motion i s  guaranteed by 
t h e  smallness of t h e  moduli of t he  e l l i p t i c  func t ions ) .  These p a r t i c u l a r  
concepts of t he  coordinates  have been advanced by I .  I z z a k  [130] and Ye. P .  
Aksenov [131-134]. 

Here w e  have pointed out  only the  f i n a l  expressions,  and not  t h e  complete 
expressions f o r  a l l  t h e  c o e f f i c i e n t s .  Houel's t ransformation [135] (see a l s o  
[129]) gives  
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(1.57) 

where t h e  func t ions  L and L have t h e  following form: 1 2 

Li = \  h--- dx 1 Q&LamcI(t-zl), k ,  nlJ (i = 1, 2), (1.58) F [am c1 (z - TI)] - 
< p"i- 1 4. 

t h e  q u a n t i t i e s  Z 1, Z 2 ,  gi, ni, and Q 

determined by formulas (1.56) . 
a r e  expressed i n  terms of t h e  constants  i 

Thus, w e  f i n a l l y  ob ta in  the  following expression f o r  r i g h t  ascension: 

+ y I  (cp, k ,  n )  - ClllL, - Cl l ,L , .  ClT W=Cs-- -  
1 + ?b; 

The equation f o r  time, which expresses t h e  r e l a t ionsh ip  between t r u e  and 
regular ized  time, has t h e  following form: 

(1.59) 

(1.60) P3 
t = c6 + (p: + hi) T --$ E (9, k )  + IlL, + t J 2 ,  

where E($,  k ) ,  as before ,  i s  an e l l i p t i c  i n t e g r a l  of t h e  second type,  while t h e  
funct ions L and L are given by formulas s imilar  t o  (1.58).  1 2 

/170 1 In case d) t h e  o r b i t  i s  loca ted  between two confocal e l l i p s o i d s  X = A 

and X = A ou ts ide  the  hyperboloid p = 1-1 (Figure 22). If t he  [ A 2 [  < 30, then 

the  o r b i t s  w i l l  be b a l l i s t i c ,  s ince  t h e  inner  e l l i p s o i d  w i l l  be located within 
t h e  body of t h e  e a r t h  ( i t  i s  i n t e r e s t i n g  t o  compare t h i s  with case e ) .  
S a t e l l i t e - t y p e  t r a j e c t o r i e s  a r e  successively tangent t o  t h e  boundaries of  t h e  
e l l i p s o i d s .  During var ious  loops t h e  po in t s  of tangency produce " re l a t ive"  

Chapter. I and § 6 Chapter 3, t h e  motions w i l l  be condi t iona l -per iodic  i n  
charac te r .  I f ,  i n  addi t ion ,  t he  simple per iods a r e  incommensurable, then t h e  

t r a j e c t o r y  w i l l  everywhere densely f i l l  t h e  region 

2 2 

- per i cen te r s  and apocenters .  We should note  a l s o  t h a t  according t o  § 10 

of poss ib l e  motion ind ica ted  i n  Figure 22 .  

Case e ) .  Here, according t o  Vieta 's  theorem, 

1 1  + 3h, = - a ,  

- - - a ,  

-- I 3hJ ,  + 3h: = i, 
3hlh; + hf - 

h,hZ = a. 
(1.61) 

Figure 22. 
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From t h e  f i rs t  and the t h i r d  of  the equations of  (1.61) i t  follows t h a t  real  
motions e x i s t ,  provided 

A2 (A; - 3) 
I - 3x; <- 30. (1.62) 

These i n e q u a l i t i e s  are s a t i s f i e d  i f  

0,56 < A, < 0,58, h, > 90,5. 

But, s ince  X 
X t he  inequa l i ty  

must be  negat ive,  -0.59 < X 2 < -0.58. For  such values  of 2 

2 
- 
b > a +  1, 

i s  s a t i s f i e d .  

Thus w e  s ee  t h a t  only b a l l i s t i c  t r a j e c t o r i e s  are poss ib l e  i n  case e ) .  I t  
may be  pointed out t h a t  t h e  parametr ic  equations of t h e  o r b i t  have t h e  follow- /171 
in; form: 

p = ps sn ci (z - T") 

where t h e  following nota t ions  a r e  adopted: 

(1.63) 

(1.64) 

(1.65) 

(1.66) 
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The equation of time i s  w r i t t e n  i n  t h e  following manner: 

Case f ) .  For motions of t h i s  type t h e  e l l i p s o i d  X = A i s  loca ted  
Motion i s  poss ib l e  30nly on t h e  e n t i r e l y  within t h e  body of  t h e  ea r th .  

sur face  of t h e  e l l i p s o i d  X = X1. From Vie ta ' s  theorem it follows t h a t  

(1.67) 

(1.68) 

From t h e  f i r s t  and t h i r d  equations of (1.68) we f ind  t h a t  

A 1 A 3  = 1. (1.69) 

1 Since A < - 30, then -- < A g  < 0,  i . e . ,  t he  e l l i p s o i d  A = X l i e s  within 

t h e  ea r th .  From (1.68) and (1.69) it follows t h a t  d = 1. Then, from t h e  
second equation of (1.68) we have > 4 .  From t h i s  i t  i s  not d i f f i c u l t  t o  
deduce t h e  p o s s i b i l i t y  of motion on the  e l l i p s o i d  A = A 

1 -  30 - 3 

Transforming t h e  1' 
quadratures enables us t o  a r r i v e  a t  t h e  following r e l a t ionsh ips  between t h e  
coordinates  and regular ized  t ime: 

while regular ized  time T as  a func t ion  of t i s  def ined by t h e  following 
t ranscendental  equation: 

(1.70) 

(1.71) 

/172 

Case g ) .  Since X = A 2  < A 3  < A 4  < 0 ,  then,  according t o  Vie t a ' s  theorem, 1 
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2hl -+ h3 + h4 = - a, 

A; (13 + h4) + 2hlh3h4 = - a, 
G + 2$ (A3 + 314) + h3h4 = 6 

h:h3h4 = d. 

From (1.72) we f ind  t h a t  

h3 $- h4 = - 2h1 ("h3h4- 1). 
1 - ?b; 

Since i n  r e a l  motion X < -30, then from (1.73) i t  fol lows t h a t  1 

Zh, - > o  1 - "; 

and, moreover , 

With t h e  he lp  of (1.73) and (1.74) , we f i n d  t h a t  

0 < h3h < 1. 

From t h i s  w e  der ive  t h e  inequal i ty  

1k1 + < 1. 

(1.72) 

/173 - 
(1.73) 

(1.74) 

(1.75) 

(1.76) 

This r e s u l t  admits of t h e  following geometrical  i n t e r p r e t a t i o n :  t he  
e l l i p s o i d  X = A1 i s  located beyond t h e  sur face  of  t h e  e a r t h ,  while t h e  

e l l i p s o i d s  X = X 3  and X = X 4  l i e  e n t i r e l y  wi th in  t h e  body of t h e  ea r th .  

t he  case under cons idera t ion ,  t h e  inequa l i ty  (1.30) can be transformed i n t o  
t h e  following form: 

For 

This i nequa l i ty ,  however, i s  always s a t i s f i e d  provided A < -30. 
1 

This type of motion i s  the re fo re  poss ib le .  The formulas f o r  t h e  
e l l i p s o i d a l  coordinates  have t h e  same s t r u c t u r e  as i n  t h e  preceding case.  
However, t h e  c o e f f i c i e n t s  which appear i n  t h e  formulas have a somewhat 
d i f f e r e n t  form. 

(1.77) 
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Case h ) .  A s  was a l ready  noted, i n  t h i s  type of motion A < A 2  = x g  < A4 < 

< 0. The r e l a t i o n s h i p  between t h e  c o e f f i c i e n t s  of t h e  polynomial + ( A )  and i t s  
r o o t s  i s  ind ica ted  by t h e  following equations: /174 

From these  equations w e  f i n d  t h a t  

2h?. (h,hr - 1) 
_L - .- I I 4 -  1 --A; ' 

(1.78) 

(1.79) 

from which it fol lows,  i n  view of condi t ion (1.30),  t h a t  

(G - 1) (Q4 - 1) < 2h, (1, + A',). (1.80) 

We s h a l l  show t h a t  i n  t h e  type of motion under considerat ion only b a l l i s t i c  
t r a j e c t o r i e s  a r e  poss ib le .  The cont ra ry  assumption means t h a t  e i t h e r  t h e  
inequa l i ty  A < -30, o r ,  a t  t h e  very l e a s t ,  t h e  inequa l i ty  A < -30, would 4 2 
have t o  be s a t i s f i e d .  If t h e  f irst  of t hese  i n e q u a l i t i e s  holds ,  then t h e  
roo t s  A 

2A2 (1 - A:) > 0 and A l l 4  - 1 > 0 ,  which i s  impossible. 

l a t t e r  i nequa l i ty  holds ,  then the  right-hand member o f  (1.79) w i l l  be  p o s i t i v e ;  
bu t  s ince  t h e  roots  A 

a l s o  negat ive.  Consequently, t he  assumption t h a t  A < -30 is  erroneous.  

We s h a l l  assume now t h a t  A 2  < -30 and t h a t  -30 < A 
f o 1 lows t h a t  

and A2 would c e r t a i n l y  have t o  be less than -30. But i n  t h a t  case 1 
Actually,  i f  t he  

and X 4  a r e  nega t ive ,  t he  lef t -hand member of  (1.79) i s  1 

4 
< 0 .  From t h i s  it 4 

(1.81) 

The r e l a t i o n s h i p s  (1.79) and (1.80) w i l l  be s a t i s f i e d  only i f  A1A4 -1 < 0 .  
follows from t h i s  t h a t  

I t  

30h, (1 - A,h4) < 1 - A;. 

In  t h i s  case, however, t h e  inequa l i ty  / A l  + A41 < 

s ince  A 1 <  -30, A 2  < - 3 0 .  

, which i s  impossible,  

Thus, i f  real  forms of  motion a r e  poss ib l e  i n  t h e  
15 

157 



case under cons idera t ion ,  they necessa r i ly  t a k e  p l ace  along b a l l i s t i c  t r a j e c -  
t o r i e s .  

/175 - 

We s h a l l  now demonstrate t h a t  f o r  c e r t a i n  d e f i n i t e  i n i t i a l  condi t ions,  
motions of  t h i s  type  are a c t u a l l y  poss ib le .  From (1.79) we f i n d  t h a t  

a,, (A; - 1) - 2hp 

1 - hi - 2h?h, 
hl = - (1.82) 

From t h i s  it i s  evident t h a t  f o r  small nega t ive  values  of A and a l s o  f o r  

nega t ive  values  and va lues  which are c lose  t o  u n i t y  f o r  A ' >  we w i l l  ob ta in  

values  less than -30 f o r  A1. 
(1.80)' i s  a l s o  s a t i s f i e d .  

4 '  

2 1  
I t  i s  easy t o  demonstrate t h a t  t h e  inequa l i ty  

Thus, i n  t h e  case under considerat ion motion takes p l ace  between t h e  
sur face  of t h e  ea r th  and t h e  e l l i p s o i d  X = h The formulas f o r  t h e  e l l i p s o i d a l  
coordinates  are as fol lows:  1' 

(1.83) 1 

(1.84) 

while  ml,  m n n represent  t h e  real and t h e  imaginary por t ions  of  t h e  

equation 
2 '  1' 2 '  

(1.85) u4x4 + a3x3 + a& + agx + a, = o 

i n  which /176 
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The time equation i s  wr i t t en :  

where 

(1.86) 

(1.87) 

(1.88) 

Case i ) .  
A1 < A 2  < A 3 
t i o n s  must hold:  /177 

Since t h e  roo t s  of  t h e  polynomial @ ( A )  s a t i s f y  t h e  i n e q u a l i t i e s  
= Ah < 0 ,  then,  according t o  Vie t a ' s  theorem, the  following re la-  

hl + h, + 2h, = - a ,  

2hlhzh, + hi (h,  + h,) = - a, 
hlh, + 2h3 (h,  + hz) -1 = 5, - 1  

hlh,h; =; 2, - I  # (1.89) 
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from which we find that 

253 (hlhr! - 1) (A; - 1) (hzhs - 1) 
1 -hi A l + A 2 <  2h3 

A1 + A2 = (1.90) 

We shall demonstrate that the ellipsoid X = X lies within the earth. If 3 
we assume the contrary, then the inequality X 
ity 0 < A A < 1. 
and, consequently A More- 
over, the relationships (1.90) show that if the multiple root X is taken over 
the segment [-1, 01, then these relationships are fulfilled, and at least the 
root X1, given the appropriate choice of initial conditions, will be less than 
130. If both the roots are less than -30, then satellite-type motions exist. 
In this case, the motion will take place within the ellipsoidal layer A < X < 1 -  - 

< -30 leads to a second inequal- 3 
< < A 3 r  But this second inequality is impossible, since A1 

l '  
1 2  

< -30, X2 < -30 ,  which contradicts the assumption. 

3 

L A2' 
Transforming the quadratures for A 'and 1-1, and calculating the integrals 

which appear in the formula for w, we have the following: 

p = p2 sn G (7 -.ro), 
A + B cos u 
C 4- D cos-/; ' h =  

U 

where 
_ -  

u = 1J2h (A, - A,) (A, - A2) (7 - TI), 

I A = A:: (A, -1- 12) - 2hlh2, 13 = A, (A, - A,), 
C=2?Q-A1-A2, D = A2 - AI. 

(1.91) 

/178 

(1.92) 

(1.93) 

The coefficients M1, M2, N1, N 
equations: 

are defined by the following system of 2 
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in which 

(1.94) 

(1.95) 

The equation of time is written as follows: 

where 

(AD - c - I> 
D 

A, =: - 
(1.98) 

/ 179 Case j). It is assumed that X1 = X2, while the roots A g  and X 4  are - 
imaginary. 

In this type of motion ellipsoidal trajectories exist, which lie upon the 
ellipsoid X = X1. 
roots and the coefficients of the polp-omial $ ( A ) :  

As before, we make use of the relationship between the 
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2h1 -{- 2 p  = - a, 

2 g p  + 2hl (p2 + q2) = --a, 
h: + 4h,p 4- (p2 + (12) =-.E, 

h2, ( P 2  + 92)  = 2, - 1  
J 

where, instead of X3 and X we introduce the quantities p and q: 4 '  

h, = p + iq,  A, = p - iq.  

From (1.99) we find 

(1.99) 

(1.100) 

(1.101) 

The latter inequality follows from the condition 6 > Ti- + 1. 
can be transformed as follows: 

This inequality 

(1 - A;) (p2 + q 2  - 1)Z 
~~ < - 4 p .  

A1 (PZ 4- qZ - 1) 

2 1 - h1 
If h < -30, then the fraction is positive, and therefore 

1 h1 

( p 3  + q" - 1)2 <- 4P. P 

This inequality is fulfilled for p < 0. But from (1.100) we have 

P (1 -A;) p 2 + q 3 - 1  = 
hl ' 

(1 .102)  

(1.103) 

(1.104) 

from which it is not difficult to arrive 'at the estimates 

(1.105) 0 < P 2  + q2 < 1, 

taking into consideration that p < 0, while h1 < - 3 0 .  
that 

From this it follows /180 

We can now conclude that inequality (1,101) holds in every instance. We have 
demonstrated that motion on the ellipsoid h = X is possible. Formulas for the 1 
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e l l i p s o i d a l  coordinates are of t h e  same form as i n  case f ) .  

Case k). Here A l  < A 2  < 0,  while t h e  roo t s  X 3  and A 4  are complex. 

such i n i t i a l  condi t ions,  both s a t e l l i t e - t y p e  and b a l l i s t i c  t r a j e c t o r i e s  are 
poss ib le .  
as fol lows:  

For 

The coe f f i c i en t s  and t h e  roo t s  of t h e  polynomial + ( A )  are r e l a t e d  

hl + A, + 2 p  = --a, 

2ph& + (A, + hi) (p2  + (72) = -- a, - 1  Alh, + 2P (h,  4- h2) + (P2 + (79 =& 

h13q (p' + 9 2 )  = Ti, 

(1.106) 

i n  which t h e  symbols p and q denote t h e  real  and t h e  imaginary por t ions  of  t h e  
r o o t s  A 3  and A4.  

(1.30) w e  f i n d  
From the  f irst  and t h e  t h i r d  equations of (1.106)y with t h e  he lp  of 

(1.107) 

from which i t  follows t h a t  

p < 0. (1.108) 

Since f o r  s a t e l l i t e - t y p e  o r b i t s  A1 < -30, A 2  < -30, then A X > 1, while 1 2  

X1 + A 2  
i f  

0. But then t h e  f i r s t  of  t he ' cond i t ions  of (1.107) i s  poss ib l e  only 

o < p 2  4- q'< 1. 
(1.109) 

From (1.1) - (1.3) f o r  t h e  type of motion under considerat ion we obtain 
t h e  following: 

A -t- R cn cil (t -' tl) 
C + D cn G~ (z - zl) ' h =  

where t h e  following designat ions have been adopted: 

(1.110) 

/181 
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(1.111) 

while  t h e  modulus of  t h e  Jacobi  func t ion  which appears i n  t h e  formula f o r  A ,  i s  
equal t o  

(1.112) 

From (1.109) it i s  evident  t h a t  t h e  modulus k f o r  s a t e l l i t e - t y p e  motion i s  a 

small quant i ty .  A s  fol lows from formulas ( l . l l O ) ,  t h e  motion takes  p l ace  
between t h e  confocal e l l i p s o i d s  X = X 

1 

2’ and A = X 2  ou t s ide  t h e  hyperboloid p = 1 ~ .  1 

The longi tude ( r i g h t  ascension) of  an a r t i f i c i a l  e a r t h  s a t e l l i t e  i s  
def ined by a formula of t h e  type of  (1.49):  

(1.113) 

where 4 = am IJ(T - T,), while t h e  i n t e g r a l  I 

t e d  i n  t h e  form of a combination of two e l l i p t i c  i n t e g r a l s  of  t h e  t h i r d  type 
with complex-conjoint parameters.  
with the  help of Hotel's t ransformation [135]. The equation of t i m e  has t h e  
form indica ted  i n  (1.60) . 

j u s t  as i n  case d ) ,  i s  represen- 2’ 

These can be  transformed i n t o  s impler  form 

Thus, our i nves t iga t ions  support  t h e  conclusion t h a t  i f  h 0 ,  t h e  motion 
of  t h e  s a t e l l i t e  w i l l  t a k e  p lace  e i t h e r  wi th in  the  e l l i p s o i d a l  l aye r  between t h e  
sur faces  A = A and X = A 2 ,  o r  upon the  e l l i p s o i d .  

t h e  region of poss ib l e  motion a r e  confocal,  and a r e  of  small e c c e n t r i c i t y  

The e l l i p s o i d s  which de f ine  1 

-1 
(1 + A;) 7, 

-1 
+ A;) 2. A 1  1 t r a j e c t o r i e s  of t h e  e l l i p t i c  class l i e  within a 

bounded por t ion  of space.  B a l l i s t i c  t r a j e c t o r i e s  a r e  a l s o  poss ib le .  Such 
t r a j e c t o r i e s  occur when t h e  inner  e l l i p s o i d  l i e s  wi th in  t h e  body of t h e  ea r th .  
The motion i n  every ins tance  i n  which t h e  polynomial $ ( A )  i s  without mul t ip le  
roo t s ,  w i l l  possess  two per iods.  The per iod with r e spec t  t o  t h e  coordinate  1-1 
w i l l  be  equal t o  

/182 - 

T = 4K(k), (1.114) 

and t h a t  with r e spec t  t o  coordinate  A w i l l  be equal t o  

T1 = 4K(kl). 
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1 -  

If these  per iods are incommensurable, then the motion w i l l  t a k e  p l ace  along an 
open curve of  double curvature .  
region of  poss ib l e  motion. For c e r t a i n  i n i t i a l  condi t ions,  t h e  per iods  f o r  a l l  
t he  coordinates  w i l l  be commensurable ( the  case of random degeneracy), and then 
the  motion w i l l  be  per iodic ,  b u t  t h e  t r a j e c t o r y  w i l l  c l o se  following a c e r t a i n  
number of  revolu t ions ,  which, genera l ly  speaking, w i l l  be la rge .  

The t r a j e c t o r y  w i l l  everywhere densely f i l l  t h e  

Fundamental f o r  use  i n  t h e  theory of  motion of  a r t i f i c i a l l y .  e a r t h  satel l i tes  
a r e  t h e  cases  d) and k ) ,  s i n c e  these  do not  r equ i r e  a spec ia l  choice of  i n i t i a l  
condi t ions ( the  polynomial $ ( A )  has only simple r o o t s ) .  Case d) relates t o  
o r b i t s  of low i n c l i n a t i o n  t o  t h e  terrestr ia l  equator.  Case k) is t h e  most 
important:  it includes s a t e l l i t e  o r b i t s  o f  a r b i t r a r y  i n c l i n a t i o n  which exceeds 
a c e r t a i n  small quant i ty .  

For g r e a t e r  convenience i n  t h e  desc r ip t ion  of  motion w e  can introduce 
c e r t a i n  of  t h e  q u a n t i t i e s  used i n  c e l e s t i a l  mechanics. 
def ined by t h e  formula 

For example t h e  quant i ty  

where T and T are so lu t ions  of  t h e  equation 
j -1 j 

sn cr (T - T ~ )  ;= 0 ,  

(1.116) 

(1.117) 

we s h a l l  r e f e r  t o  as t h e  draconikic  per iod  o f  revolu t ion  of t h e  s a t e l l i t e  i n  
t h e  j - t h  o r b i t .  

t ime T ,  between which t h e  s a t e l l i t e  passes  from t h e  southern hemisphere i n t o  
t h e  northern hemisphere. 

By T ~ - ~  and T w e  s h a l l  understand two successive moments i n  

These moments a r e  defined by t h e  following formula: 

j 

(1.118) 

For  each of t he  types of  motion we obta in  an eigenexpression f o r  t he  draconikic  
per iod.  
draconikic  per iod  assumes a p a r t i c u l a r l y  simple form: 

/183 
If t h e  motion takes  p l ace  on an e l l i p s o i d ,  then the  formula f o r  t h e  

Here w e  introduce t h e  concepts of t h e  quasi-per igee and t h e  quasi-apogee. 
By t h e  term quasi-perigee we s h a l l  understand the  po in t  of tangency of  t h e  
t r a j e c t o r y  with t h e  inner  e l l i p s o i d  which def ines  t h e  region of  p o s s i b l e  motion. 
By t h e  term quasi-apogee w e  s h a l l  understand t h e  poin t  of tangency of t h e  
t r a j e c t o r y  with t h e  ou te r  e l l i p s o i d .  We s h a l l  use  t h e  term quasi-anomalis t ic  
per iod  i n  order  t o  i n d i c a t e  t h e  i n t e r v a l  of t i m e  between two successive passages 
of  t h e  s a t e l l i t e  through t h e  quasi-per igee on t h e  i - t h  revolu t ion .  This per iod  
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w i l l  be def ined by the formula 

where T and T~ are t h e  r o o t s  of t h e  equation i-1 

A + B sn2 cil (z - zl) 
C +- D sn2 c;, (z - tl) 

- - A 2  

f o r  case d) and t h e  equation 

(1.120) 

(1.121) 

(1.122) 

f o r  case k ) .  

A s  is  w e l l  known, t h e  sphe ro id i c i ty  of t h e  e a r t h  produces secu la r  pe r tu r -  
ba t ions  i n  t h e  longi tude of t h e  ascending node and i n  t h e  argument of t h e  
per igee.  These p a r t i c u l a r  q u a n t i t i e s  can be obtained e a s i l y  i n  t h e  following 
fashion.  For  example, v a r i a t i o n  i n  t h e  l a t i t u d e  of t h e  ascending node on t h e  
j - t h  revolu t ion  amounts t o  

/18f § 2. Motions o f  Parabolic Type ~ 

For t h e  family of parabol ic  type h = 0,  t h e  coordinate  1-1 i s  determined from 
t h e  following d i f f e r e n t i a l  equation: 

A s  follows from t h e  formulas f o r  t h e  t ransformation of coordinates  (6.39) Chapter 
3 ,  11-11 < 1. 
t h a t  r e a l  motions ex i s t ,  provided . the following inequa l i ty  i s  s a t i s f i e d :  

Making due allowance f o r  t h i s  condi t ion,  we a r e  ab le  t o  conclude 

Consequently, i t  follows t h a t  

c2 5 0. 

A s  a r e s u l t  of i n t eg ra t ing  equation (2.1) ,  we a r r i v e  a t  

( 2 . 3 )  
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where c denotes t h e  constant  of i n t eg ra t ion .  3 

From t h i s  w e  see t h a t  t h e  q u a n t i t i e s  c1 and c2 must s a t i s f y  t h e  inequa l i ty  

This condi t ion w i l l  b e  m e t  f o r  c1 = 0 and f o r  any value of  c2. 

then w i l l  t ake  p lace  on t h e  meridional plane ( the  case of po la r  o r b i t s ) .  
p a r t i a l  case w i l l  be  considered sepa ra t e ly  i n  one of t h e  succeeding paragraphs. 
From formulas (2.4)  and (2.5)  it follows t h a t  t h e  motion takes  p l ace  outs ide  
t h e  one-sheet hyperboloid of r o t a t i o n :  

The s o t i o n  

This 

I f ,  however, bo th  t h e  constants  c1 and c2 a r e  equal t o  zero, then,  as can b e  

demonstrated, t h e  t r a j e c t o r y  w i l l  be hyperbol ic  and w i l l  be located e i t h e r  on 
the  meridional o r  on t h e  equa to r i a l  plane.  

We now proceed t o  a study of the  e l l i p t i c a l  coordinate  A ,  which i s  
def ined by t h e  equation 

where, f o r  t h e  c l a s s  of motion under considerat ion,  t h e  polynomial f(A) assumes - /185 
the  form 

whose c o e f f i c i e n t s ,  as follows from ( 2 . 2 )  and ( 2 . 3 )  are non-posit ive,  and a r e  
as fol lows:  

- 2fM - - 
= -- b = 2 ~ 3 ,  d = 2c2 -?- c:. 

e3 ’ (2.91 

L e t  A1, A 2 ,  and A 3  be t h e  roo t s  of t he  polynomial f (A),  and assume t h a t  

Since the  c o e f f i c i e n t s  a, 6, 2, are  non-posit ive,  then I A , [  .L [ A 2  I 2 ] A s [ .  
t h e  real  roo t s  of t h e  polynomial f ( A )  cannot be p o s i t i v e .  Several  cases may 
a r i s e  depending upon t h e  i n i t i a l  condi t ions:  

a) one of t h e  r o o t s  i s  rea l ,  and two o thers  are complex-conjoint; 

b) A1, A 2  and A are real  and simple; 3 
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c) A1 = x 2  < x3 < 0 ,  

d) A1 < A 2  = h3 < 0,  

e) A I  = X 2  = X 3  < 0. 

We s h a l l  demonstrate t h a t  t h e  motion i n  a l l  t hese  s i t u a t i o n s  takes  p l ace  along 
unbounded o r b i t s .  

Case a ) .  If by A1 w e  designate  t h e  r e a l  r o o t ,  and assume t h a t  A 2  = m + 

+ n i ,  h 

between t h e  r o o t s  and t h e  c o e f f i c i e n t s  of t h e  polynomial ob ta ins :  

= m - n i ,  then i t  can be e s t ab l i shed  t h a t  t h e  following r e l a t i o n s h i p  3 

a, + 2m = - -=- , " 1  n 

(2.10) 

I t  i s  not  d i f f i c u l t  t o  demonstrate t h a t  motion i s  poss ib l e  i n  case a) and t h a t  
it takes p lace  outs ide  t h e  e l l i p s o i d  

1' x = x  

Transforming t h e  e l l i p t i c  i n t e g r a l  obtained from (2.7),  

then we w i l l  have t h e  following value f o r  t h e  coordinate  X 

where c i s  t h e  constant  of i n t eg ra t ion  4 

while the  modulus of t h e  e l l i p t i c  Jacobi  func t ions  i s  obtained from the  
following formula: 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

(2.15) 
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As follows from (2.13), t h e  coordinate  X increases  without l i m i t ,  t h a t  i s  the  
motion takes  p l ace  i n  an unbounded po r t ion  of  space. 
t h a t  t h i s  increase  takes  p l ace  along with an unlimited increase i n  t h e  quant i ty  
t .  

Below we s h a l l  demonstrate 

Case b ) .  The region of poss ib l e  motivn is  def ined by t h e  i n e q u a l i t i e s  

- 3' 

(2.17) 

(2.18) 

The r e a l  forms of  motion f o r  which t h e  condi t ions of  (2.18) are s a t i s f i e d  
are impossible,  s ince  n e i t h e r  A 2  nor X 3 
exis tence  of r e a l  motion (1.27).  This fol lows d i r e c t l y  from Vieta's theorem, 
according t o  which 

s a t i s f i e s  t h e  c r i t e r i o n  f o r  t h e  

+ hlh3 + h&3 = 1. (2.19) 

L e t  us assume t h a t  A1 (and hence a l s o  X ) does not  exceed -30. But i f  t h i s  i s  2 
t r u e ,  then a l l  of t h e  terms i n  t h e  lef t -hand por t ion  of equation (2.19) w i l l  be 
p o s i t i v e ,  while t h e i r  sum w i l l  exceed u n i t y ,  and t h i s  i s  impossible. Thus, i n  
order  t h a t  equation (2.19) should be s a t i s f i e d  it i s  necessary t h a t  t h e  roo t s  
X 2  and A 

(2.17). Here t h e  motion takes p l ace  outs ide  t h e  e l l i p s o i d  h = X while f o r  

l h l l  < 30 t h e  region of r e a l  motion i s  l imi ted  by the  sur face  of t he  ea r th .  

Transforming t h e  e l l i p t i c  i n t e g r a l  (2.12) w e  a r r i v e  a t  /187 

should l i e  wi th in  t h e  segment [-1.01, i . e . ,  real  motion i s  impossible. 3 

I t  remains t o  i n v e s t i g a t e  forms of motion which s a t i s f y  the  condi t ion 

1' 

31, = A, - A, + 31,2 til2 (O3T + c4), (2.20) 

where 

1 TJ------- 
= .) a (hl - A,), 

I 

while the  modulus of t h e  Jacobi  func t ions  i s  determined from t h e  formula 

,- *-- 

As follows from (2.20), t h e  va r i ab le  X may increase  i n d e f i n i t e l y .  

(2.21) 

(2.22) 

Case c ) .  In t h i s  case both of  t h e  e l l i p s o i d s  X = X and X = A 3  l i e  beyond 1 
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the surface of the earth, since with lAll - > 30 the relationship (2.19) cannot 

apply. 
earth, and also outside the hyperboloid. The coordinate A as a function 0 f . T  
is defined by the following formula: 

Thus, the motion of a point takes place outside the surface of  the 

in which 

(2.24) 

Case d). As in the preceding case, it is easy to demonstrate that the 
The restriction A < A1 ellipsoid A = A3 lies within the body of the earth. 

corresponds to real motion, and then from (2.12) we find that 

In cases c) and d ) ,  as is evident from formulas (2.23) and (2.25), the coordinate 
A increases indefinitely along with T .  

Case e). Here A I  = A 2  = X and the ellipsoid A = A1 also is located within 3 
the body of the earth. In the case of real motion, transformation of the 
elliptic quadrature (2.12) yields 

(2.26) 

Without going into the details of the calculation of  the angular coordinate 
w, we can make a few general remarks regarding the character of its variation. 
This coordinate is calculated from the following formula (see (1.3)): 

/188 

We 'shall adopt the following designations: 

(2.27) 

(2.28) 

(2.29) 

The integral I1 has identical forms for all types of motion: 
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(2.30) 

whereas the  o ther  i n t e g r a l  i s  d i f f e r e n t  f o r  each of t h e  cases  under considera- 
t i o n .  

In cases  a) and b) t h i s  i n t e g r a l  i s  expressed i n  terms of e l l i  t i c  i n t e g r a l s  
of t h e  f irst  and second types.  Actually,  s ince  the  quan t i ty  (1 + X 3 ) - l  can be 
expressed i n  t h e  form 

2:  we obta in  the  following expression f o r  t h e  i n t e g r a l  I 

(2.31) 

(2.32) 

i n  which t h e  c o e f f i c i e n t s  a 

f (X).  

and bs depend upon the  roots  of t h e  polynomial 2 s  
Making a s u b s t i t u t i o n  with t h e  va r i ab le  

u = cn (os.3 T + cJ, (2.33) 

we transform t h e  i n t e g r a l  of (2.32) t o  t h e  following form /189 

(2.34) 

The i n t e g r a l  (2.34) can be expressed i n  terms of e l l i p t i c  i n t e g r a l s  of t h e  t h i r d  
type [135]. If i t  happens t h a t  t h e  e l l i p t i c  i n t e g r a l s  of t h i r d  type  have 
imaginary parameters,  then  we should make use  of t he  formulas f o r  t ransformation 
t o  e l l i p t i c a l  i n t e g r a l s  of t h e  t h i r d  type with r e a l  parameters. 

In  cases  c ,  d and e) t h e  i n t e g r a l  I2  is  expressed i n  terms of elementary 

func t ions .  In case d ) ,  f o r  example, we obta in  

(2.35) 
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Analogous remarks are j u s t i f i e d  f o r  the equation of t i m e ,  

(2.36) 

2 Here the  i n t e g r a l  of  t h e  func t ion  1-1 (T) i s  expressed i n  terms of elementary 
funct ions,  and has t h e  same form f o r  a l l  types of motion; whereas i n t e g r a t i o n  
of  t h e  func t ion  A 2 ( ~ )  i s  performed d i f f e r e n t l y  i n  every case. 
b) i n t e g r a l s  of t h e  t h i r d  type appear i n  t h e  r e l a t i o n s h i p  between t and T ,  
while i n  t h e  remaining cases t h i s  r e l a t i o n s h i p  w i l l  contain only elementary 
funct ions.  
between t and T i s  expressed i n  f i n i t e  form. 

In cases a )  and 

We should note  a l s o  t h a t  f o r  a l l  types of motion t h e  r e l a t i o n s h i p  

For example, f o r  t h e  s implest  case d) t h e  r e l a t i o n s h i p  t (T )  has t h e  
following form: 

(2.37) 

Additional information on o r b i t s  of t h e  parabol ic  c l a s s ,  including po la r  - /190 
and equator ia l  o r b i t s ,  may be found i n  the  work by Y e .  P .  Aksenov, Ye. A.  
Grebenikov and V .  G .  Demin [91]. 

§ 3 .  Motions o f  Hyperbolic T y p e  

The class of hyperbol ic  motions comprises those t r a j e c t o r i e s  f o r  which 
h > 0 .  A s  i s  apparent from formula (1.5) , i f  h > 0 t h e  discr iminant  A = (h + 

1 
+ c2)2  + 2h c2 must be  non-negative, s i n c e  otherwise t h e  coordinates  x, y,  z 

would be  imaginary. 
1 1  

Analysis of t h e  poss ib l e  forms of motion when h > 0 i s  q u i t e  cumbersome. 
I t  i s  s u f f i c i e n t  t o  po in t  out  t h a t ,  depending upon t h e  va lues  of t he  constants  
of i n t eg ra t ion  c c h i n  the  normal ana lys i s  of t he  quadrature  (1.1) which 

def ines  t h e  coordinate  1-1, as many as 22 cases  may ar ise .  I t  i s  necessary t o  
determine f o r  which i n i t i a l  condi t ions the  roo t s  pi  of t h e  polynomial (1.9) wi l l  

be  real  o r  complex. The value of t h e  modulus of t h e  r o o t  i s  a l s o  an important 
f ac to r .  
values  of t h e  r o o t  are l a r g e r  o r  smaller than uni ty .  In  analyzing the  quadra- 
t u r e  (1.2) it i s  necessary t o  examine 34 mathematically poss ib l e  cases .  Many 
of t hese  cases  a r e  of no i n t e r e s t  i n  t he  theory of t he  motion of a r t i f i c i a l  
ea r th  s a t e l l i t e s  f o r  one reason o r  another ,  and can t h e r e f o r e  be disregarded. 
As i n  t h e  preceding paragraphs,  i n  choosing types of  motion w e  should take 
i n t o  considerat ion t h e  r e a l i t y  c r i t e r i o n  f o r  o r b i t s  (1.27). The s tudy of t h e  
hyperbol ic  class of motions has no s p e c i f i c  p e c u l a r i t i e s ,  and it can be  
undertaken with t h e  he lp  o f  t h e  theorems of higher  a lgeb ra , ju s t  as was done i n  
§ §  1 and 2 previously.  Research along t h i s  l i n e  was undertaken i n  [125], t he  

1’ 2’ 

The charac te r  of t h e  motion w i l l  depend upon whether t h e  absolu te  
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b a s i c  r e s u l t s  of which are given below1. 
meridional o r b i t s  from cons idera t ion  i n  t h i s  sec t ion ;  t h e  former can b e  s tudied  

general ized problem of two immobile centers ,  and t h e  l a t t e r  w i l l  be considered 
i n  a following paragraph. 

We d e l i b e r a t e l y  omit equa to r i a l  and 

i n  a more exact formulation of t h e  problem without having recourse t o  t h e  /191 

A s  shown by ana lys i s ,  a l l  t r a j e c t o r i e s  i n  t h i s  class can be,reduced t o  
four  d i f f e r e n t  types ,  which w e  designate  below with Roman numerals. 

Type I.  A l l  t r a j e c t o r i e s  are included between two s ingle-shee t  hyperboloids 
of r o t a t i o n  p = p 

Type 11. 

and p = p 2  (Figure 23). 

To t h i s  type  belong t r a j e c t o r i e s  i n  which t h e  motion t akes  p l ace  

1 

ou t s ide  the hyperboloid p = p1 (Figure 24). 

F i g u r e  2 3 .  Figure 24. 

Type 111. Orbi t s  of t h i s  type a r e  s t a t , m a r y  and l i e  upon t..e ..yperboloid 
1-1 = u1 (Figure 25 ) .  This type of o r b i t  may be  ca l l ed  hyperboloidal.  

A=const 3A 
Type I V .  Motion t akes  p l ace  throughout ex t ra -  

t e r r e s t r i a l  space.  There a r e  a l s o  some forms of motion 
f o r  which p = 1-1 < 1, 1 

We f i r s t  consider t h e  quadrature  (1.1).  Here w e  
can d i s t ingu i sh  t h e  following cases:  

Case A). p l  i s  r e a l  and g r e a t e r  than u n i t y  i n  

absolu te  value,  while  p2  i s  a complex r o o t .  The poly- 
/192 Figure 25. nomial f ( p )  i s  transformed t o  the  following form: - 

- . . .  ~- . .  . .  . . .  . .  . . . .  ~ ~ 

lThe work [125] contains  c e r t a i n  e r r o r s .  Those not iced  by the  present  author  
have been el iminated from 53. A number of t h e  r e l a t ionsh ips  and formulas 
are represented i n  simpler form. 
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f (p) = - 2h1 (pi’ -p2) (p2-2p Rep2 $. J pzJ2). 

By transforming t h e  quadrature  (1.1) w e  a r r ive  a t  the fol lowing equation: 

P = Pl cn [(J (. -To), kl ,  

i n  which 

(3.1) 

( 3 . 2 )  

Case B ) .  p l  = 21, while  p2 i s  a complex r o o t .  Since p = 21, t h e  motion 1 

2 
1 - - < + h 

2 2 1’ 

w i l l  t a k e  p l ace  i n  a po la r  o r b i t .  
C 

= 0,  and p2 i s  a complex roo t .  Case C). p l  Obviously, c 

i . e . ,  t h e  o r b i t s  w i l l  be  i n  t h e  equator ia l  plane.  

Case D). pl  = +1, -1 5 p2 21. This occurs when c1 = 0 -- i n  o the r  words 

t h e  o r b i t s  w i l l  be  p l ana r  and w i l l  l i e  i n  planes which are  perpendicular  t o  
t h e  equator.  

= 0. Transformation 1 = c2 Case E ) .  . p l  = 21, p 2  = 0 .  This occurs when c 

of t h e  quadrature  (1.1) i s  very  simple, y i e ld ing  t h e  following: 

1 ,u = - c h u  ’e .  ( 3 . 4 )  

where 

Case F ) .  -1 < p1 

t h e  following condi t ions must be m e t :  

< 1, -1 < u2 < 1. From formula (1.5) it follows t h a t  

This means t h a t  t h e  polynomial f (p )  can be  represented  i n  t h e  form 
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and from (1.5) w e  f i n d  t h a t  /193 

where 

Case G ) .  -1 < p ,  < + 1, p q  = 0. The roo t s  l.~: w i l l  s a t i s f y  these  
I 

2 2  2 
I L 2  condi t ions provided t h a t  c = -c1/2 > hl. Since f ( p )  = -2h p (p - p ) ,  i n t e -  2 1 1 

g r a t i o n  of (1.1) w i l l  y i e l d  

p E L (3.8) 
Ch GI (t -To) ' 

i n  which 

Case H ) .  The roo t  p1 i s  r e a l ,  t h e  roo t  p 2  i s  pure imaginary, and p 2  = i p l .  

From = hl < -c1/2. 2 The constants  of i n t e g r a t i o n  must s a t i s f y  the  condi t ions c2  

formula (1.1) we obta in  

where 

(3.11) 

Case I ) .  

Case J) .  

r e spec t ive ly .  

Case 0 .  

If A = 0 ,  while 1-1 

If p l  = ? 1 o r  1-1 

= p 2  = 0 ,  then the  o r b i t s  w i l l  be equa to r i a l .  1 

1 -  - 0 ,  t he  o r b i t s  w i l l  be po la r  o r  equa to r i a l ,  

2 -1 < pl  < 1. 

along t h e  hyperboloid p = p1 i s  poss ib l e .  

i n t o  cons idera t ion  t h e  r e s u l t s  of t h e  ana lys i s  of quadrature  (1.1).  
a l ready  been pointed out ,  a l l  of t h e  forms of motion can be divided i n t o  fou r  

If Ic21 < -hl, and 2c2 + c1 > 0 ,  then motion 

For t h e  sake of s i m p l i c i t y  i n  our s tudy of t h e  quadrature  (1.2) w e  t a k e  
As has 
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types.  
imposed upon t h e  va lues  of the a r b i t r a r y  constants  c 

These forms of motion are charac te r ized  by t h e  following c m d i t i o n s ,  /194 
c and h l .  1' 2 

Type 1. 2C2 C; > 0, Ic,~ < - h,. 
Type 11 .'\ 2c2 4- c; < 0. 
me 111. Ic2l < hi, hi ( 2 ~  -t- 2 4  + 1 )  -I- C; = 0. 
Type I V .  

Depending upon t h e  type  of motion, t h e r e  w i l l  be  var ious  i n t e r p r e t a t i o n s  
of coordinate  A ,  which depends upon t h e  magnitude o f  t h e  r o o t s  of t h e  poly- 
nomial $ ( A )  ( see  formula (1.28)) .  

Type I .  In  t h i s  type  of motion t h e  coordinate  1 ~ -  i s  determined by formula 

2'  (3 .6) ,  and t h e  motion takes  p lace  between t h e  hyperboloids 1-1 = 1 - 1 ~  and 1-1 = FJ 

Case a ) .  If X1, X 2 ,  A 3 ,  X are complex, then,  s u b s t i t u t i n g  4 

A,,, - - m & in, A,,, = p f iq, 

from (1.2) w e  f i n d  t h a t  

1 h - m  F a + arctarl 7 , k: = 01 (7 - TI), c (3.12) 

where t h e  following designat ions a r e  used: 

The longitude w and t h e  equation of motion assume the following form (see 
formulas (6.64) and (6.653, Chapter 111): 

where 

(3.14) 

(3.15) 

(3.16) 

The i n t e g r a l s  of equations (3.16) can be expressed i n  terms of e l l i p t i c  Jacobi  - /195 
funct ions i n  f i n i t e  form. 
t h e  i n t e g r a l s  I and Ivt: 

By way of example w e  s h a l l  consider  t h e  values of 

I-rw 
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where 

(3.17) 

(3.18) 

The expression f o r  t h e  o the r  two i n t e g r a l s  i s  more complex. 

Case b ) .  If X1 = A 2  > 0, and A 

equation (1.2) i s  represented i n  t h e  following form: 

A are complex, then  t h e  s o l u t i o n  of 3’ 4 

(3.19) 

where 

el = f- 2hl [ ( A ,  - &)z + n2], 
while m and n as previously a r e  the  r e a l  and imaginary po r t ions  of t he  r o o t s  
X g  and X 4’ 
func t ions .  

r e spec t ive ly .  In t eg ra l s  (3.16) a r e  expressed i n  terms of  elementary 

>. 0,  A 3 ,  A Case c ) .  A1 > X 2  a r e  complex. The motion takes  p lace  outs ide  4 
t h e  e l l i p s o i d  A = A1, while from (1.2) we obta in  

i n  which t h e  following designat ions a r e  employed: 

(3.20) 

(3.21) 

Type 11. For  a l l  sub-types of motion, t he  expression f o r  the coordinate  l~ /196 
is  the  same, being determined by formula (3.10). 

Case a ) .  If X1 > 0 ,  X 2  < 0 ,  while A 3 ,  X are complex, then from equation 4 (1.2) w e  ob ta in  
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(3.22) 

where the following designations are used: 

(3.23) 

while the quantities m and n are defined as previously. 

The integrals (3.16) are expressed in terms of elliptic integrals of the 
first, second and third types. For example, for I and I we obtain the 
following: PW Pt 

I,, = - G (F [ain G (Z - zO)] - D lam G (Z -bo)]), 
4 

(3.24) 

Case b ) .  Here X1 > 0, while A 2  = A3 = A4 > 0. Transformation of the 
quadrature for the coordinate A leads to the following equation: 

The formula for the longitude 

1 - 6: (Z - Tl)z 

w assumes the following form 

(3.25) 

(3.26) 

(3.27) 

while the equation of time is written as follows: /197 

y 2  t = co + +- {D [am G (Z - rO), k1-  F l am Q (r - TO), k11- rat. (3.28) 

The integrals (3.16) may also be expressed in finite form. For example, for 
IAt we have 
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< A 4  < 0. With these  values  of t he  r o o t s  A i ,  w e  3 Case c ) .  

ob ta in  from (1.2) 

A1 > 0, A 2  < A 

(3.30) 

where 

Case d ) .  A1 > 0 ,  0 > A 2  = A 3  > A Here t h e  coordinate  A i s  expressed 4 ’  
i n  terms of elementary func t ions :  

i n  which 

Case e ) .  A1 > 0,  0 > A 4  > A 3  = A 2 .  F o r  t he  coordinate  A w e  have t h e  

following formula: 

where 

= A 3  = A 4  > 0 .  Here f o r  A w e  have t h e  following 
2 Case f ) .  A1 < 0,  A 

expression: 

(3.31) 

(3.32) 

(3.33) 

(3.34) 

The o the r  formulas which serve t o  descr ibe  t h i s  case a r e  a l s o  f a i r l y  simple, 
and can be obtained rather e a s i l y .  

/ 198 

Type 111. As was a l ready  pointed out ,  t h i s  type embraces a l l  motions which 
t ake  p l ace  on t h e  hyperboloid.  
equation of time i n  each of the poss ib l e  sub-types can be obtained from t h e  

Parametric equations of t h e  o r b i t  and t h e  
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corresponding formulas of the  previous cases by means of l i m i t i n g  t r a n s i t i o n .  
For e x k p l e , - i n  t h e  case Ib) ‘A1 = X 2  > 0, A 
following: 

h 3’ 4 are complex) we-have the  

P = Pll (3.35) 

(3.36) 

(3.37) 

I f ,  however, X1 = X 
ea r th .  

< 1, t h e  t r a j e c t o r y  w i l l  i n t e r s e c t  t h e  sur face  of t he  2 

Type I V .  Here t h e  polynomial @ ( A )  has a s i n g l e  zero roo t .  Since h < c  < 0,  2 
t h e  o ther  roo t s  must a l l  be p o s i t i v e .  

X X a r e  complex-conjoint, then f o r  X w e  can obta in  t h e  following formula: 

I f ,  f o r  example, A1 > 0 ,  X 4  = 0,  while 

2’  3 

(3.39) 

where m, n, p ,  q are  t o  be in t e rp re t ed  as i n  t h e  preceding cases .  The coordinate  
1 ~ -  is  determined by formula (3.8) .  

5 4 .  P o l a r  O r b i t s  

Let us  consider t h e  po la r  o r b i t s  of a s a t e l l i t e  -- i . e . ,  those o r b i t s  which 
l i e  e n t i r e l y  within meridional planes1. 

t h a t  t he  plane of a p o l a r  o r b i t  i s  t h e  coordinate  plane y = 0. In  accordance 
with (6.39) Chapter 111, t h e  constant  c should be se t  equal t o  ~ / 2 .  Then, 

on the  bas i s  of  (6.39) and (6.61) Chapter 111, t h e  rec tangular  coordinates  of 
t h e  s a t e l l i t e  w i l l  be r e l a t e d  t o  t h e  e l l i p s o i d a l  coordinates  as fol lows:  

From formula (1.3) § 1, it follows 
t h a t  f o r  a l l  po la r  o r b i t s  c1 = 0 .  Without l o s s  of  gene ra l i t y  we can assume /199 - 

5 

while X and 1-1 must be found d i r e c t l y  by t ransformation of quadratures:  

lThe r e s u l t s  given here  were obtained by Ye. A.  Grebenikov, Ye. P .  Aksenov and 
t h e  present  author  i n  [go]. 
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f 

The l a t t e r  formulas y i e l d  the  following: 

(g)2 = 2h1(p2- 1.) (p2 - P),  

(+-2hl(hZ- I)(p(?b)’ 

where 

(4.. 3) 

6 2  = __ ‘? (4.7) 
kl * 

A s  i n  t he  preceding paragraphs,  we s tudy t h e  poss ib l e  forms of s a t e l l i t e  
motion on t h e  b a s i s  of t h e  requirement t h a t  t h e  right-hand por t ions  of equations 
(4.4) and (4.5) must be non-negative. 

From equation (4.5) it follows t h a t  we must d i s t i ngu i sh  t h r e e  cases ,  as 
defined by i n i t i a l  condi t ions.  

1. The roo t s  of t he  polynomial + ( A )  are real  and d i f f e r e n t .  

2 .  The roo t s  of t he  polynomial $iX) a r e  equal.  

3 .  The roo t s  of  t h e  polynomial + ( A )  are complex-conjoint. 

Designating t h e s e  roo t s  with the  symbols a and B y  we can wr i t e  /io0 

Case 1. From formula (4.5) it i s  evident  t h a t  i f  hl > 0,  motion i s  
poss ib l e  wi th in  the  region B< X < a, while if hl < 0,  t h e r e  a r e  two poss ib l e  

regions of motion, namely X > a and A < B . 
p lace  within t h e  bounded region of  space between the  e l l i p s o i d s  X = a and X = 8 .  
I f ,  however, hl < 0,  then t h e  motion takes p l ace  within an unbounded region.  

- -  
If hl > 0,  then the  motion takes  
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Case 2. The r o o t s  w i l l  be equal (a = 6) only upon t h e  condi t ion t h a t  

i n  which case 

(4.10) 

(4.11) 

Since f o r  s a t e l l i t e  o r b i t s  t h e  161 > 1, and t h e r e f o r e  6 > 1. 
hl  < 0 ,  t h e  right-hand member of equat ion (4.4) i s  non-negative only if  11-11 > 1. 

In r e a l  s i t u a t i o n s ,  however, 1 1 - 1 1  

If hl > 0 ,  then t h e  right-hand member of equation (4.4) is non-negative f o r  a l l  
values  of 1 ~ -  between -1 and +l. From equation (4.5) it fol lows t h a t  i n  the  case 
of mul t ip le  r o o t s  X remains constant  during t h e  process  of  motion, while it is  
equal t o  t h e  quant i ty  X = -fM/2hlc3. 

hand member of equation (4.5)  remains non-negative f o r  a l l  values of A ,  pro- 
vided hl < 0; conversely,  f o r  h 

f o r  h # 0, a l l  o r b i t s  are loca ted  within an unbounded region of space. 

Consequently, i f  

1. Therefore,  i f  h l  < 0 ,  motion i s  impossible.  

Case 3. If t h e  r o o t s  of t h e  polynomial $ ( A )  are complex, then  t h e  r i g h t -  

> 0, i t  assumes only nega t ive  values .  Thus, 1 

1 

With h = 0 ,  w e  have 1 

(4.12) 

The right-hand member of t h i s  equation w i l l  be non-negative provided X < 
1 c c3 

. i n  o ther  words, i f  hl = 0 ,  t h e r e  are a l s o  no bounded t r a j e c t o r i e s .  - / 20- 
2 
fM < - - '  

Thus, motion w i l l  t ake  p lace  i n  a bounded region only i f  h > 0 .  1 

Now we s h a l l  demonstrate a theorem which i s  of c e n t r a l  importance f o r  t he  
theory of t h e  per turbed motion of an a r t i f i c i a l  s a t e l l i t e  of a non-spherical  
p l ane t .  

Theorem. Under t h e  inf luence  of pe r tu rba t ions  a r i s i n g  from t h e  i r r e g u l a r -  
i t y  i n  t h e  shape of a p l ane t ,  Keplerian e l l i p t i c a l  motion i s  transformed i n t o  
a motion which te.kes p lace  i n  an unbounded po r t ion  o f  space,  provided c e r t a i n  
i n i t i a l  condi t ions a r e . p r e s e n t .  Regardless of what i n i t i a l  condi t ions may be 
present ,  unperturbed parabol ic  and hyperbol ic  forms of motion cannot be 
transformed i n t o  bounded forms of motion under t h e  inf luence  of such per turba-  
t i ons .  

Proof. We s h a l l  express t h e  constants  of t h e  i n t e g r a l  of k i n e t i c  energy 
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i n  terms of i n i t i a l  condi t ions.  Then w e  w i l l  have t h e  following: 

(4.13) 

where v 

a t  t h e  i n i t i a l  moment of t i m e .  If h < 0, then, as was demonstrated ear l ier ,  
t h e  motion w i l l  t ake  p l ace  i n  a bounded por t ion  of space. 
of t h e  o r b i t s  w i l l  r e t rea t  t o  i n f i n i t y .  

and U 0 0 represent  t h e  v e l o c i t y  of t he  s a t e l l i t e  and the  fo rce  func t ion  

If h - > 0,  then a l l  

We transform equation (4.13) t o  t h e  following form: 

I t  i s  obvious t h a t  the  t e r m  

(4.14) 

(4.15) 

charac te r izes  t h e  mechanical energy of  unperturbed Keplerian motion. A s  t he  
i n i t i a l  moment of time, w e  s h a l l  t a k e  the  moment a t  which t h e  s a t e l l i t e  passes  
over one of t h e  poles .  
as fol lows:  

Then, x = 0, zo  = ro, and formula (4.14) can be  wr i t t en  
0 

(4.16) 

If H < 0 ,  then t h e  unperturbed motion 'wil l  be e l l i p t i c a l .  If r i s  chosen / 2 0 2  0 
s u f f i c i e n t l y  small, t h e  constant  h can be made p o s i t i v e ,  and then t h e  per turbed 
motion w i l l  t ake  p lace  i n  an unbounded por t ion  of space,  desp i t e  the  fac t  t h a t  
a t  t h e  i n i t i a l  moment it was e l l i p t i c a l .  

If H > 0 ,  then h < 0 .  Consequently, both t h e  per turbed and t h e  unper- 
turbed motFon w i l l  be unbounded. The theorem has been proved. 

We s h a l l  consider  only those p o l a r  o r b i t s  which l i e  wi th in  a bounded 
po r t ion  of space,  and d is regard  a l l  o the r  cases .  We should d i s t ingu i sh  two 
cases of bounded motion. I n  one of t hese  cases  t h e  coordinate  A during t h e  
process  of motion remains enclosed between two boundaries, and i n  t h e  o ther  
case X i s  constant .  

L e t  us examine t h e  quadrature  which determines u. Here it i s  poss ib l e  t o  
d i s t ingu i sh  four  cases:  a )  6 > 1; b)  0 < 6 < 1; c) 6 = 1; and d) 6 = 0. In  
case a) t h e  coordinate  p v a r i e s  between.-1 t o  +l. In case b) 1-1 var ies  between 
-6 and +8. In case c) 1-1 v a r i e s  between -1 t o  +l. Here motion with a constant  
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value  of  1-1 i s  a l s o  poss ib le .  In  case d) 1.1 remain inva r i ab le .  

Combining t h e s e  fou r  cases with those  which were obtained i n  the  ana lys i s  
of t h e  quadrature  f o r  A ,  we a r r i v e  a t  the  following f i v e  types of motion. 

Type l a ) .  This i s  t h e  case i n  which t h e  r o o t s  of  t h e  polynomial $ ( A )  are 

In t h e  general  case t h e  motion w i l l  be almost per iodic ,  and w i l l  
real  and d i s t i n c t ,  while 6 > 1. Here t h e  motion t akes  p l a c e  wi th in  an e l l i p t i -  
cal annulus. 
everywhere densely f i l l  t he  region of poss ib l e  motion. 

Type 2a). In  t h i s  case t h e  r o o t s  of t h e  polynomial $(A) are equal and 
6 > 1. This type includes e l l i p t i c a l  o r b i t s  

(4.17) 

Type l b ) .  In t h i s  case a # 8 ,  while 6 < 1. Consequently, t h e  region of  
poss ib l e  motion i s  bounded by two e l l i p s e s  X = a and h = 6 and by the  two 
branches of t h e  hyperbola 1-1 = 6.  The coordinates  of t h e  a r t i f i c i a l  e a r t h  
s a t e l l i t e  s a t i s f y  t h e  i n e q u a l i t i e s  - 6  ~ 1 - l  - < 6, B - -  < A < a .  Since 6 < 1, 

and the re fo re  one of  t h e  e l l i p s e s  bounding t h e  region o f  poss ib l e  motion l i es  
within t h e  body of t h e  ea r th .  
ment it must contact  t h e  ea r th .  

Consequently, i n  t h e  process  of s a t e l l i t e  move- 

Type IC) .  Here -1 < 1-1 < 1, B LA 
ea r th  w i l l  a l s o  t ake  p lace ,  Fince 

We should note  
a l s o  poss ib le .  

t h a t  rec tangular  mot ion  
A s  a matter of f ac t ,  1-1 

< a .  In  t h i s  case a c o l l i s i o n  with t h e  - 

(4.18) 

along t h e  e a r t h s  ax i s  of r o t a t i o n  i s  
= t 1 rep resen t s  a so lu t ion  of  equation 

(4.4): From formulas (4.1) we f i n d  t h a t  

x = 0, z = t c h .  

Type Id ) .  In t h i s  case 1-1 = 0,  B < - -  X < a .  From t h e  r e l a t ionsh ips  of (4.1) 

z i t  i s  evident t h a t  x = cJ1 + h , z = 0; i . e . ,  t h e  motion takes  p l ace  along a 
s t r a i g h t  l i n e  lying wi th in  t h e  equator ia l  plane.  Since a = 0 ,  c - -  < x < 

2 - < c J l + B .  
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The l a t t e r  t h r e e  types of motion are of  no p r a c t i c a l  i n t e r e s t  i n  the  
theory of t h e  motion of ar t i f ic ia l  e a r t h  s a t e l l i t e s ,  s ince  they  lead t o  
c o l l i s i o n  with t h e  ea r th .  

L e t  us now consider e l l i p t i c a l  o r b i t s  i n  somewhat g r e a t e r  d e t a i l .  
such o r b i t s  t o  e x i s t  it is necessary t h a t  t h e  condi t ions of (4.11) be m e t .  
From t h i s  it follows t h a t  t h e  cons tan ts  of  i n t e g r a t i o n  must be r e l a t e d  as 
follows : 

For  

(4.19) 

A s  w e  have seen, t h e  coordinate  X is  cqnstant ,  i t s  value being def ined by the  
f o rmu 1 a 

A=--- fM 
2hlc3 - (4.20) 

L e t  us f i n d  an expression f o r  t h e  second coordinate  p .  To do t h i s  w e  t r ans -  
form the  e l l i p t i c  i n t e g r a l  of (4.2) t o  normal form / 204 

where 

(4.21) 

(4.22) IL = 116, m = 6 J2h,. 

Transforming the  e l l i p t i c  i n t e g r a l ,  we f i n d  t h a t  

p = sn ( m T ,  k )  . (4.23) 

Subs t i t u t ing  the  values  found f o r  X and 1-( i n  formulas (4 .1) ,  w e  f i n d  t h a t  

x = a cn m-c, z = b sn  m-c, (4.24) 

where 

(4.25) 

The q u a n t i t i e s  a and b r ep resen t ,  
axes of t h e  e l l i p t i c a l  o r b i t ,  whose e c c e n t r i c i t y  i s  equal t o  e.  
of t h e  e l l i p t i c  Jacobi  funct ions and t h e  e c c e n t r i c i t y  a r e  r e l a t e d  as fol lows:  

respec t ive ly ,  t h e  major and the  minor semi- 
The modulus 
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Since t h e  quan t i ty  c i s  q u i t e  small i n  comparison wi th  t h e  major semi-axis, 
t h e  e c c e n t r i c i t y  and t h e  absolu te  value of k are small q u a n t i t i e s .  
be noted t h a t  when c = 0 t h e  e l l i p t i c a l  o r b i t s  i n  ques t ion  degenerate i n t o  
c i r c u l a r  o r b i t s .  

I t  should 

Now l e t  us f i n d  t h e  r e l a t i o n s h i p  between t h e  r egu la r i z ing  v a r i a b l e  T and 
t h e  t i m e  t .  From (6.47) and (6.61) Chapter 111, w e  know t h a t  

(4.27) 

where t i s  t h e  i n i t i a l  moment. . o  
Subs t i t u t ing  i n  equation (4.27) t h e  value of 1-1 obtained from (4.23), w e  

f i n d  t h a t  

(4.28) 

/202 - (here  f o r  convenience w e  have s u b s t i t u t e d  s = sn  m-c). 
be represented i n  t h e  following form: 

This r e l a t i o n s h i p  can 

(4,29) 1 
1 - lo  - A,% -I- -- 171k2 f F  ' (ain / i n )  - - E (am tizx')), 

where F and E represent  e l l i p t i c  i n t e g r a l s  of the f i rs t  and the  second type.  

From (4.21) it fol lows t h a t  motion along an e l l i p t i c a l  o r b i t  i s  pe r iod ic  
with respec t  t o  T having a per iod of 4K(k)/m. 
the  per iod with r e spec t  t o  t :  

Using formula (4.29),  we f i n d  

(4.30) 

Taking advantage of t h e  degree of smallness of t h e  absolu te  value of k and of 
t h e  e c c e n t r i c i t y  of t h e  o r b i t ,  w e  expand (4.30) i n  a power series of e :  

23t 9 3 T = -[ 1 + -p 1- 11 eo + . . . ] , (4.31) 

where 

(4.32) 
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From t h i s  i t  i s  evident t h a t  the per iod of  r o t a t i o n  of t h e  s a t e l l i t e  depends 
not  only upon t h e  mass of t h e  ea r th ,  b u t  a l s o  upon t h e  degree of compression 
of  t he  p lane t .  

Let us  proceed now t o  t h e  s tudy of  t h e  second case of  s a t e l l i t e  po la r  
The motion takes p l ace  within an 

I t  Ts not dTff iFul t  t o  determine t h a t  t h e  major semi- 
o r b i t s ,  f o r  which f3 - < x < a, -1 < : p  < 1. 
e l l i p t i c a l  annulus. 
a x i s  and t h e  e c c e n t r i c i t y  of t h e  ou te r  e l l i p t i c a l  boundary a r e  expressed as 
follows i n  terms of t he  r o o t s  a: 

The corresponding q u a n t i t i e s  f o r  t h e  inner  e l l i p s e  are: 

(4.33) 

(4.34) 

l'he coordinate  1~ r e t a i n s  i t s  e a r l i e r  value.  The coordinate  A i s  found from 
2quation (4.;), by transforming t h e  corresponding e l l i p t i c  i n t e g r a l  [136]: 

vhere t h e  following designat ions are  employed: 

(4.35) 

Subs t i t u t ing  i n  equation (4.1) t h e  values  found f o r  t h e  coordinates  and A ,  
!e f i n d  t h a t  

/ 2 0 6  

(4 36) 
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where 

(4.38) 

From t h e  expressions f o r  k and E, it i s  evident t h a t  i n  t h i s  case the  absolu te  
values  of t he  e l l i p t i c  Jacobi  func t ions  w i l l  be small  q u a n t i t i e s .  
it i s  poss ib l e  t o  make use of t h e  expansions of t h e  e l l i p t i c  func t ions  i n  

where T i s  a c e r t a i n  s e r i e s  of cosines and s ines  of mul t ip les  of T - 
constant .  
following chapter .  

Consequently, 

T O  , 0 
These expansions w i l l  be obtained f o r  t h e  general  case i n  t h e  
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CHAPTER V 

D E T E R M I N I N G  THE I N T E R M E D I A T E  ORBITS OF A R T I F I C I A L  SATELLITES 

5 1 .  Inversion o f  Quadratures i n  t h e  Basic S a t e l l i t e  Case /207 

Formulas (6.62) - (6.65) , derived i n  Chapter 3, a f fo rd  a general  so lu t ion  
t o  t h e  general ized problem of  two immobile centers .  
adopt t h e  nota t ions  

F o r  convenience w e  s h a l l  

5 = c sh  V ,  q = COS U, (1.11 

Nhere t h e  spheroidal  coordinates  5,  rl a r e  associated with t h e  rec tangular  
coordinates  x, y ,  z by t h e  following r e l a t i o n s h i p s :  

nrhich are e a s i l y  found with t h e  he lp  of  t h e  t ransformation formulas (6.39) of 
Shapter 3 .  Then, i n s t ead  of (6.62) - (6.65),  we w i l l  have the  following 
quadratures f o r  t h e  general  so lu t ion :  

In what follows w e  s h a l l  be concerned with t h e  reduct ion of t hese  quadra- 
t u r e s  t o  a form which i s  convenient f o r  p r a c t i c a l  use.  We can l i m i t  ourselves  
t o  the  b a s i c  s a t e l l i t e  case,  descr ibed i n  Chapter 3, which i s  charac te r ized  by 
t h e  fac t  t h a t  t h e  polynomial i n  quadrature  (1.4) has  two r e a l  and two complex 

/208 
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conjoint roots. which figure in the solution do 
not admit of a simple geometrical interpretation, and are therefore not 
convenient. In their place it is expedient to introduce certain new constants, 
just as was done earlier in the solution of the Barrar problem (see § §  4 and 7, 
Chapter 3 ) .  In this connection, we shall make use of the elements proposed by 
I. Izzak [130]. 

The elements h, cl, and c 
2' 

Basically, we shall follow the procedure of [134] l .  

We shall chose the two elements a and e in such a way that the quantities 
a(i - e) and a(l + e) are rea; roots of the polynomial 

We should note that throughout the motion the quantity 6 will be included 
between the two indicated roots 5 = a(l - e) and 6 = a(l + e). The two 

other roots of the polynomial (1.7) in the case in question will be complex- 
conjoint. 

1 2 

We shall represent them in the following form: 

j, = a + ip, E4 = u - if5. (1.81 

The elements a and e are analogous to the major semi-axis and the eccentricity 
of the elliptical orbit, respectively; when c = 0, they coincide. 
the last point constitutes their principal advantage. 

Actually, 

It is obvious that the elements a and e are associated with the earlier 
constants as follows: 

/ 20! and - 

We now introduce a third element in order to make allowance for the 
second polynomial which figures in the general solution of the problem: 

CIl1 (11) = q 4  - - 1 (; -t c 2 )  112 + 1 (+ + 2). (1.11) p! 

- 

IQuasi-Keplerian elements of the orbit were first introduced by Tilhet in the 
plane problem of two immobile centers. 

190 



L e t  t h e  roo t s  of t h i s  polynomial be  +s,  +y. 
be represented as fol lows:  

Then the  polynomial Q1(tl) can 

Ql (11) = (72 - 9) (112 - p). (1.12) 

The roo t s  y and s are r e l a t e d  t o  each o the r  as follows: 

(1.13) 

Let us  take  t h e  r o o t  s as a new element. Then by +s w e  s h a l l  understand those 
r o o t s  of t h e  equation between which t h e  coordinate  n v a r i e s  during t h e  
process  of motion. If c i s  s e t  equal t o  zero, then t h e  r o o t  s coincides  with 
t h e  s i n e  of t he  i n c l i n a t i o n  of t h e  o r b i t  i n  t h e  two-body problem. 

One o f ' t h e  e a r l i e r  cons tan ts ,  namely c i s  e a s i l y  excluded, by represent -  1' 
ing it i n  terms o f  h ,  c2,  s :  

(1.14) 

Since t h e  approximating p o t e n t i a l  coincides  with t h e  ac tua l  p o t e n t i a l  
with an accuracy on t h e  order  of t h e  square of t h e  compression, it i s  expedient 
t h a t  a l l  q u a n t i t i e s  which f i g u r e  i n  the  so lu t ion  should be ca l cu la t ed  with an 
accuracy on t h e  order  of t he  square of t h e  compression. 
we s h a l l  make use of s e r i e s  expansions of t h e  small dimensionless parameter E, 

which i s  def ined as fol lows:  

In order  t o  do t h i s  

2 where p = a ( 1  - e is t h e  analogue of t h e  foca l  parameter. 

This quan t i ty  does n o t  exceed 1/30, as follows from t h e  c r i t e r i o n  of r e a l  /210 
motion (1.26), Chapter 4. Therefore,  i n  t h e  s e r i e s  expansion of t h e  q u a n t i t i e s  
necessary f o r  t h i s  purpose, we can l i m i t  ourselves  t o  terms which conta in  €4. 

Subs t i t u t ing  i n  equation (1.10) t h e  value of c1 from (1.14), and so lv ing  
4 t h e  system thus obtained f o r  c /h and fM/h with accuracy on t h e  order  of  E 

i nc lus ive ,  w e  a r r i v e  a t  
2 
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The values  found f o r  h and c2 w e  now s u b s t i t u t e  i n  (1.14): 

(1.17) 

I n  t h i s  formula t h e  p lus  s i g n  s h a l l  be resumed t o  refer  t o  o r b i t s  with d i r e c t  
motion, and t h e  minus s i g n  t o  o r b i t s  with r e t rog rade  motion. In  o the r  words, 
c 
when t h e  i n c l i n a t i o n  exceeds 90°. 

i s  p o s i t i v e  when t h e  i n c l i n a t i o n  of t he  o r b i t  i s  less than  go", and negat ive 1 

In what follows w e  s h a l l  a l s o  r e q u i r e  expressions f o r  t h e  r o o t s  5 3' 5, and 
y ,  i n  terms of t h e  Izzak elements. In order  t o  do t h i s ,  w e  s h a l l  s u b s t i t u t e  
expressions f o r  c c and h i n  t h e  polynomial of (1.8) and, s e t t i n g  the  

polynomial equal t o  zero,  f i n d  t h e  following expressions f o r  a and 6:  
1 7  2 

I n  t h e  b a s i c  s a t e l l i t e  case,  t he  roo t s  5, and 5 
evident  from (1.19), t h e  following condi t ion must be observed: 

must be complex: i . e . ,  a s  i s  4 

o r  

(1.20) 

/ 2 1 1  

Is1 > E (1 - - E " ) .  (1.21) 

But E < 1/30, and the re fo re ,  f o r  t h e  ex is tence  of complex r o o t s  it i s  
suff icTent  t h a t  Is1 > 0.033. 
t i o n  of t h e  o r b i t ,  t h e  l a t t e r  i nequa l i ty  means t h a t  we must exclude from 
cons idera t ion  a l l  o r b i t s  which are near ly  equa to r i a l .  
i n  t h i s  case r equ i r e s  a spec ia l  i nves t iga t ion .  

Since t h e  quan t i ty  s cha rac t e r i zes  t h e  inc l ina -  

The equa to r i a l  o r b i t ,  

Making due allowance f o r  equation (1.15), we expand equation (1.13) i n  
power s e r i e s  of E: 
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Now the i n t e g r a l  (1.3) can be represented i n  t h e  form: 

where w e  have employed t h e  designat ions 

0 = -jf -2h, 

k = -. S T 

(1.23) 

(1.24) 

(1 - 25) 

Inver t ing  t h e  e l l i p t i c  quadrature  (1.23) w e  f i n d  t h a t  

q = s sn [G (z + c3), i z ] .  (1.26) 

With t h e  he lp  of formulas (1.15),  (1.16) and (1.22), t h e  q u a n t i t i e s  k and 0 

can be represented i n  t h e  form of  power s e r i e s  of E. A s  before  w e  l i m i t  
ourselves  t o  t h e i r  f irst  terms: 

/:? =: c2 ( 1  - e2) s2 [ I  -49 ( I  - s2)] -1- ..., (1 .27)  

A s  i s  apparent from (1.27),  t h e  absolu te  value of k i s  on t h e  same order  as 
t h a t  of E. 

Inversion of  t h e  second quadrature  of (1.4) does not  represent  any 
d i f f i c u l t y ;  it i s  w r i t t e n  as fol lows:  

With t h e  he lp  of t h e  t a b l e s  of  [141] we f i n d  t h a t  

(1.30) 

/ 2 1 2  
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where 

i n  which 

The constant  a l  and t h e  modulus of t h e  Jacobian e l l i p t i c  funct ion kl a r e  

r e l a t e d  as follows: 

(1.31) 

(1.32) 

(1.33) 

(1.34) 

(1.35) 

(1.36) 

The coef f ic ien ts  and t h e  a u x i l i a r y  constants  introduced i n  formulas 
(1.30) - (1.37) can a l s o  be represented i n  t h e  form of ser ies :  

2 = e (1 + F? (1 - e2\ (1 - 2.9) +- c4 (1 - 2) [ ( 3  - 1Gs2 -1 
(1.38) 

.x.=ee2{(1-2s2)-t  ~ ~ [ ( 3 - 1 ~ +  14s4)-e2(1-2s4)1)+ ..., (1.39) 

(1.40)  

I .  

$- 14s4) - 2 2  (1 - s2)'1} i- ..., 

- 
17 = a (1 -et?), 

and 

(1.41) 

3 - e% _- 
G~ = V f M p  { 1 - E~ (T - 2s2) - 

[(9 3. 2c2 -1- e4) - (72 + 40c2) s2 -1- 

4- (64 -t 48cz)s4]1) + . . . . 
E? 

8 
-- 

(1.42) 

A s  is  evident from formula (1.41), t h e  modulus of t h e  e l l i p t i c  funct ion i n  
(1.30) i s  q u i t e  small, s i n c e  it i s  proport ional  t o  E. 

From formulas (3.22) Chapter I and (1.1) of t h e  present  paragraph, it 

194 



follows t h a t  i f  5 = const ,  t h e  s a t e l l i t e  necessa r i ly  t ravels  on t h e  e l l i p s o i d :  

(1.43) 

However, according t o  formula (1.30), 

a ( 1  - e ) <  5 a ( 1  + e ) .  - -  
Thus w e  s ee  t h a t  t h e  motion of t h e  s a t e l l i t e  takes  p lace  wi th in  t h e  e l l i p s o i d a l  
layer .  

equal t o  Ja (1 + e)2- + c2 and a ( l  + e ) ,  r e spec t ive ly ,  and those  of  t h e  

inner  e l l i p s o i d  are  equal t o  d2-(1- -e)2 + c2 and a (1  -e) .  
of  t h e  inner  and t h e  outer  boundary e l l i p s o i d s  have t h e  values  ~ ( 1  + e)2 

[l + s 2 ( 1  +- e) ] , ~ ( 1  -e)' [l  + E (1 - e)2]-1'2. 
t h a t  t h e  e c c e n t r i c i t i e s  of t h e  e l l i p s o i d s  diminish when t h e i r  major semi-axes 
are increased. The g r e a t e s t  d i f f e rence  between t h e  major and t h e  minor semi- 
axes of t he  boundary e l l i p s o i d s  amounts t o  4 km. 

The major and t h e  minor semi-axes of t h e  outer  boundary e l l i p s o i d  are 
. . -  

2 

The e c c e n t r i c i t i e s  

2 - 1 / 2  2 I t  follows from t h i s  

The o ther  boundary su r face  of t h e  region of poss ib l e  motion i s  the  
s ing le-shee t  hyperboloid of r o t a t i o n  rl = s ,  which generates  from the  e l l i p -  
so ida l  layer  t he  t o r o i d  wi th in  which t h e  motion takes  p lace .  The semi-axes 
of t h e  hyperboloid and i t s  e c c e n t r i c i t y  are equal t o  

r e spec t ive ly .  

§ 2. Expansion of  S a t e l l i t e  Coordinates in Series /214 

Formulas (1.26) and (1.30) represent  e l l i p s o i d a l  coordinates  i n  terms 
o f  Jacobian e l l i p t i c  funct ions.  However, i n  a number of p r a c t i c a l  s i t u a t i o n s ,  
p a r t i c u l a r l y  i n  t h e  cons t ruc t ion  of a p r e c i s e  a n a l y t i c a l  theory of t h e  
per turbed motion of s a t e l l i t e s  [137-1391, it i s  more convenient t o  make use  
of expansions i n  power s e r i e s  of t h e  moduli of t h e  e l l i p t i c  i n t e g r a l s  (1.3),  
and (1.4). Such expansions may be  obtained i n  a number of d i f f e r e n t  ways. 
The e a r l y  terms of expansions can be  ca l cu la t ed  q u i t e  e a s i l y  with the  help 
of the Landen t ransformation [141, 1411,  which leads t o  a r ap id  decrease i n  
the moduli of t h e  e l l i p t i c  i n t e g r a l s  (see § 3) .  Good r e s u l t s  can a l s o  be  
obtained by the  expansion of coordinates  i n  s e r i e s  of t h e t a  func t ions .  Also, 
by t h e  use of t r igonometr ic  s e r i e s  f o r  t h e  e l l i p t i c  func t ions .  
method has been used by I .  I z z a k  [130] and Y e .  P .  Aksenov [134]. Following 
these  w r i t e r s ,  w e  int roduce t h e  a u x i l i a r y  va r i ab le s  $I and v, def ined as 
fol lows:  

The l a t t e r  

(2. I) 
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(2.2) v = ani G~ (T + c4). 

Expanding these  func t ions  i n  power s e r i e s  of  t h e  moduli k and k l ,  w e  
Find t h a t  

GI (z + c,) = (1 4- - 1 /<: + 9 R:) ir - k; ( I  + 3 2  R,) sin 2v + /z: sin 4s -/- o + . 4 

where w is a new constant  r e l a t e d  t o  c and c4 as fol lows:  
3 

w = O1(C3 . -  c4) - 
Excluding regular ized  time T from equations (2.3) and (2 .4 ) ,  we a r r i v e  a t  
a r e l a t ionsh ip  between the  q u a n t i t i e s  v and 4 :  /215 

i n  which v is  def ined as fol lows:  

From t h i s ,  with t h e  he lp  of (1.27) and (1.41),  we f i n d  t h a t  

E3 v .= ( 12 - 1 5 ~ ~ )  + & [ (288 - 1296~2 4- 1035~4) - e2 ( 144 + 288s2 - 5 lose)] 4- . . . (2.8) 

Solving equation (2.6) f o r  t h e  va r i ab le  4 ,  w e  a r r ive  a t  

‘p = u +  --E%2S2 + - & E 4 4 1  1 - 139 +- - p 4  50 i :  + 
s2 [ ( S  - 9s2) - 

8 
E2 

3 
256 

1: 1 + Lz- e2s4)] sin 271 +- - ( 1 - e2)s2 - 

- e3 (8  - 109) - e4s2]} sin 211 + - c4e?s4 sin, 4v + 
1 Ea + 25G ( 1  - e2)% s4 sin 4u + =e2 (1  - e2) s4 sin 2 (u  - v )  - 
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e2(1 -e2)s4 sin 2 ( u +  V I + .  . . , EO 

64 
-- ( 2 . 9 )  

i n  which w e  have adopted the  designat ion:  

u =  (1 + v) v + w .  (2. l o )  

Let us proceed now t o  t h e  expansion of t h e  geometric radius-vector  of 
t h e  s a t e l l i t e  i n  t r igonometr ic  ser ies ,  f o r  which, from formula (1.2),  w e  
know t h a t  

The expansion of  t h e  right-hand member of t h i s  formula i n  power s e r i e s  of c /< 
(with accuracy on t h e  order  of  t h e  f o u r t h  degree of t h i s  quant i ty)  is as 
follows : 

(2.12) 

Taking i n t o  considerat ion formulas (2.1) and (2.2),  t he  r e l a t i o n s h i p s  of 
(1.26) and (1.30) can be represented  as fol lows:  /216 - 

q = s:sin cp, 
* p(1 +i: cos 0 )  

~~ c =  
1 +;cos v 

(2.13) 

(2.14) 

Subs t i t u t ing  these  expressions i n  (2.12) and r e t a in ing  only those  terms which 
contain E up t o  a c e r t a i n  power, we a r r i v e  a t  

where 
E z  1 B po,,= 1 + T[(4-.2s2) +e2(2--ss2)]- 

-- 
S 

o”4 )I7 3 3  + eq ( - s2 -1- + s4 

229 - 
19 159 

5 
po,l = e {( 2 - s2) + 24 - 134s2 + T s 4 )  

- e2 (6 + T s 2  - - s4)]}, S 1 

(2.15) 
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(2.16) 

In analogous fash ion  w e  a r r i v e  a t  t h e  expansion f o r  z :  /217 

i n  which 

(2.18) - = eax - {( 1 - 2s2) 4- [(3 - 1Gs2 + 14d) - e' (1 - 2s4)]). q1.1 - 91, -1 2 

An expression f o r  t h e  longi tude w i n  terms of t h e  v a r i a b l e s  $I and v can be 
found from formula (1.5).  
i n  power series of c / < ,  w e  a r r i v e  a t :  

Expanding the  func t ion  under t h e  i n t e g r a l  i n  (1.5) 

The f i r s t  of t h e  i n t e g r a l s  of (2.19) w e  t ransform t o  t h e  following form, with 
t h e  help of (2.1) : 

(2.20) 

Expanding i n  power s e r i e s  t h e  func t ion  under t h e  i n t e g r a l  i n  (2.20),  we f ind  
t h a t  
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Integrating, we arrive at 

X { I  - $ [(30 - 35s') + (2 + 3s3) 2]} ,  

3 c2 = 3:! ( 1 - ez)2s2 - sz , 
,1 

E , = - - , ( 2 + r " ) h -  1 '8m [ (24 - 56s') - 

The second integral of (2.19) is calculated with the help of the following 
substitution 

- 
c1 = - 2e2{ 1 + ??- [(4 - 2 8 ~ 2 )  - 

8 

- (6 + 7.9) .e2]]) e I - s2 , 
E W  - - 

(2.23) 

Substituting in (2.19) the values of the integrals found, we finally arrive at - /218 
the following.: 

w = iarctan(f/ l-  s z t i n  rp) + cocp + c2 sin 2cp + COv + 
+ C, sin u + C2 sin 20 + C3 sin 3v + car 

(2.24) 

- 
where the coefficients ci, c are defined as follows: i 

(2.25) 

In the formula (2.24) the plus sign corresponds to i < 90°, while the minus 
sign corresponds to i > 90'. 
orbits with an inclination less than 90°, while a minus sign corresponds to 
those with an inclination greater than 90'. 

In other words, the plus sign corresponds to 

These are not the only expressions which may be found for the coordinates. 
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For example,it may be more useful t o  employ expansions in which, instead of 
the variable 4, we have the variable u, which is defined by (2.10). 
expansions have the following form: 

These 

/219 

- 
z =  P S  {bl,o sin ii 1- b3," sill 3u + 

1 + (? cos u 

+ bl, -l sin ( u  - v) + bl,l sin ( u  + V )  + 
+ b1,'+ sin ( LL - - 22) + bl,2 sin ( IL + 2v) + . . . 1 , (2.27) 

in which the coefficients of expansions (2.26) - (2.28) are calculated by the 
following formulas: 

E' 
ao,"= 1 +s[(4-2s2)+e2(2--s9)]- 

(2.29) 
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I + e2 (+ + 4s2)3), 

where, instead of 4 ,  it is necessary to substitute its value from (2.9). 

§ 3. A Second Means o f  Approximate Representation o f  Coordinates 

Let us consider the elliptic integral 

- /220 

(2.29) 

(2.30) 

(2.31) 

/221 

(3.1) 
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whose inversion gives 

In our particular problem, as was indicated earlier, the moduli of the 
elliptic integrals are quantities on the order of E =: 0.03. For practical 
purposes in working formulas, it is sufficient to retain those terms which 
contain powers of E 

transform the integral (3.1) and its inversion, substituting 
no higher than the fourth. With this in mind, we 

where 

%Z 

(1 + % ' ) Z  ' 3G1 = (3.4) 

in which 

Instead of (3.1), we arrive at 

I n  problems of the motion of artificial earth satellites, K~ will always be 
on the order of E . 2 

Now we apply the Landen transformation once more: 

sin (2141~ -&,) = 3c2 sin q2, 

where 

while K ' ~  = 1 - K ~  Then, 1 1' 

(3.7) 

/ 2 2 2  
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But K~ i s  on t h e  order  of E ~ ,  and the re fo re  t h e  quan t i ty  K; can be  neglected.  

Then (3.9) gives  

(3.10) 

From (3.1), (3.3) and ( 3 . 7 )  w e  a r r ive  a t  t he  following expansion of  $ i n  
power s e r i e s  of  K and K ~ :  1 

i n  which terms w i l l  r e t a i n  t o  the  fou r th  power inc lus ive ly  r e l a t i v e  t o  E. 

Assuming 

- ?p2 
$=7 

and analyzing funct ions s i n  IJJ and cos $:  

sin+ = sin alii u = sn u ,  

cos~p = cos am u = ci1 u,  

(3.12) 

(3.13) 

we s u b s t i t u t e  i n t o  the  subsequent formulas i n  p lace  of I) t h e  expansion of  
(3.11).  Limiting ourselves  t o  terms of order  not  higher  than s4 ,  we f ind  

L e t  us now go over t o  invers ion  of quadrature  (1.23). Introducing the  
symbol /223 

(3.16) 

and keeping i n  mind (3.14), w e  produce 
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where k(') and k(2)  are determined by formulas (3.4) and (3.8) ,  i f  we 
s u b s t i t u t e  k i n t o  t h e  l a t t e r .  

.S imi l a r ly  from (1.30) and (2.15), w e  produce t h e  f i rs t  terms of  t h e  
s e r i e s  represent ing  5: 

where 

5 4.  T i m e  Equation 

The r e l a t ionsh ip  between regular ized  t i m e  T and time t i s  given by 
formula ( 1 . 6 ) ,  which can be wr i t t en  i n  t'he form 

(3.18) 

(3.19) 

S imi la r ly  t o  t he  preceeding, t h e  second of t h e  i n t e g r a l s  i n  (4.1) i s  

This i n t e g r a l ,  with an accuracy t o  q u a l i t i e s  on the  order  o f  
ca lcu la ted  by expansion i n t o  a s e r i e s  and in t roduc t ion  of a new independent 
va r i ab le  $. 

E , i s  equal t o  

/224 
4 

$c2q2dr = D,cp f D2sin2v -+ D4sin4cp + . . ., 
where 
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The approximate ca l cu la t ion  of  t he  f irst  i n t e g r a l  gives  us  

- 
[ A o  + (1 - iz) A , ]  arctan 

+ Boo +- B,  sin v + B~ sin 2v ] 9 
v Aoe sin u 

s 
xtff-;-------. ..- 

b L  1-22 1 + t e o s v  

where 

(4.4) 

(4.51 

Subs t i t u t ing  t h e  values of i n t e g r a l s  i n  (4.1) which w e  have found, w e  produce 
t h e  time equation 

/ 2 2 5  

i n  which 
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yo,o = - ( I  - e2,”{z 1 82s2 - 

= 32 3 ~ 4 (  1 - e2)” s4e2, 

- - d [(24-96s2+78s4) - (8-1 ls2) s2e2]}, 

?o,o = ~ a ( l - e ~ ) ’ / ’ { ~ ~ ~  1 --,[(24-27s2)-- e4 (8--11s2)e2]}, 

16 
e4 ro,l = - ( I - e2y‘z (4-5s2) s2e, 

16 

f z s 0  = - s2 ( 1 - e2>” 84 [(6-7s2) - (2-3s2) e2]> 8 - EaS4 
74.0  = 64 ( I  - 

The time equation can also be represented in the form 

- hv + 
+ h4.0 sin 4u + 

sin v + 
sin (2u - 2v) + 

sin 2v + h2,0 sin 2u -1- 
sin (2n  + 2v), 

where 

1 nrl 

h=- -  16 (1 - e2p (24-96s2 + 75s4), 

= --(I 4 -- e2)  (4-5s2) es2, 
€a 112 

€4 511 

ha,2 .= Ts- ( 1  -- e3) s4e2, JL 
E2 3/2 h2,” = --s2(1 - e 2 )  + 

+ ~s2[(12-13s2)-e2(4-5s2)](1 16 -e2.)  , 

hz,-2 = - =s4e2(1 - e 2 )  , 

31.2,2 = 

1 
a l l  1 

1 

1 E4 ‘ l a  

En 
s4e2 (1 - e2)”*, 

€4 Vl = --s4(l  - e2)  . 64 

(4.9) 

(4.10) 

(4.11) 

Where E = 0, this form of the equation is altered to the ordinary 
equation for the center of the two-body problem. 

The methods of solution of equations (4.6) and (4.10) may vary. For 
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example iteration methods are convenient. Let us represent equation (4.6) 
in the form 

f o  (u) + E2 f 2  (4 + E4 f4 (4 = (4.12) 

where 

(4.13). 

(4.14) 

while f (v) represents the remaining terms from (4.6). The solution of this 
equation will be constructed in the form of series with respect to powers 
of E .  Assuming in this equation the explicitly included E equal to zero, 
we come to the equation 

4 

(4.15) 

If we now introduce the.supplementary variable (like the eccentric anomaly in 
the two-body prob.lem) 

then in place of (4.15) we produce 

- 
E - e* sin E - 2h arcfan( /,/s ian;) = M 

(4.16) 

(4.17) 

This equation, where E = 0, corresponds with the Keppler equation. 
solved by 'iteration. 
mations is easily established using the principle of compressed images. 
we introduce the symbol 

It can be 
The convergence of the process of successive approxi- 

If 

(I, ( E )  = e* sin E + 2h arciafi ( / S i . " $ )  , 
(4.18) 

/227 
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then in order to prove the convergence it is sufficient to show that 

lQ)L(-w< 1-  

It follows from (4.18) that 

1 + e  1-2 (DL ( E )  = e' cos E f h 

Keeping in mind that e - > 0, we find 

But for the earth, E < 1/30, so that 

The equation (4.15) can be solved by another method, based on a formula / 2 2 8  
similar to the Lagrange formula, used in the solution of the Keppler equation. 

The uniqueness of the solution of (4.15) can be easily proven using the 
well-known theorem of the number of roots of an equation [141] 

If the functions F ( z )  and @ ( z )  are analytical in the area bounded by closed 
conture C y  continuous in this area and satisfy the inequality I @ ( z )  I < I F ( z )  I 
in C, equations (4.19) have identical numbers of roots in this area. 

In our problem, assuming 

F ( E )  = E - e' sin E - M, 

and keeping in mind the smallness of A, we discover the equation (4..19) has a 
single solution. 
verging series with respect to powers of e* and A. 

First let us analyze the equation 

This solution can be represented in the form of a con- 
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z - a - a  F (2) - 84, (2) == 0, (4.20) 

i n  which the  func t ions  F(z) and @(z)  are a n a l y t i c  i n  a c e r t a i n  area of po in t  
z = a. L e t  us  analyze t h e  a rea  l imi ted  by c i rc le  C with i t s  cen te r  a t  po in t  
a of r ad ius  r ,  such t h a t  

Using the  Cauchy i n t e g r a l ,  it is  n o t  d i f f i c u l t  t o  show cor rec tness  of t h e  
following formula: 

where Y(z) i s  t h e  a n a l y t i c  func t ion  of t h e  roo t  zo from equation (4.20). 

Se r i e s  (4.21) forms the  Lagrange formula used i n  t h e  so lu t ion  of Keppler 
equation. 

Making the  s u b s t i t u t i o n s  

(4.21) 

and applying formula (4.21), we f i n d  t h a t  

Here we l i m i t  ourselves  t o  t h e  term i n  t h e  f i r s t  power of A s i nce  f o r  
a r t i f i c i a l  e a r t h  s a t e l l i t e s  t h e  parameter A i s  on t h e  order  of 10-6. The 
second term i n  (4.22) corresponds t o  t h e  so lu t ion  of t h e  ordinary Keppler 
equation. 

§ 5. Determining t h e  E l e m e n t s  of a S a t e l l i t e  Orbi t  

/229 

Determining t h e  elements of  t h e  o r b i t  of an a r t i f i c i a l  e a r t h  s a t e l l i t e  
on t h e  basis of t h e  i n i t i a l  values  of t h e  coordinates  and v e l o c i t i e s  has been 
discussed i n  a r t i c l e s  by Ye. P. Aksenov, Y e .  A. Grebenikov and the present  
author  [87], and a l s o  i n  art icles by Ye. I .  Timoshkova [142] and Y e .  P.  
Aksenov [143]. V .  N .  Lavrik [144] gives  a so lu t ion  t o  the  boundary-value 
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problem, on t h e  b a s i s  of  t h e  t o t a l  i n t e g r a l  of t h e  genera l ized  problem of 
two immobile cen te r s ,  i n  t h e  form advanced by M. D.  K i s l i k .  This p a r t i c u l a r  
s tudy  i s  q u i t e  i n t e r e s t i n g  i n  t h a t  it i s  based upon Gauss' method f o r  
determining o r b i t s  i n  t h e  two-body problem [145]. 

We s h a l l  assume t h a t  a t  t h e  i n i t i a l  moment t = to, t h e  values of t h e  

coordinates x o, yo, zo, as well  as of t h e i r  d e r i v a t i v e s  with r e spec t  t o  time 

io, io, io, a r e  known. From formulas (1.2) we f i n d  t h a t  

I 1 E2 = T (9 - 3) { 1 + [ 1 + 4c222 (r2 - z2)-2]'/2}1 

Z Y 71 = - tan W =y. 
(5.1) 

These formulas enable us t o  determine t h e  values of t h e  coordinates 5 ,  q and 
w a t  the  i n i t i a l  moment. D i f f e r e n t i a t i n g  formulas (5.1) with respec t  t o  time, /230 
we ob ta in  

from which we determine t h e  i n i t i a l  values of t h e  v e l o c i t i e s  5 0' no,  W O '  

I n  p lace  of (1.3) - (1.5) we can now w r i t e  

(where, i n  order t o  obta in  t h e  de r iva t ives  of t h e  coordinates with respec t  t o  
time t ,  we made use of (1.6)).  Subs t i t u t ing  i n  t h e  right-hand members of  t he  
equations of (5.3), t he  i n i t i a l  values of t h e  coordinates of t h e i r  de r iva t ives ,  
we f i n d  t h e  values of t h e  a r b i t r a r y  constants c l ,  c 2 

be done with t h e  he lp  of formulas (1.10) and (1.14). These formulas can a l s o  
be transformed t o  t h e  following form: 

and h.  

We must now proceed t o  t h e  ca l cu la t ion  of t h e  elements a, e ,  s,  which can 

a=- - [ [1 - -  f M  6 2 ( 1  -e2) (1  -s2)+ 2h 

+ E" (1 - 2)  (3 -k e3) s2 ( 1  - s2)], 
4 c,/2 
t - M -  1 - e2 = -,- ( 1  -- ~ ' ( 1  +- 3e2)(l  -s2) + 2e4 [ 1 + 4e2 + 

+ 3e4--(I +2e2+5e4)s2-2e2(1-e2 ) s4 1 1 7  

(5.4) 
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The elements a, e, s can be e a s i l y  determined by the  method of successive 
approximations. Subs t i t u t ing  E = 0 i n  (5.4), w e  f i n d  approximate values f o r  
a, e, s, which w e  then adopt as our f i rs t  approximation. I t  i s  c l e a r ,  then, 
t h a t  t h e  second approximation w i l l  be  s u f f i c i e n t l y  accura te  f o r  our purposes. 

We should now proceed t o  determining t h e  angular elements w ,  R ,  z0. 
should be noted, f i rs t ,  t h a t  t h e s e  elements becomes t h e  corresponding Keplerian / 2 3 1  
elements when E = 0. Since t h e  a u x i l i a r y  va r i ab le s  9 and v ,  as defined by . 

formulas (2.1) and (2.2),  when E = 0 coincide with t h e  argument of l a t i t u d e  
and of t h e  t r u e  anomaly of Keplerian motion, r e spec t ive ly ,  then the  angular  
element w coincides  with t h e  argument of  t h e  pe r i cen te r  when E = 0.  
angular element R when E = 0 gives  t h e  longi tude of t h e  ascending node of a 
Keplerian or .bi t ,  because it rep resen t s  t h e  p l ane tocen t r i c  longi tude ( i n  t h e  
case of an a r t i f i c i a l  e a r t h  s a t e l l i t e ,  t h e  r i g h t  ascension of t he  s a t e l l i t e )  a t  
t he  moment of passage through t h e  equa to r i a l  plane of t he  p l ane t .  
equation of t i m e  w e  can e a s i l y  determine the  meaning of t he  constant  to.  
Actual ly ,  t h i s  constant  gives  us the  moment of passage of t h e  s a t e l l i t e  through 
t h e  p e r i c e n t e r  of t h e  o r b i t ,  with an accuracy on t h e  order  of terms containing 

2 
E . Fina l ly ,  t h e  element s when E = 0 coincides  with the  s i n e  of t he  inc l ina -  
t i o n  i of t h e  s a t e l l i t e  o r b i t .  Consequently, it i s  poss ib l e  t o  s u b s t i t u t e  

2 s = s i n  i, and then w e  can w r i t e  J1 -s 

I t  

The 

From the  

= cos i. 

Having determined a ,  e, s ,  w e  make a prel iminary ca l cu la t ion  of t h e  
a u x i l i a r y  constant  v with t h e  he lp  of formulas (2.8) o r  (2.7).  Since we 
a l ready  know t h e  coordinates  r and z when t = t 

expansions of (2.26) and (2.27),  using the  method of successive approximations, 
it i s  poss ib l e  t o  f i n d  the  values  of t h e  angular  va r i ab le s  u and v.  
zero approximation we can t ake  t h e i r  va lues  f o r  t h e  case  of Keplerian motion: 
i . e . ,  f o r  E = 0. From formulas (2.29) and (2.30),  w e  s ee  t h a t ,  when E = 0, 

then on the  b a s i s  of t h e  0’ 

As a 

i i f  i = j = O ,  1 i f  i = O ,  
0 i f  i # O , j # O ,  

bli = aii = 

Therefore,  from (2.26) and (2.27) , s e t t i n g  E = 0, w e  f i n d  t h a t  

P r =  
1 ---;cos v ’  

I +;co3u ‘ 

- 
p s  sin u 

2 =-  

( 5 . 5 )  
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The numerical values of v and u obtained on this basis we shall accept as our 
zero approximation. 

The process of successive approximations in this case will be convergent, 
which can be demonstrated, as previously, on the basis of the principle of 
compressed mappings. 

Following determination of the qualities u and v on the basis of formula 
(2.10), we calculate the element w, and on the basis of formula (2.28) obtain 
a value for the element n. 

/232 

Next, on the basis of formula (4.10), it is possible to determine the 
0 '  element yo, having made the preliminary substitution t = t 

As in the case of the two-body problem, it is possible to substitute for 
the element to a new element which is the analogue of the mean anomaly at the 
time of epoch. Formula (4.12) can be transformed as follows: 

- 
M = i ( t  - t o )  + ; ( t o  - 7 0 ) .  

Stipulating 

.instead of (5.7) we then have 

a = n (t  - d " )  4- a0. 

(5.7) 

(5.9) 

The element 3 0 
refinement in the analytical theory of the motion of a satellite with allowance 
for other perturbing factors. 

will be found to be more convenient if our purpose is a further 

Instead of the quantities u and v, we can also use c$ and v. In this 
event, the calculation of the elements is carried out on the basis of formulas 
(2.6), (2.9), (2.10) and (2.15), which will give us a value for w. Then, 
from formula (2.24), we can find the longitude of the ascending node R .  

Still another means of calculating the elements is indicated in the 
article by Ye. P. Aksenov [143]. 

Thus, the problem of determining the elements of an orbit has been 
completely resolved. 

In concluding this discussion of the theory of artificial earth 
satellite motion, as based on the generalized problem of two immobile centers, 
we add a few concluding remarks. This solution, as distinct from solutions 
obtained on the basis of classical methods of the theory of perturbations, 
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embraces per turba t ions  of a l l  o rders ,  from the second and i n  p a r t  from t h e  
fou r th  zonal harmonics. I n - t h e  case 6 # 0, t h e  so lu t ion  w i l l  embrace inequal i -  
t i e s  of any order  a r i s i n g  from t h e  asymmetry of t h e  t e r r e s t r i a l  f i e l d  with 
respec t  t o  t h e  equator.  I f ,  i n  addi t ion ,  w e  c a l c u l a t e  t he  pereurbat ions 
a r i s i n g  from the  moon, t h e  sun and t h e  r e s i s t a n c e  of  t h e  atmosphere, then even 
i n  per turba t ions  of t h e  f i r s t  order  (when making use of t he  general ized pro- 
blem of two centers  as t h e  intermediate  problem) one automatical ly  obta ins  
i n e q u a l i t i e s  
f a c t o r s .  This r ep resen t s  one of t h e  advantages of  t h e  proposed method of  
c rea t ing  a theory of  t he  motion of a r t i f i c i a l  e a r t h  s a t e l l i t e s .  
as has a l ready been noted, i n  s t ead  of t h e  secu la r  terms of t he  classical  
theory of pe r tu rba t ions ,  t h e  proposed so lu t ion  embraces only along-period 
per turba t ions ,  which are p r e c i s e l y  the  ones which generate  secu la r  i n e q u a l i t i e s  
i n  t h e  case of t h e  use of approximation methods. 
t he re fo re ,  has 'made it poss ib l e  t o  overcome t h e  b a s i c  d i f f i c u l t i e s  of t he  
theory of pe r tu rba t ion  assoc ia ted  with small denominators. 

/ 233  

a r i s i n g  from t h e  nonl inear  superimposit ion of var ious  per turb ing  

Moreover, 

The proposed so lu t ion ,  

213 



CHAPTER. V I  

P E R I O D I C  AND NEAR-PERIODIC MOTIONS OF A R T I F I C I A L  
C E L E S T I A L  BODIES 

§ 1 .  The P o i n c a r C  M e t h o d .  C r i t e r i a  o f  P e r i o d i c i t y  / 234 

This chapter  i s  a b r i e f  p re sen ta t ion  of t h e  e s s e n t i a l s  of Poincare small- 
parameter method, and of t h e  r e s u l t s  of t h e  app l i ca t ion  of t h a t  method i n  
celest ia l  b a l l i s t i c s ,  i n  connection with pe r iod ic  and condi t iona l -per iodic  
so lu t ions  of d i f f e r e n t i a l  equations of motion. 

F i r s t  developed by Poincare i n  connection with t h e  c l a s s i c a l  three-body 
problem, t h i s  method i s  formulated i n  d e t a i l  i n  h i s  outs tanding work Les 
methodes nouvelles de l a  mecanique ce les te  [146]. 
ca t ion  not  only i n  ce les t ia l  mechanics; bu t  a l s o  i n  s o l i d - s t a t e  mechanics. 
The method has become p a r t i c u l a r l y  f l e x i b l e  owing t o  t h e  work of Painlev6 [147], 
who, r e j e c t i n g  the  use  of any phys ica l  quan t i ty  i n  t h e  capac i ty  of t he  small 
parameter, proposed in s t ead  t h e  use of transformed v a r i a b l e s  dependent upon 
t h e  small  parameter. Similar  u n t r a d i t i o n a l  approaches t o  t h e  small-parameter 
method a r e  found i n  t h e  works of E .  Hopf [148], 0 .  Perron [149], A .  A .  Orlov 
[ 1501. 

I t  has  found wide app l i -  

In some ins tances  t h e  small-parameter method enables  one t o  a r r i v e  a t  
near-per iodic  i n  add i t ion  t o  pe r iod ic  so lu t ions .  In  p a r t i c u l a r ,  t he  Poincare 
method makes poss ib l e  bi-frequency condi t iona l -per iodic  so lu t ions  i n  t h e  
l imi ted  c i r c u l a r  three-body problem, and i n  t h e  problem of the  motion of a 
material po in t  i n  t h e  g r a v i t a t i o n a l  f i e l d  of a r o t a t i n g  " t r i a x i a l "  p l ane t .  

Let us  consider a system of d i f f e r e n t i a l  equations of  t h e  type 

dxi 
dt - = xi ( t ,  XI, . . ., x,, p) (i = 1, 2, . . . , n) ,  

where p is t h e  small  parameter,  and t h e  right-hand members of  the  equations 
a r e  holomorphic func t ions  of a l l  t he  va r i ab le s  x t and t h e  parameter p 

within a c e r t a i n  region of  t h e i r  values  Ix. I c a ,  f o r  s u f f i c i e n t l y  small 

absolu te  values  of 11-1 I < p .  

i' 
/ 235 

1 -  

We s h a l l  assume t h a t  e i t h e r  a general  o r  a p a r t i a l  so lu t ion  of t h e  
system (1.1) i s  known f o r  1-1 = 0:  
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w e  s h a l l  refer t o  t h e s e  equat ion as "simp1ified"l. 
system (1.2) w i l l  be r e fe r r ed  t o  as "generative" ( i n  ce les t ia i  mechanics a 
genera t ive  so lu t ion  determines an intermediate  o r b i t ) .  

The so lu t ions  of t h e  

L e t  

whi1.e t h e  
f o  i lowing 

known s o l u t i o n  of t h e  s impl i f i ed  system we s h a l l  denote i n  the  
manner : 

(1.3) 

(1.4) x. - - x i g  ( t )  (i = 1, 2 ,..., n), 

i t  being assumed t h a t  t h i s  s o l u t i o n  sa t i s f ies  the  i n i t i a l  condi t ions 

In  h i s  i nves t iga t ions  Poincare made use of Cauchy's method of  majorant 
funct ions2,  which i s  employed i n  proving the  bas i c  theorem of  d i f f e r e n t i a l  
equations regarding t h e  ex is tence  and uniqueness of so lu t ions .  Poincarc5's 
r e s u l t  can be formulated i n  t h e  form of t h e  following theorem. 

PoincarE's -- Theorem. If t h e  right-hand members of  (1.1) are holomorphic 
f u n c t i o n s  of t h e i r  v a r i a b l e s  within a cer ta in  region Ix. I < a i n  the  v i c i n i t y  

of l . ~  = 0,  and i f  t h e  system (1.2) admits of a holomorphic so lu t ion  along t h e  
l i n e  L on t h e  complex plane t ,  then  system (1.1) has a so lu t ion  which can be  
represented i n  t h e  following s e r i e s :  

1 -  

0; 

which i s  expanded i n  increas ing  powers of 1-1, and which i s  absolu te ly  and / 236 
uniformly convergent on t h a t  same l i n e  L f o r  a s u f f i c i e n t l y  small 
va lue  of 1-1. 

For t h e  chosen value of 1-1, 
morphic func t ion  f o r  a l l  values  

series (1.6) w i l l  converge toward 
of  t which s a t i s f y  t h e  condi t ion 

t o  < t < T ,  

- ab s o l u  t e 

a holo- 

(1.71 

where t h e  quan t i ty  T depends upon 1.1. 

lThe term "simplif ied equations" (equations s impl i f ieces)  was introduced 

2Cauchy c a l l e d  h i s  method comparison by t h e  ca l cu la t ion  of  l i m i t s .  

In  t h e  general  case,  t h e  smaller t h e  
~ ~- ~ ~. . . . . . . . - ~ . . .  . . . .  . 

by P. PainlevB. 
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absolu te  va lue  of 1.1, t h e  g r e a t e r  w i l l  be t h e  q u a l i t y  T. 
r e s u l t ,  based upon Cauchy's method, may be found i n  [151, 1521. 
method of proof has been given by E .  Picard [153]. 

The proof of t h i s  
A d i f f e r e n t  

I t  should be  noted t h a t  on t h e  complex p lane  t ,  PoincarB's r e s u l t  
considerably enlarges  t h e  region of ex is tence  of t h e  s o l u t i o n  with r e spec t  t o  
t h e  c i rc le  of convergence as determined by Cauchy's theorem, s i n c e  he re  
majorizing i s  poss ib l e  along l i n e  L ,  which cannot conta in  s ingu la r  po in t s  
ou ts ide  t h e  ind ica t ed  c i r c l e  of convergence. 

The method o f  cons t ruc t ing  s e r i e s  (1.6) i s  as fol lows.  We f i rs t  expand 
t h e  right-hand members of  equation (1.1) i n  s e r i e s  i n  powers o f  1-1: 

Subs t i t u t ing  s e r i e s  (1.6) i n  equation (1.1) and equating t h e  c o e f f i c i e n t s  which 
have i d e n t i c a l  powers of 1-1 i n  t he  right-hand and i n  t h e  lef t -hand members of 
t h e  equat ions,  w e  a r r i v e  a t  t h e  following system of equations f o r  successive 
determination of t he  func t ions  xik. 

F o r  k = 0 :  

For k = 1: 

(1.9) 

(1.10) 

(Here i n  subsequently (aXi/ax.) 

aXi/ax taken f o r  x = x ( t )  (i = 1, 2 ,...) n ) . )  

determining x 

w i l l  denote the  values  of t he  de r iva t ives  
3 0  

j '  i i o  
I t  i s  not  d i f f i c u l t  t o  e s t a b l i s h  t h a t  f o r  any value of k t he  equations f o r  /237 - 

r e t a i n  t h e  same form a s  t h a t  of equation (1.10): i k  

where t h e  func t ions  @ 

systems of equations.  

depend only upon xik, as determined from the  preceding i k  

Thus, any one of t h e  approximations (terms of t h e  order  1 . 1 ~  comprise the  

216 



k-th approximation) can be determined from a system of  l i n e a r  nonhomogeneous 
equations,  which i n  t h e  general  case conta in  t i m e  i n  e x p l i c i t  form. 
quent ly ,  t h e  problem of  cons t ruc t ing  t h e  series reduces t o  t h e  i n t e g r a t i o n  
of a system of  d i f f e r e n t i a l  equations: 

Conse- 

which w e  s h a l l  

Generally 

upon t i m e ,  t h e  
However, i f  w e  

refer  t o  by t h e  term equations i n  v a r i a t i o n s .  

(1.12) 

speaking, when t h e  c o e f f i c i e n t s  (BXi/3x ) 

i n t e g r a t i o n  of equations i n  v a r i a t i o n s  i s  f a i r l y  complicated. 
know t h e  general  s o l u t i o n  of t h e  s impl i f ied  system (1.2),  then 

depend e x p l i c i t l y  
j 0  

t h e  general  so lu t ion  of equations i n  v a r i a t i o n s  (1.12) can be found q u i t e  
simply. The following theorem app l i e s  i n  t h i s  case.  

Theorem. If  we know the  general  so lu t ion  

(1.13) 'n) x = x ( t ,  c l ,  ..., i i 

of the  s impl i f i ed  system (1.2),  i n  which C .  r epresents  constants  of i n t eg ra t ion ,  

then the  gener'al so lu t ion  of t h e  equations i n  va r i a t ions  (1.12) can be found 
by means of d i f f e r e n t i a t i n g  (1.13) with r e spec t  t o  t h e  q u a n t i t i e s  Ci ;  t h i s  

general  so lu t ion  i s  expressed i n  the  following form: 

1 

(1.14) 

where 6 represents  a r b i t r a r y  cons tan ts .  
j 

Proof. Subs t i t u t ing  i n  (1.2) t h e  general  so lu t ion  (1.13),  we a r r i v e  a t  /238 
the  following system of i d e n t i t i e s :  

dx; (1, c,, . . ., C,') 
.~ Ez xi ( f ,  X I  (f, C), . . dt 

(1.15) 

Di f f e ren t i a t ing  both members of  (1.15) with r e spec t  t o  the  a r b i t r a r y  constants  
Ci ,  we a r r i v e  a t  

which shows t h a t  t h e  func t ions  
ax IC yei = - ac, 

(1.16) 

(1.17) 
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are partial solutions of the system of equations in variations. 
gives a general solution to system (1.2), then 

Since (1.14) 

(1.18) 

and hence functions (1.17) constitute a fundamental system of solutions of 
equations (1.12). 
actually will have the form of (1.14). 

Then the general solution of the equations in variations 

Returning to system (l.ll), we note that its general solution, following 
determination of the total integral of the equations in variations, is easily 
found by means of quadratures by the method of variation of arbitrary constants. 

Note. Sometimes it is sufficient to know only a certain family of  
integral curves of equationsC1.12), which depends upon a number of integral 
constants less than n. 

- 

For example, let the right-hand members of equation (1.2) be independent 
of time: 

(1.19) 

and let 

(1.20) xi = ' p i  (t) (i = 1, 2, ..., n) 

represent the partial solution of the system (1.19) for p = 0. Then, - /23 

xi = (pi (t + C) (1.21) 

also will be solution of the system (1.19) for p = 0. 
the preceding theorum, it is clear that 

But from the proof of 

dQi 
yi =- aC (i = 1, 2,. . .) n)  (1.22) 

will be a solution of the corresponding system of equations in variations. 
Now instead of (1.22) we can write 

Yi - - "i' (1.23) 

If n = 2, then we can employ (1.23) to find the general solution of 
equations in variations. Finally, for an arbitrary value of n, the system 
(1.12) breaks down into n independent equations, and the solution of (1.23) 
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a l s o  enables us  t o  i n t e g r a t e  t h e  equations i n  va r i a t ions .  

PoincarB's theorem, which w a s  r e f e r r e d  t o  a t  t h e  beginning of t h i s  
sec t ion ,  was used by i ts  o r i g i n a t o r  as t h e  b a s i s  for a method of  cons t ruc t ing  
per iodic  o r b i t s .  The essence of t h i s  method i s  as follows. 

Let t h e  system (1.1) s a t i s f y  t h e  condi t ions of t h e  Poincare theorem, 
and l e t  it be  such t h a t  t h e  right-hand members of  t he  equations are pe r iod ic  
func t ions  of t i m e  wi th  per iod  T. In addi t ion ,  l e t  t h i s  system, f o r  p = 0, 
admit o f  t h e  pe r iod ic  s o l u t i o n  

xi = pi (t) (i = 1, 2 ,..., n), (1.24) 

which corresponds t o  t h e  i n i t i a l  condi t ions 

t = t", xi  = (pi ( t o )  (1.25) 

and i s  c a l l e d  genera t ive .  

We s h a l l  denote t h e  per iod of t h i s  so lu t ion  with the  symbol T ,  so  t h a t  

cpi (t -t T )  s 5  (t) .  (1.26) 

There arises t h e  ques t ion  of  whether t he re  e x i s t s  a pe r iod ic  s o l u t i o n  t o  the  
system (1.1) €or p # 0 ,  bu t  f a i r l y  small -- a so lu t ion  which r e v e r t s  t o  t h e  
so lu t ion  of (1.24), for p = O? 

Let us consider t h e  so lu t ion  of  t he  system (1.1) 

Here $I are such t h a t  i 

~i (t ,  0 )  Vi (t). 

The s o l u t i o n  of (1.27) corresponds t o  t h e  i n i t i a l  condi t ions 

t = t o ,  xi = 'pi ( t o ,  p). 

Let us  s t i p u l a t e  t h a t  

(1.27) 

/240 

(1.28) 

(1.29) 

(1.30) 
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In  l i n e  with Poincar6's theorem, t h e  so lu t ion  of (1.27) can be  represented with 
t h e  help of series 

which w i l l  converge abso lu te ly  and uni-'ormly f o r  a l l  va lues  o f  t ,  sub jec t  t o  
t h e  condi t ion t < ~ ( p ) ,  while  p must remain r e l a t i v e l y  small1. Obviously, 
i f  t he  so lu t ion  zf (1.27) has t h e  per iod T - < ~ ( p ) ,  then s e r i e s  (1.31) w i l l  
converge f o r  a l l  values  of t. 

Thus, it i s  necessary t o  f i n d  i n i t i a l  condi t ions such t h a t  -- o r ,  what 
-- f o r  which t h e  va r i ab le s  xi a t  t he  moment is the  same thing,  va lues  of 6 

T < T (11) w i l l  assume t h e i r  i n i t i a l  values  (1.29). The necessary and 
suFf i c i en t  condi t ions of p e r i o d i c i t y  of funct ions (1.27) are def ined as 
fol lows:  

i 

.vi ( t o  + T )  - xi ( t o )  = 0 ,  
(1.32) 

o r ,  i n  correspondence with (1.27) and (1.29), 

(1.33) 

From (1.31) w e  s ee  t h a t  t h e  funct ions Qi depends upon t h e  i n i t i a l  devia- 

t i o n s  6 and t h e  parameter p. i 

If ,  from the  system of equations (1.33), t h e  q u a l i t i e s  Bi can be 

determined as holomorphic func t ions  of  p, which disappear  when p = 0, then 
t h i s  fact  a lone w i l l  demonstrate t h e  ex is tence  of pe r iod ic  so lu t ions  of t he  
system (1.1) of t h e  requi red  form. A s  follows from t h e  theorem on the  

/241 ex is tence  o f  i n e x p l i c i t  func t ions ,  t h e  q u a n t i t i e s  pi can be found, provided - 
t he  Jacobian 

while t h e  i n i t i a l  devia t ions  Bi 
of  equations (1.33) . 

(1.34) 

w i l l  represcii t  simple so lu t ions  of  t he  system 

In  order  t o  c a l c u l a t e  t he  Jacobian (1.34) f o r  Bi = = 0 ,  it i s  not 

lThe subsc r ip t  "0" i nd ica t e s  t h a t  t h e  values  of t h e  q u a l i t i e s  under con- 
s i d e r a t i o n  were chosen f o r  Bi = p = 0 .  
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necessary t o  know t h e  general  so lu t ion  of  equations (1.1). Natural ly ,  it i s  
s u f f i c i e n t  t o  know t h e  l i n e a r  (with respec t  t o  Bi and p) terms of  t he  expansions 
of t h e  va r i ab le s  xi i n  series.  

i n  which t h e  i n i t i a l  system (1.1) admits of f i rs t  i n t e g r a l s .  I t  i s  obvious t h a t  
t h e  ex is tence  of f i rs t  i n t e g r a l s  means t h a t  t h e  Jacobian (1.34) w i l l  be  
i d e n t i c a l l y  equal t o  zero.  Actual ly ,  we s h a l l  assume t h a t  t h e  equations (1.1) 
possess  t h e  f i rs t  i n t e g r a l  

Note 1. In problems of  dynamics w e  q u i t e  f requent ly  come across  t h e  case 
I- 

(1) (t, XI, . . .) x,, p) = c, (1.35) 

which i s  pe r iod ic  with r e spec t  t o  t (with per iod T) .  Then, by reason of (1.27),  

o r  

(1.36) 

F ina l ly ,  making allowance f o r  (1.33),  we have 

Having expanded the  lef t -hand member of (1.37) i n  s e r i e s  i n  powers of Q i ,  we 

f ind  t h a t  f o r  $i = 0 t h e  lef t -hand member of (1.37) becomes zero.  Consequently, 

equations (1.33) i n  t h e  presence of a f i r s t  i n t e g r a l  (1.35) w i l l  be independent, 
s o  t h a t  we can exclude one of  t h e  equat ions,  f o r  example $n = 0 ,  from con- 

s ide ra t ion .  Then t h e  so lu t ion  of t h e  problem of the  ex is tence  of pe r iod ic  
so lu t ions  reduces t o  proving t h e  ex is tence  of a simple so lu t ion  of t he  
following system of equat ions:  

91 = qz = , . . = qrz-1 = 0 (1.38) 

with respec t  t o  B i ,  B 2 ,  ..., $n-l. 

t he  Jacobian 

F o r  t h i s  it is  s u f f i c i e n t  t o  r equ i r e  t h a t  /242 
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(1.39) 

be  d i f f e r e n t  from zero.  

on an a r b i t r a r y  b a s i s .  

The va lue  of  one o f  t h e  qual i t ies  Bi can be  chosen 

Note 2.  If t h e  system (1.1) i s  autonomous -- i . e . ,  i f  

(1.40) 

then it i s  poss ib l e  t o  attempt a pe r iod ic  s o l u t i o n  with a r b i t r a r y  per iod.  
over,  t h e  per iods of t h e  generat ing so lu t ion  and of t h e  so lu t ion  o f  system 
(1.40) are by no means necessa r i ly  equal. 
considerat ions.  

More- 

This i s  ind ica t ed  by t h e  following 

Let us  transform t h e  system (1.40) t o  a new, independent va r i ab le  T: 

t 
T = T + c l ( p )  ’ (1.41) 

where a(u) r ep resen t s  an a r b i t r a r y  holomorphic func t ion  which can be repre-  
sented i n  t h e  following form: 

(here t h e  c o e f f i c i e n t s  ak remain temporarily undefined) .  

Then t h e  system (1.40) i s  transformed t o  t h e  fol lowing form 

(1.42) 

‘(1.43) 

and t h e  problem reduces t o  determining a pe r iod ic  s o l u t i o n  of t h e  system 
(1.43) . 

From what has been s t a t e d  above we see t h a t  i n  proving the  ex is tence  of 
pe r iod ic  func t ions ,  t h e  bas i c  r o l e  i s  played by a s tudy of  t he  Jacobian. For 
dynamic systems, t h i s  Jacobian, i n  t h e  g r e a t  major i ty  of  cases i s  i d e n t i c a l l y  
equal t o  zero.  I t  i s  n a t u r a l ,  therefore ,  t o  make u se  of  t h e  s p e c i f i c  pro- 
p e r t i e s  of concrete  systems under inves t iga t ion .  Poincare himself ,  and a l s o  
t h e  major i ty  of  h i s  successors ,  under such circumstances made use of  t he  
i n t e g r a l s  of  exact d i f f e r e n t i a l  equations.  However, t h e  number of  i n t e g r a l s  /243 
i n  some cases  tu rns  out t o  be too  small, and t h e  ques t ions  of t h e  ex is tence  
of pe r iod ic  so lu t ions  then e i t h e r  cal ls  f o r  t h e  s tudy of second o r  even higher  
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approximations, o r  else remains entirely obscure. 

Now let us consider some other techniques which may be used to simplify 
the study. 
system of differential equations admits of symmetrical solutions. 
the existence of symmetrical orbits was made use of by G .  Hill [154] in con- 
structing an intermediate lunar orbit (variation curve). This property has 
also been very widely used by F. R. Moulton [E51 in constructing periodic 
orbits by PoincarB's method. 

F o r  example, it is not difficult to establish whether a given 
The fact of 

The symmetry theorem. Let us assume that we have given a system of 
differential equations 

the right-hand members of which are such that the system (1.44) is invariant 
with respect to the substitution 

q i - + q i ,  L j i - + - L j i ,  t - > - t  ( i =  1 , 2 ,  ..., s), 
9i--+-qi,  q i - f q i  ( i = S - t - l ,  . . . ,  n). 

(1.45) 
(1.46) 

Then the conditions of  periodicity of the solution will be written as follows: 

where T is the period of the solution. 

Proof. Let 

(1.47) 

(1.48) 

qi = q i w  (1.49) 

be the solution of  the system (1.44). This solution will be periodic, pro- 
vided the following conditions are fulfilled: 

(i = 1, 2, . . ., n). (1. SO) 

Without loss of generality, we assume the moment t = 0 as the initial one. 

Let the solution of (1.49) correspond to the following initial 
conditions: 

/244 - 
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q & . ( O )  = qp, i , ( O )  = 0 (i = I ,  2, . . ., s), (1.51) 

q i ( o ) = o ,  q i ( 0 ) = q y )  ( i = s + I , .  . . , r z ) .  (1.52) 

According t o  the  condi t ion  adopted i n  t h e  theorem, equat ions (1.44) are  
inva r i an t  with r e spec t  t o  the  s u b s t i t u t i o n  (1.45) - (1.46). Consequently, t h e  
so lu t ion  o f  (1.49) does not  a l t e r  when the  s u b s t i t u t i o n  i s  made. Therefore, 
from (1.45) - (1.46) it follows t h a t  

(i = 1 ,  2, , . . ., s), 

9i(x) T = -+& T +j) T +(--) T ' 2  
(i- s +  1 , .  . ., n) ,  

(1.53) 

(1.54) 

Comparing (1.50) with (1.53) and (1.54) , we f i n d  t h a t  t he  condi t ions of 
p e r i o d i c i t y  a r e  transformed t o  t h e  form of (1.47) - (1.48).  

5 2.  T h e  Application of Poincarg 's  Method t o  Quasi-Liouvi l le  Dynamic Sys tems 

Let us consider,  f i r s t  of a l l ,  c e r t a i n  p e c u l i a r i t i e s  of t he  appl ica t ion  
of Poincare 's  small-parameter method t o  those problems of c e l e s t i a l  mechanics 
and c e l e s t i a l  b a l l i s t i c s  f o r  which the  s impl i f i ed  system of equations of 
motion satisfies the  condi t ions of t he  Liouvi l le  theorem (see § 5,  Chapter 1 ) .  
Dynamic systems w i l l  be r e f e r r e d  t o  with the  term "Liouvi l le l l ,  provided t h e i r  
general  so lu t ion  i n  f i n i t e  form can be determined with the  he lp  of L iouv i l l e ' s  
theorem. We should note  t h a t  t h i s  theorem i s  app l i cab le  t o  the  two-body 
problem, and a l s o  t o  t h e  c lass ical  and t o  the  genera l ized  problem of two 
immobile centers .  

A dynamic system with n degrees o f  freedom w i l l  be r e f e r r e d  t o  with the  
t e r m  quasi-Liouvi l le ,  provided it i s  defined by the  following formulas f o r  
k i n e t i c  energy T and force  func t ion  U :  

11 

where / 245 

I n  (2.2) p i s  a numerically s u f f i c i e n t  small parameter, W i s  a holomorphic 
func t ion  of t he  general ized coordinates and of t h e  small parameter 1-1 within a 
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certain region of their variation. 
morphic functions of the corresponding variables. 

The qualities A Bi, C .  are also holo- i' 1 

For p = 0, Liouville's theorem enables us to obtain a general solution 
of the simplified system of equations. 
p W  to the potential, in the absence of any special assumptions regarding the 
structure of the function W, will in the general case prevent obtaining a 
solution in finite form. The direct application of the Poincart? method 
to complex calculations, since by reason of the conservativeness of the system, 
the Jacobian (1.33) is identically equal to zero. In addition, the solution 
of the system of equations in variations, with the help of the second theorem 
of § 1, is also complex. However, if before hand we perform a number of 
transformations of the equations of motion, then the construction of solutions 
by the Poincart? method is considerably simplified. 
proposed in [156]. 

The addition of the perturbing function 

leads 

Below is given a method 

Let us proceed now from the generalized coordinates Q to the new i 
of the following relationships: generalized coordinates q with the help i 

.qi = 5 Bi((2i) ti Q i 

Then, in place of (2.1) and (2.2), we wi 

i 1, 2, . . ., r z ; .  (2.41 

1 have 

where a is defined by the formula 

n 
1 

i=1 
a = ai (q i ) .  

The Lagrangian functions of the second type are transformed t o  the following 
form 

- /246 

These admit of a kinetic energy integral: 
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Let us replace the sum of the squares of the generalized velocities in 
(2.8) with its expression from (2.9), and then 
at the following 

instead of (2.8) we arrive 

(i = 1, 2 ,..., n). (2.10) 

Introducing the new independent variable T with the help of the relationship 

a T = t, (2.11) 

we reduce (2.10) to the following system of equations: 

4; = - [ a  a (U + h)]  (i 1, 2, . . ., n) ,  
?Si (2.12) 

where the prime symbols denote differentiation with respect to T. 
we obtain the following in explicit form 

From this 

q ; =  L+ dc . h--f-+ da . p---(aM) a ( i =  I ,  2,. . ., n). 
4, dq, a4i 

With = 0, equations (2.13) assume the following form: 

(2.13) 

(2.14) 

and can be integrated in quadratures. 

Let 

be a certain partial solution of the system (2.14). Assuming that this /247 
solution is generating, we can then look for a solution of the system (2.13) 
with use of Poincare's small-parameter method. 
in the form of series: 

In this case solution will be 

(2.16) 
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In order to determine the functions q we can make use of the following ik 
differential equations: 

(2.17) 

where the functions fik will depend upon qiO, qil,..., qi ,k-1 * 

means that in every case instead of qi it is necessary to substitute q io' 
us transform the equations (2.17) to the new variables zi: 

The index "0" 

Let 

Then, instead of (2.17), we will have 

2; 41, - I -  2z;q;, = f,. 

Multiplying (2.19) by qio, and integrating, we arrive at 

412 zz: = 5 fi,<qlodt f a i k ,  

where the symbol aik denotes arbitrary constants. 

From (2.20) we find the following for zi: 

where Bik represents constants of integration. 

From (2.18) and (2.21) , we know that 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

Thus, any of the functions q 

§ 3 .  Periodic Motions o f  a Satellite in the Gravitational Field o f  a Slowly /248 

can be found by means of quadratures. ik 

Rotating Planet 

Let us assume that the satellite, considered as a material point, is moving 
in the gravitational field of a planet which is slowly rotating around one of 
its major axes of inertia at constant velocity. We shall assume, further, that 
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t h e  p lane t  possesses dynamic symmetry with respec t  t o  the  plane passing through 
the  center  of  mass and ly ing  perpendicular  t o  t h e  p l a n e t ' s  a x i s  of  r o t a t i o n .  

We s h a l l  adopt a rec tangular  system of coordinates  with o r i g i n  a t  t h e  
p l a n e t ' s  cen ter  of i n e r t i a ,  t h e  coordinate  axes being d i r ec t ed  along t h e  main 
axes of i n e r t i a .  
po in t  w i l l  be  expressed with t h e  he lp  of t h e  following formula (see § 3, 
Chapter 2 ) :  

Then t h e  g r a v i t a t i o n a l  p o t e n t i a l  of  t h e  p l ane t  a t  an ex terna l  

M 

where M i s  the  mass of t h e  p l ane t ,  d i s  t h e  radius-vector  of t he  most d i s t a n t  

po in t ,  r = Jx + y2 + z , and Q , ( x ,  y,  z )  r ep resen t s  s imilar  harmonic poly- 

nomials of t he  k-th degree with respec t  t o  x, y,  z .  These polynomials a r e  
e a s i l y  obtained by transforming formulas (3.15) Chapter 2 from spher ica l  
coordinates t o  rec tangular  coordinates .  Thus, f o r  example, on the  b a s i s  of 
(3.20) Chapter 2 ,  f o r  Q2(x, y, z )  we obta in  

2 2 

Let us consider t h e  s p e c i f i c  case i n  which t h e  p l ane t  i s  r o t a t i n g  around 
the  z-axis with angular v e l o c i t y  n.  Then, according t o  (1.24) Chapter 1, the  
equations of motion w i l l  be as fol lows:  

Since the  p l ane t  i s  dynamically symmetrical with respec t  t o  t h e  plane Oxy, then /249 
the  p o t e n t i a l  U w i l l  be  an even func t ion  of coordinate  z ,  and the re fo re  the 
equations of  motion (3.3) w i l l  admit of plane motions of t h e  s a t e l l i t e  i n  the  
equator ia l  plane z = 0. Let us  consider  these  motions i n  the  l i g h t  of [157]. 

Let us t r a n s f e r ,  now, t o  the  dimensionless va r i ab le s  5 and TI, using the  
f ormu 1 as 

x = bE, t~ = b y ,  

i n  which b is  an undefined constant  quant i ty .  'The equation f o r  these  dimension- 
l e s s  parameters are w r i t t e n  as fol lows:  
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while for the force function we have 

where the following notations are adopted 

while qn represents polynomials, analogous to Q . n 
Let us introduce into the equations of motion the small parameter 1-1, 

assuming that 

n = vp, (+)" = yp'2-l , 

where v and y represent certain constants. Then the system (3.4) is trans- 
formed to the following form: 

where 

We next introduce the elliptical coordinates u, v, which are defined by / 2 5 0  
the following formulas 

I == ch u COS u - 1, 
11 - - sh o sin u, 

( 3 . 7 )  

229 



and a l s o  t h e  independent v a r i a b l e  T: 

d t  = (ChA v - cos2 u) '6. 

Then, i n  p l ace  of  t h e  system (3.5), we a r r i v e  a t  t h e  following: 

(3 8 )  

where t h e  fo rce  func t ion  W i s  def ined as fol lows:  

In  formulas (3.9) - (3.10) w e  have made use of t h e  following des igna t ions :  

J ;= Ch2 v - COS'U, p = ch v - COS U ,  

where h i s  t h e  ccns tan t  of t h e  Jacobi  i n t e g r a l  which i s  admitted i n  system 
(3.3). 

With 1.1 = 0, t h e  system (3.10) reduces t o  t h e  following form: 

= - k2 sin uo -1- h sin 2u0, 
VO = kL sh UO + h sh 2 ~ 0 .  (3.11) 

These equations c o n s t i t u t e  a s impl i f i ed  system which admits of a family of 
so lu t ions :  

vo = const, 

uo = 2arcia_n cth S t a n o z ) ,  
( 2  

where vo denotes t h e  roo t  of t h e  equation 

(3.12) 
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while o i s  def ined by t h e  formula 

According t o  (3.31) Chapter 1, t h e  equation vo = const  def ines  an 

e l l i p s e .  Consequently, t h e  so lu t ion  of (3.12) represents  t h e  motion of t he  
s a t e l l i t e  i n  an e l l i p t i c a l  o r b i t ,  whose measure semi-axis i s  equal t o  ch v 
and whose e c c e n t r i c i t y  is equal t o  l / ch  v From (3.11) it is  not  
d i f f i c u l t  t o  determine t h a t :  

0' 
0 '  

Ch V g  COS 2Gt - 1 
ch vo - COS 2GT I cosuo = 

sinu, = ~ 

' 
sh V g  sin 20t 

ch vo-cos 2m ' (3.14) 

Now we s h a l l  assume t h a t  

- - 
v = v  + v .  (3.15) 0 u = u  + u ,  0 

By means of transforming (3.15),  w e  a r r i v e  a t  d i f f e r e n t i a l  equations f o r  u and 
V (see § 1, t h i s  chapter)  : 

I u'" = f ( i i ,  5-,ii', V ' ,  5 ,  p), 
v" = g (E, u, ii', V', T, p)* - (3.16) 

which, obviously,  w i l l  s a t i s f y  a l l  of t h e  condi t ions of t h e  Poinear6 theorem. 
The right-hand members of equations (3.16) are pe r iod ic  with respec t  t o  T with 
per iod T = T / G .  

of so lu t ions  i n  t h e  form of s e r i e s  i n  powers of t h e  small parameter p can be 
appl ied t o  the  system (3.16).  

Therefore,  t h e  Poincare theorem regarding t h e  cons t ruc t ion  

Thus, we can look f o r  a s o l u t i o n  i n  t h e  form of series: 

The va r i ab le s  6 and must be sub jec t  t o  t h e  condi t ions of p e r i o d i c i t y :  

(3.17) 

(3.18) 
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u (T)- (0) = 0, u (T)--u (0) = 0, 

E' (T) - 5' (0) = 0. ?i'(T) - C' (0) = 0, 



If from the system (3.18) it is possible to determine the arbitrary constants /252 
of the general solution of equations (3.16) as singled valued functions of the 
parameter u ,  then the series (3.17) will represent a periodic solution of the 
system (3.10) . 

Since the equations of motion admit of a Jacobi integral, then by reason 
of Note 1, § 1, equations (3.18) will be dependent. That being true, it is 
sufficient to consider only three of the equations of (3.18), having chosen 
one of the constants of integration in arbitrary fashion. According to (1.38)- 
(1.39) the condition of periodicity reduces to the Jacobian being equal t o  
zero (the Jacobian consists of the right-hand members of three of the equations 
of (3.18) with respect to three arbitrary constants; it is calculated for zero 
values of 1-1 and of the arbitrary constants in question). 

In order to compile the Jacobian, it is necessary to find the general 
solution of the equations of the first approximation: 

(3.19) 

The general solution of the system (3.19) is given by formulas (2.22), since 
the simplified system (3.11) satisfies the condition of the Liouville theorem: 

where B1, B 2 ,  B3, 6 4 are constants of integration, while 

(3.20) 

(3.21) 

Making allowance for (3.12) - (3.131, we find that 

In (3.20) and (3.22) it is evident that a1 and Q 2  are periodic functions of T 

with period T. 

Now let us write out the conditions of periodicity of (3.18) in explicit /253 
form : 
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zo -lo 
(cos __ G - 1) pi 4- s in+ . pz -1- . e = 0,- 

- o sin - p1 -j- o (,os - - no l ) p z +  e . .  = o .  -ro 
c G 

(3.23) 

The condi t ion I) = u ' (T)  - u ' (0 )  = 0 ,  which drops out  from (3.23), i s  f u l f i l l e d  

i d e n t i c a l l y  i n  t h e  f irst  approximation. Therefore,  from (3.19) - (3.23), we 
can deduce the  ex is tence  of pe r iod ic  so lu t ions  only i n  the  f irst  approximation. 
I f ,  however, 
respec t  t o  x i s  requi red ,  by allowing f o r  t h e  invariance of t he  equations with 
respec t  t o  the  s u b s t i t u t i o n  x ( t )  -+ x ( - t ) ,  y ( t )  + -y ( - t ) ,  t + -t, with the  he lp  
of (1.53) - (1.54) and the  Jacobi  i n t e g r a l ,  w e  ob ta in  the  following new 
condi t ions of invariance 

4 1 

oddness of t he  p o t e n t i a l  with respec t  t o  y a n d  evenness with 

+,T(P?, P3, P.1) = 0 (i = 1, 2, 3),  (3.24) 

f o r  which the  Jacobian i s  equal t o  

(3.25) 

A s  i s  evident from (3.25),  f o r  any generat ing e l l i p t i c a l  o r b i t s ,  with the  
exception of t h e  denumerable s e t ,  t h e r e  e x i s t  pe r iod ic  so lu t ions  of t he  exact 
equations of motion. Thus, i n  t he  case under cons idera t ion ,  on the  b a s i s  of  
(3.25) the  system (3.9) admits of pe r iod ic  so lu t ions  with the  per iod 

(3.26) 

These so lu t ions  depend upon two a r b i t r a r y  cons tan ts ,  b and to ,  where to repre-  

s en t s  t he  moments of passage of the  s a t e l l i t e  through the  x-axis.  
s ions  of t he  o r b i t s  a r e  charac te r ized  by the  q u a n t i t i e s  b and v 

charac te r izes  the  form of the  o r b i t ) .  
constructed s e r i e s  w i l l  converge i n  correspondence with Poincare 's  theorem. 

The dimen- 
(vo a l s o  

For s u f f i c i e n t l y  l a rge  values of b ,  t he  

We should note  t h a t  t he  motions found with r e spec t  t o  the  r o t a t i n g  
system of coordinates  w i l l  be almost pe r iod ic ,  s ince  the  r e l a t ionsh ip  between 
t h e  independent v a r i a b l e  T and the  time t i s  given by the  formula /254 

T 1 h (t - to)  -1- F (T), (3.27) 

where X i s  a c e r t a i n  cons tan t ,  while F(T) i s  a pe r iod ic  funct ion of  T with a 
per iod which, genera l ly  speaking, i s  incommensurable with the  quan t i ty  2.rr/A. 
Transfer r ing  t o  a system of coordinatos with f ixed  d i r e c t i o n s  of t he  coordinate  
axes leads t o  the  aTpearance of t r igonometr ic  terms with per iod 27r/n i n  t h e  
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formulas f o r  t h e  coordinates  of t h e  satel l i te .  Therefore,  i n  the general  case 
sa te l l i t e  motions w i l l  be near-per iodic ,  depending upon three per iods.  

Theorem. To almost a l l  ( i n  t h e  sense of degree) generat ing pe r iod ic  
o r b i t s  whose elements s a t i s f y  t h e  condi t ions 

1 
ch vo a = b ch uo > ao, 0 <eo < e  = - < 1, i = 0, 

o = m / 2  (s=O,1 ,2  , . . .  ), - c o < < o < + c o ,  
(3.28) 

where a i s  t h e  major semi-axis;  e is  t h e  e c c e n t r i c i t y ,  w is  t h e  angular d i s -  
t ance  of t he  p e r i c e n t e r ,  i i s  t h e  i n c l i n a t i o n  of t h e  o r b i t  t o  t he  equa to r i a l  
plane,  t 

c e r t a i n  constants ,  t h e r e  correspond a near-per iodic  o r b i t s  with two per iods .  

i s  t h e  moment of passage through the  p e r i c e n t e r ,  and ao, e 0 0 a r e  

Corol lary.  
dynamic s-ymmetry with r e spec t  t o  t h e  a x i s  of r o t a t i o n  and t o  t h e  
plane which is  p a r a l l e l  t h e r e t o ,  passing through t h e  cen te r  of 
i n e r t i a ,  near ly  a l l  motions are n e a r - e l l i p t i c a l ,  with the  excep- 
t i o n ,  poss ib ly ,  of motions tak ing  p l ace  r a t h e r  c l o s e  t o  the  sur -  
face of t h e  p l ane t .  Actual ly ,  s ince  the  equat ions of motion a re  
inva r i an t  with r e spec t  t o  t ransformation of  t h e  r o t a t i o n  around 
t h e  a x i s  by a common angle ,  t h e  angular d i s t ance  of t he  pe r i cen te r  
i s  an a r b i t r z r y  matter. 

In  t h e  equa to r i a l  plane of a p l a n e t  which possesses 

Note. 
three-bodies have t h e  same form as the  equat ions of ( 3 . 3 )  (see 
(1.25) - (1 .26)) ,  then t h e  r e s u l t s  obtained can be extended t o  
apply t o  o r b i t s  of t h e  secu la r  three-body problem. 

Since t h e  equations of t he  l imi ted  angular  problem of - 

5 4. Near-Secular S a t e l l i t e  Orbi ts  

Since i t  i s  d i f f i c u l t  t o  cons t ruc t  pe r iod ic  o r b i t s  with due allowance 
f o r  a l l  of t h e  var ious  per turb ing  f a c t o r s  which e x e r t s  a pe rcep t ib l e  effect ,  
t h e  so lu t ion  of t h e  prob1em"can'be broken down i n t o  two p a r t s .  

conta in  a l l  of t h e  b a s i c  per turb ing  f a c t o r s ;  t h i s  o r b i t  i s  assumed t o  be 
intermediate .  
per turb ing  fo rces  which were not  taken i n t o  cons idera t ion  i n  t h e  s impl i f ied  
problem [ 1581 . 

F i r s t  we con- 
/255 s t r u c t  a pe r iod ic  o r b i t  i n  t h e  s impl i f ied  problem t h e  equat ions of which - 

Next we determine t h e  i n e q u a l i t i e s  which are caused by t h e  

L e t  us  consider t h e  motion of an a r t i f i c i a l  e a r t h  s a t e l l i t e  coming under 
t h e  inf luence  of t h e  g r a v i t a t i o n a l  fo rces  of t he  e a r t h ,  t h e  moon and t h e  sun. 
We s h a l l  so lve  t h e  problem on t h e  assumption t h a t  t h e  moon and sun a r e  moving 
with r e spec t  t o  t h e  e a r t h  along secu la r  o r b i t s  t he  p lane  of t h e  e c l i p t i c  with 
constant  angular ve loc i ty .  Let m l ,  m m represent  t h e  masses of the  ea r th  2'  3 
t h e  moon and the  sun r e spec t ive ly ,  and l e t  R ,  a l ,  a2,  r ep resen t  t he  geocent r ic  
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dis tances  of t h e  sa te l l i t e ,  t h e  moon and t h e  sun. Then, i n  a geocent r ic  
rec tangular  system of  coordinates  with f ixed  d i r ec t ions  of i ts  axes, and whose 
b a s i c  p lane  i s  assumed t o  be  t h e  plane of t h e  e c l i p t i c ,  t h e  equations of  motion 
of t h e  a r t i f i c i a l  e a r t h  s a t e l l i t e  w i l l  be  as fol lows:  

where V1 and V2 represent  per turb ing  func t ions  which cha rac t e r i ze  t h e  pe r tu r -  

bing inf luence  of t h e  moon and of t h e  sun: 

In t h e  previous two equations,  X1, Y1 a r e  t h e  coordinates of the  moon, and X 2 ,  

Y are the  coordinates  of t h e  sun. If t he  conjunction of moon and sun i s  

taken t o  mark the  beginning of t ime ca l cu la t ion ,  then f o r  t he  coordinates  of 
t he  moon and sun w e  ob ta in  t h e  following: 

2 

XI = a, COS n, f, Y ,  = a, sin n,t, 

Y ,  = a, sin n,t X ,  = a, cos n2t, 
(4 .4 )  

(4.5) 

while f o r  t h e  d is tances  A we w i l l  have /256 i 

AS = a? - 2ai (X COS nit + Y sin nit) + R' (i = 1, 2). (4.6) 

We now r e l a t e  t h e  motion of t h e  a r t i f i c i a l  e a r t h  s a t e l l i t e  t o  a new 
geocent r ic  system of coordinates  5 ,  q, 5, which r o t a t e s  with constant  angular  
v e l o c i t y  no with r e spec t  t o  a x i s  Z i n  t h e  d i r e c t i o n  of motion of t h e  e a r t h  

and sun. F o r  n we can adopt i n  p a r t i c u l a r ,  e i t h e r  nl o r  n In  addi t ion ,  0 2 '  
f o r  t he  u n i t  of length  w e  s h a l l  adopt t h e  rad ius  of  t h e  unperturbed secu la r  
o r b i t  a of  t h e  s a t e l l i t e .  The formulas f o r  t ransformation o f  coordinates  are 
wr i t t en  as follows: 

i X = a (Ecos not - q sin not), 
Y = a ( E  sin not + q cos not), 
2 =ag. 

(4.7) 
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The system of equat ions of  motion is  transformed t o  t h e  following form: 

where 

R -  1 p = -  a , vi =--&vi ( i =  1, 2). 

In  t h i s  new system of coord ina tes ,  ins tead  of (4.6) w e  w i l l  have 

Since a < ai, t h e  per turb ing  func t ions  

uniformly converging s e r i e s  of Legendre polynomials. 
designat ions 

may be expanded i n  absolu te ly  and i 
Introducing t h e  

a 
ai ' pui = - 

we s h a l l  represent  A i n  t h e  form i 

A? = U: [ 1 - 2p;lip COS (pi - I -  ,LL'Z; 9'1. 

(4.10) 

/257 

(4.11) 

Taking i n t o  consider ing (4.10) - (4.11) f o r  those q u a n t i t i e s  which a r e  in-  
verse  with respec t  t o  Ai ,  we have 

Then the  des i red  expansions w i l l  have the  following form: 

(4.12) 

(4.13) 
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We then perform s t i l l  another  t ransformation,  introducing t h e  new independ- 
en t  va r i ab le  

= (n - n o ) t ,  (4.14) 

where n i s  t h e  mean unperturbed s i d e r i a l  motion o f  t he  s a t e l l i t e .  
a l s o  t h e  following des igna t ions ,  

Introducing 

(4.15) 

we f i n d  t h a t  t h e  system of equations of motion (4.8) i s  transformed t o  the  
following form 

where the  per turb ing  func t ion  W i s  def ined as fol lows:  

F ina l ly ,  we apply t h e  following t ransformation:  

E ‘(1 -kx)cos t -gs in t ,  
q = ( 1  + x ) s i n t f y c o s t ,  
5 = z .  

(4.16) 

/ 2 5 8  

(4.17) 

(4.18) 

In  t h e  new v a r i a b l e s ,  i n  p l ace  of  (4.16), w e  have t h e  following system of 
equations 
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k ( l + x )  aw Y - 2 ( 1  + v ) y t - ( l  + Y ) ? ( l  +x)=--+-, 
PY ax 1 I y " + 2 ( 1  + Y ) x ' - ( l + Y ) 2 y = - F + ~ ,  ily a w  

(4.19) 

= (1 + x) 2 + y 2 + z .  2 while now p 

We now convert to the new variables cos I$~, which appear in W: 

n.  - n  ni - 1 1  
(1 + x)cos 1 ti - no ,r + Y si n n= 

The resulting system (4.19) has right-hand members which are periodic with 
respect to T, provided the quantities n 
is, when 

- n and n2 - n are commensurable; that 1 

(4.20) 

where p and q are any mutually prime numbers. 

If n is chosen in correspondence with the condition of (4.20), then we 
are able to apply the Poincare method in searching for periodic solutions of 
system (4.19). 
simplified system obtained from (4.19) with 1-1 = 0 is as follows: 

As the small parameter we shall adopt the quantity p. The 
/259 

h ( l + x )  ? x"-2(1 +v)g ' - ( l  + Y ) " l  +x) ==--.-, 
PJ I Iz y 

fj" + 2 (1 + v)x'- (1 + v)2g = - 3, 
P (4.21) 

This system admits of a trivial solution, provided the following condition is 
fulfilled: 

(4.22) 

(this condition is fulfilled with the appropriate choice of a). 

In the variables 5, n j  5 the trivial solution under consideration has the 
following form: 

E = cos T ,  7 = sin T ,  5 = 0. (4.23) 
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It is evident that to the generating solutions in this case there correspond 
Keplerian secular orbits of radius a. 

X"-2(1 + ~ ) y ' - 3 ( 1  + v ) ~ x =  
n1 - 11 

z 4- dl  cos r ,  n - no = 61 + c1 COS 2 n--,20 

Assuming that this solution is generating, we shall look for periodic 
solutions of the system (4.19) with period T, equal to the period of the right- 
hand members of equations. Examining the ordinary conditions of periodicity 
of (1.33) does not resolve the problem of the existence of periodic solutions, 
since the corresponding Jacobian becomes zero, while system (4.19) does not 
admit of any integrals. However, the system of equations (4.19) is invariant 
with respect to the substitution 

nl- n 
1 1 -  no I t  - no y"+ 2 (1 +- Y ) X '  = c, sin 2 - z $. d, sin 2 nE Z) 

x '+ x ,  y --f - y, 2 --t 2, 7: -> - z, (4.24) 

and therefore by reason of the symmetry theorem (see (1.44) - (1.48)) the con- 
ditions of periodicity reduce to the following form: 

T 
i 91 =; x' ( y ) = 0, $3 = y ( f ) = 0, = z' ( f ) = 0, 

Let us consider the equations of the first approximation: 

The general solution of this system will be 

where Bi represents the constants of integration. 

(4.25) 

(4.26) 

(4.27) 

/260 

The coefficients of equations (4.26) and (4.27) can be easily expressed 
in terms of known quantities. From (4.25) - (4.27) we obtain the conditions 
of periodicity : 
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(4 .28)  

The Jacobian of t hese  equations with respec t  t o  t h e  a r b i t r a r y  constants  B i s  /261 - i equal t o  

This Jacobian, obviously,  i s  d i f f e r e n t  from zero,  provided 

(1  + u) T f ZTS, 

where s i s  any whole number. 

(4.29) 

t h a t  

From t h i s  w e  conclude t h a t  with t h e  appropr ia te  choice of i n i t i a l  con- 
d i t i o n s  it i s  poss ib l e  t o  cons t ruc t  a s a t e l l i t e  o r b i t  which w i l l  be pe r iod ic  
within t h e  coordinate  system which we have chosen. 
t h e  pe r iod ic  so lu t ion  w i l l  be convergent f o r  a s u f f i c i e n t l y  small absolute  
value of u :  i . e . ,  f o r  generat ing o r b i t s ,  whose r a d i i  are s u f f i c i e n t l y  small 
i n  comparison with t h e  d i s t ance  from the  e a r t h  t o  t h e  moon and t o  the  sun. 

The s e r i e s  which represent  

__. Note. The foregoing reasoning i s  a l s o  j u s t i f i e d  i n  the  case i n  which 
add i t iona l  per turb ing  fo rces  r e s u l t i n g  from t h e  p a r t i c u l a r  shape of t he  e a r t h  
are taken i n t o  cons idera t ion ,  on t h e  assumption t h a t  t h e  f i g u r e  of t he  e a r t h  
i s  a spheroid.  

§ 5. Per iodic  Orbi ts  o f  an A r t i f i c i a l  S a t e l l i t e  o f  t h e  Moon 

We s h a l l  now consider  t h e  motion of an a r t i f i c i a l  s a t e l l i t e  of  t he  moon 
moving under t h e  g r a v i t a t i o n a l  a t t r a c t i o n  of t h e  moon and t h e  ea r th .  Here, 
as was done previously i n  t h e  work by Ye. P .  Aksenov and V.  G .  Demin [159], 
we s h a l l  make t h e  following assumptions. 
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1. The centers  of 
Keplerian o r b i t s  around 
def ined by t h e  formula 

2 .  The a r t i f i c i a l  
poin t .  

3. The e a r t h  i s  a 

mass of t h e  e a r t h  and moon 
a common cen te r  of i n e r t i a  

are moving i n  c i r c u l a r  
a t  an angular  v e l o c i t y  n ' ,  

lunar  s a t e l l i t e  i s  a pass ive ly  g r a v i t a t i n g  material 

sphere with sphe r i ca l  d i s t r i b u t i o n  of dens i ty  which 
a t t racts  according t o  Newtonian l a w .  

4. The moon i s  a r i g i d  body which r o t a t e s  around an a x i s  which i s  
perpendicular t o  t h e  plane of t h e  lunar  o r b i t ,  and which possesses symmetry /262 
with respec t  t o  the  plane of t h e  lunar  o rb i t1 .  

We s h a l l  now introduce a se l enocen t r i c  system of rec tangular  coordinates ,  
t he  b a s i c  plane of which i s  assumed t o  be the  plane of  t he  lunar  o r b i t .  To 
t h i s  coordinate  system we s h a l l  communicate the  uniform r o t a t i o n  around t h e  
z-axis with angular ve loc i ty  of n '  i n  t h e  d i r e c t i o n  of  t he  e a r t h ' s  r o t a t i o n ;  
while t he  x-axis w i l l  be made t o  pass through t h e  center  of t h e  ea r th .  The 
equation of motion of t h e  lunar  s a t e l l i t e  i s  as fol lows:  

where V and U represent  t h e  t e r r e s t r i a l  and t h e  lunar  g r a v i t a t i o n  p o t e n t i a l s .  
These p o t e n t i a l s  can be expanded i n  s e r i e s  of  Legendre polynomials (see § 4 ,  
Chapter 6 and § 3 ,  Chapter 2 ) :  

(5.3) 

where r i s  t h e  se lenocent r ic  d i s t ance  of t h e  s a t e l l i t e ,  Ps(x/r)  i s  a Legendre 
polynomial of  t h e  s - th  order ,  

. . . . . . .  . .  . . - . . .  . .  . . .  . . . . . : . . . . . . > z -  .~. . . . .  

'Assumption 4 i s  r e a l l y  q u i t e  c lose  t o  r e a l i t y ,  s ince  t h e  i n c l i n a t i o n  of t h e  
e a r t h ' s  r o t a t i o n a l  a x i s  t o  the  plane of t h e  lunar  o r b i t  amounts t o  85'59'. 
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where Q (x, y, z) are harmonic polynomials with respect to x, y, z of power s ,  

the coefficients of which are linear combinations of the moments of inertia 
of the s-th order. 

S 

We now introduce the following designations: 

Q s  
U 1 = f 2 K 9  

s=2 
(5.51 

We now introduce the new independent variable T, which is related to t as 
follows : 

/263 

T = (n - n') t, (5.7) 

in which n is the mean siderealmotion of the satellite. 
designations 

Introducing the 

instead of the system (5.2), we obtain the following 

( 5 . 9 )  

Instead of the system (5.9) let us consider the following equations: 

3 l:.v 1 a -  - 
2 r3 L ax 
3 k y  
2 r3 

XI'- 2my'- -m2x + - = - ;i pv ( I - -L~s)x+~- (u,+ vlj, 'I 

g"+ 2mx' - - nPy + 7- = - 
f2z a -  - z " + o m ~ z + - = p - ( U 1 i -  V l ) ,  
r3 az 

(5.10) 

in which we have made use of the following designations: 
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M -  

(5.11) 

where qs represents the polynomials obtained from Q, upon substitution of the 
following quantities in place of the moments of inertia J : 

S 

- -1 J. = J p  . 
S S 

/264 2 The initial system is obtained from (5.10) for p = m / v .  The system of 
equations (5.10) for p = 0 has a partial solution: 

x = a cos 'G, g = a sin z, z = 0 ,  (5.12) 

where a is the root of the equation 

(5.13) 3 
2 ka-3 = 1 + 2n2 + -;-nil = 1. 

The circular motion described by (5.12) will not be Keplerian, but for 
small values of m it will deviate only very slightly from the latter. 

Performing the transformation 

x = a (1 + E )  cos 'G - aq sin a, 
y = a (1 + E )  sin T -I- ay cos 7, 

z = a&. 

we represent the system (5.10) in the following form: 

(5.14) 

(5.15) 
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where 

The so lu t ion  of  (5.12) f o r  1-1 = 0 corresponds t o  the t r i v i a l  so lu t ion  of 
Assuming t h a t  t h i s  so lu t ion  i s  generat ing,  and using the  

With t h i s  purpose i n  mind, l e t  us 

t h e  system (5.15). 
Poincare method, w e  w i l l  search f o r  so lu t ions  of  t h e  system (5.15) which 
possess  a per iod of 2 ~ r  with respec t  t o  T .  
consider t h e  equation of  f irst  approximation: 

{265 - 

(5.16) 

where the  symbols ull and vll denote the  s e t s  o f  terms of t h e  expansions of  

(5.11) which a r e  l i n e a r l y  dependent upon 5 ,  v , ~ .  
system (5.16) i s  w r i t t e n  as fol lows:  

The general  so lu t ion  of t h e  

(5.17) 

where b i s  a q u a l i t y  which depends upon 0 ,  v ,  c and a l s o  upon the  constants  
which charac te r ize  t h e  shape of t h e  moon; and t h e  func t ions  F . ( T )  a r e  per iodic  

with respec t  t o  T, having a per iod of 2 ~ r .  The q u a n t i t i e s  g and w are def ined 
as fol lows:  

1 

while B1, B2,..., B6 a r e  t h e  constants  of i n t eg ra t ion .  

form : 
The condi t ions of p e r i o d i c i t y  (1.33) i n  our case as the  following 

(5.18) 
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The Jacobian of t he  system (5.19) with r e spec t  t o  the  q u a n t i t i e s  B i ,  

(5.19) 

i s  i d e n t i c a l l y  equal t o  zero; bu t  s ince  t h e  system (5.2) admits of  a Jacobi  
i n t e g r a l ,  then one of t he  equations of (5.19) i s  a co ro l l a ry  of t he  remaining 
ones. Therefore,  according t o  (1.38) - (1.39), t he  quest ion of t he  ex is tence  
of pe r iod ic  so lu t ions  i s  resolved by an examination of any f i v e  of the  
equations of  (5.19). I t  i s  not  d i f f i c u l t  t o  show t h a t  t he  Jacobian of t he  
f irst  f i v e  equations w i l l  be as fol lows:  

(5.20) 

from which i t  i s  evident t h a t  t h e  Jacobian becomes zero only upon the  con- 
d i t i o n  t h a t  a t  least  one of t h e  q u a n t i t i e s  g o r  w i s  a whole number. This 
means t h a t  only f o r  t he  denumerable s e t  of  so lu t ion  belonging t o  t he  
two-parameter family of generat ing pe r iod ic  so lu t ions ,  i s  the  ques t ion  of 
pe r iod ic  so lu t ions  of system (5.2) unc lear .  
so lu t ions ,  t h e r e  e x i s t  a s imilar  so lu t ion  with the  same per iod as t h a t  of 
t he  system (5.2) .  

F o r  m2 of  generat ing per iodic  
, 

5 6. Per iodic  Solut ions o f  t h e  L i m i t e d  Ci rcu lar  Three-Body.Problem 

Poincar6 appl ied h i s  method f o r  t he  cons t ruc t ion  of pe r iod ic  so lu t ions  
t o  the  l imi t ed  c i r c u l a r  three-body problem, using as generators  t h e  o r b i t s  of 
t h e  two-body problem. In  t h i s  way Poincar6 and h i s  successors  were ab le  t o  
discover  a number of classes of pe r iod ic  o r b i t s  i n  t h i s  problem. 
po in t  w e  s h a l l  consider  one of  t h e s e  classes, f o r  which t h e  generat ing o r b i t s  
are t h e  o r b i t s  of t h e  problem of  two immobile centers .  

A t  t h i s  

/266 

I t  should be noted t h a t  t h e  reasoning advanced i n  t h i s  s e c t i o n  i s  j u s t i -  
f i e d  not only f o r  t h e  c i r c u l a r  three-body problem, but  a l s o  f o r  t h e  problem 
of the  motion of a s a t e l l i t e  of a slowly r o t a t i n g  ' l t r i a x i a l "  p l ane t ,  as one 
can r e a d i l y  conclude by comparing the  equations of motion of t hese  two 
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problems (see formulas (1.24) - (1.26), Chapter 1 ) .  

In accordance with (1.24) - (1.26);the equations of motion of the plane - /267 
circular three-body problem are written as follows: 

i = nnr/ + UJ,, 
y = - 2rix -l- U,, 

where the forced function U is defined as follows: 

The system (6.1) admits of a first integral (Jacobi integral): 

x 2  -t 0 2  L- 2 (U + 11). 

We now perform the regularizing transformation 

i y = - c_;h cisin u,  

dt = n' (ch' u - COS' U )  d ~ ,  

(6.1) 

(6.4) 

in which c denotes half the distance between the gravitating points, and n' 
denotes the mean motion of the passively gravitating point along an unperturbed 
(Keplerian) orbit. 
which 

We shall consider here only those forms of motion for 

n 
n' 

u = -  

is quite small. 

As a result of the txansformation (6.4) we obtain the following system 
of equations: 

where the force function W has the following form: 
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h P2 + 2n"cY (ch 2~ - COS 2 ~ )  + (ch 43 - COS 4 ~ )  - 
p' (In! - 1722) 

(6.6) 
- (COS u cii 30 - COS 3u ch 2). 4cZ (ml -+ m.) 

The Jacobi  i n t e g r a l  i n  terms of  t h e  new va r i ab le s  i s  w r i t t e n  as fol lows:  

u f 2  + VI2 - 2w = 0 .  (6.7) 

For 1-1 = 0,  equations (6.5) represent  the  equations of motion of t he  pro- 

These so lu t ions  w i l l  be assumed t o  be generat ing.  
blem of  two immobile centers (see formulas (2.24) - (2.25) Chapter 3 ) ,  and are 
in t eg ra t ed  i n  quadratures .  

Using t h e  Poincare method, w e  s h a l l  look f o r  per iodic  so lu t ions  of t he  
system (6.5) i n  t h e  form of  power s e r i e s  of t h e  parameter 1-1: 

F o r  t h e  sake of  s impl i c i ty  w e  s h a l l  assume t h a t  t h e  moving po in t  i n t e r s e c t s  
t h e  l i n e  of centers  a t  t he  moment T = 0,  a t  which moment t h e  poin t  i s  Located 
a t  t h e  pe r i cen te r  o r  e lse  a t  t h e  apocenter of t he  generat ing o r b i t .  

The system (6.5) i s  inva r i an t  with r e spec t  t o  t h e  s u b s t i t u t i o n  

v -+ v, u -+ - LC, z -4- z. (6.91 

Therefore, by reason of the  symmetry theorem, t h e  condi t ions of p e r i o d i c i t y  
of t he  so lu t ion  with i n i t i a l  condi t ions 

v (0) = vo, v' (0) = 0, u (0) = 0, I d  (0) ;= uo' (6.10) 

can be transformed t o  t h e  following form: 

u ( 0 )  = 0 ,  u 13 = 0 ,  v ' ( 0 )  = 0, v$) = 0. (6.11) 

From .(6.4),  (6.9) and (6.10) it i s  evident  t h a t  t h e  condi t ions of p e r i o d i c i t y  
(6.11) enable us t o  e s t a b l i s h  t h e  ex is tence  of pe r iod ic  o r b i t s  which are 
symmetrical with respec t  t o  t h e  x-axis and which i n t e r s e c t  t h a t  a x i s  a t  a 
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right angle'. 

/269 We shall use the symbols uo (T), vo (T) to denote the solution of the - 
simplified system; and we shall write the system of equations of the first 
approximation as follows: 

Formulas (2.22), which determine the solution of the equations in variations 
for quasi-Liouville systems, afford a general solution for equations (6.12) 
and (6.13) in the following form: 

3 (6.14) 

(6.15) 

(6.16) 

(6.17) 

and let us assume that the initial conditions correspond to the type of motion 
considered in 5 2, Chapter 3. Then the generating solution is determined by 
formulas (2.47) and (2.56) of the section just referred to: 

(6.18) 

(6.19) 

The equations of motion are also invariant with respect to the substitution 
u +- u, v +- -v, T -t - T .  

ity may be written in the form u'(0) = 0, u'  (T/2) = 0, v(0) = 0 v(T/2) = 0. 
With the help of these conditions of  periodicity, it is possible t o  find 
periodic orbits both of direct and of indirect synodic motion. 

It follows from this that the conditions of periodic- 
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where /270 

Since w e  are chosing a pe r iod ic  generat ing so lu t ion ,  

alK ( k )  = SG K(kl), (6.20) 

where s i s  an a r b i t r a r y  whole number, while K(k) and K(kl) are complete 

e l l i p t i c  i n t e g r a l s  of t h e  f irst  type. 
can be represented a s  fol lows:  

The per iod of t he  generat ing so lu t ion  

where p and q a r e  mutually prime whole numbers. 

From (6.18) and (6.19),  w e  f i n d  t h a t  

Let us  c a l c u l a t e  t h e  i n t e g r a l  

From (6.22) and (6.24) we f i n d  t h a t  

(6.22) 

(6.23) 

(6.24) 

With t h e  he lp  of t h e  b a s i c  i d e n t i t i e s  which a s soc ia t e  t he  e l l i p t i c  Jacobi 
func t ions ,  w e  transform (6.25) t o  the  following form 

(6.25) 

2 2  where q1 = (1 + @ ) kl - 1. Making use of t h e  r ecu r ren t  r e l a t ionsh ips  

(6.26) 

/271  - 

' [ S I I ~ ~ - I  z cn z dn z +(m + 2) (1 + 1.') WZi ' z  dz - (m  + 3 )  12' 'I sn"""z dz] , (6. 27) 
3 snmzdz = ~- s 111 + I 
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[hz dnm+lz sn z cn z + 1 
J d n m z d z  = (m + 1) k'? 

+ (m + 2) (2 ---IF) 5 dnnff2zdz- (m + 3) 1 dntn+4zdz], 

i n s t ead  of (6.26) w e  arr ive a t  

But s i n c e  

1 sn3 z dz = [ z  - E (am z , k ) ]  , 

~ c l n 2 z d z  = E(arnz,  I C ) ,  

(6.28) 

(6 .29 )  

(6.30) 

(6.31) 

where E i s  an e l l i p t i c  i n t e g r a l  of second type,  then in s t ead  of (6.29) w e  
s h a l l  f i n a l l y  a r r i v e  a t  

i n  which 

(6.33) 

(6.34) 

By reasons of (6.32) t h e  f i rs t  term i n  (6.18) w i l l  be f i n i t e  and continuous. /272 
A similar inves t iga t ion  can be made f o r  t h e  second i n t e g r a l  i n  (6.18). 

And so,  

+ f2E (am G~ (X .- 
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I 

?P3sG) sn c1 (t - t ~ )  dn GI (T - TI) 
-I- -I- 

(6.35) 

L e t  us examine the  f i rs t  two condi t ions of p e r i o d i c i t y  (6.11). 
odd number. 

Let p be an 
Then these  condi t ions may be wr i t t en  as fol lows:  

From (6.36) i t  i s  evident t h a t  t h e  Jacobian 

(6.36) 

(6.37) 

i s  always d i f f e r e n t  from zero.  
equations of (6.36) can be replaced with the  following: 

If p i s  an even number, then the  f i rs t  of t he  

(6.38) 

From t h i s  w e  conclude t h a t  t he  corresponding Jacobian i s  not  equal t o  zero. 
Therefore, with i n i t i a l  condi t ions which s a t i s f y  (6.20) pe r iod ic  systems do /273 
e x i s t .  In t h e  foregoing ana lys i s  no account was taken of  t he  second of the  
i n t e g r a l s  which appear i n  (6.12). I t  i s  easy t o  demonstrate t h a t  t h i s  
i n t e g r a l  w i l l  y i e l d  a secu la r  term, which, upon the  appropr ia te  choice of B 
w i l l  d isappear ,  so  t h a t  t he  so lu t ion  w i l l  then be pe r iod ic  f o r  u. 

1 7  

L e t  us  t u rn  now t o  equation (6.13). By means of  t ransformations analogous 
t o  t h e  preceding, and with t h e  he lp  of r ecu r ren t  formulas (6.27) and (6.28) w e  
ob ta in  t h e  following expression f o r  v l :  

(6.39) 
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Now, following differentiation with respect to T (6.39), we can write the third 
and the fourth of the conditions of periodicity (6.11) in explicit form. The 
third condition is written as follows: 

2 a 6  
I - a Z  

q o )  = - - p 4  + . . . = 0. 

The latter condition for an uneven value of q, will be 

0; (;) = *e P 3  + . . . = 0.  

From (6.40) and (6.41) we find that the Jacobian 

(6.40) 

(6.41) 

(6.42) 

is always different from zero. If q is an even number, then instead of (6.41) 
we must take the following expression: 

4 U 6  (1 - a') - 
a"k'Z)2 - (1 --a 2 ) 2 r  ~ ] } * m p 4  2as" + . . . = 0. + [ 

(6.43) 

The coefficient for B3 in (6.43) is different from zero, so that in the second 
case the corresponding Jacobian will not be equal to zero. 

/274 Thus, we have demonstrated the existence of periodic solutions of the - 
initial equations which correspond to the generating solutions (6.18), (6.19). 
The solutions found will be periodic on the rotating plane, and they will close 
following several (many) revolutions. On an immobile plane these solutions 
will be near-periodic. 

§ 7. Whittaker's Method. Near-Periodic Orbits of the Satellite of a 
Spheroidal Planet 

Let us consider the motion of a satellite in the gravitational field of 
a spheroidal planet. 
the basic plane of which coincides with the equatorial plane of the planet, 
while the z-axis coincides with the axis of rotation of the planet. The 
forced function of this problem will be formulated as follows: 

We shall adopt a planetocentric coordinate system Oxyz, 
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where 

In formula (7.1) w e  have made use of t h e  following des igna t ions :  m i s  t h e  mass 
of t he  p l ane t ,  p is  t h e  small parameter on t h e  order  of t he  compression of t h e  
p lane t .  
and t h a t  it possesses continuous p a r t i a l  de r iva t ives  of  t h e  f i rs t  order .  We 
s h a l l  a l s o  assume t h a t  t h e  expansion of func t ion  R i n  Legendre polynomials 
begins with terms which are propor t iona l  t o  t h e  cube of t he  inverse  d i s t ance  
(see Chapter 2 ) .  

As regards t h e  func t ion  R ,  it is assumed t h a t  it i s  d i f f e r e n t i a b l e  

The d i f f e r e n t i a l  equations of t he  problem are wr i t t en  as follows (see 
(3.13), Chapter 1 ) :  

In  t h e  system (7.2)  t h e  symbol A denotes the  p l ane tocen t r i c  longi tude of t he  
s a t e l l i t e .  With t h e  he lp  of t h e  angular-momentum i n t e g r a l ,  

(7.3) 
2 

p A = c ,  

i n  which c i s  an a r b i t r a r y  cons tan t ,  we can exclude from (7 .2 )  the  c y c l i c  / 275 
coordinate  A :  

where 

System (7.4) admits of an energy i n t e g r a l :  

po' f- 2 3  .== 2 ( W  4- h).  (7.6) 

We s h a l l  demonstrate t h e  ex is tence  of pe r iod ic  so lu t ions  of system (7.4), by 
applying Whittaker 's  c r i t e r i o n 1  [160]. 

1 See a l s o  Virchrw [161]. 

To do t h i s  it i s  necessary t o  

The suggested r e s u l t s  were obtained by t h e  author[ l62] .  
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demonstrate t h a t  i n  t h e  p lane  p ,  z t h e r e  e x i s t s  a r i n g  domain, bounded by two 
closed curves,  such t h a t  a t  a l l  po in t s  on t h e  inne r  boundary of which t h e  
expression 

A' -cosy+- siny D = 2 k ( W + h )  , (a'v a P  aw az ) (7.7) 

i s  negat ive and a t  a l l  po in t s  on t h e  ou te r  boundary, p o s i t i v e .  In expression 
(7.7) k denotes t h e  curvature  of t h e  corresponding boundary of the  r i n g  
domain, while  y denotes t h e  angle  between t h e  ex te rna l  normal t o  t h e  boundary 
contour and t h e  a x i s  p .  

Expression (7.7) has t h e  following form: 

D = 2hh- C2 - ( k -  cos -) -( +, fm (2k--;,cosy---$ P s i n y  P' P r -  

Let us  examine t h e  r i n g  domain which i s  bounded by the  concentr ic  c i r c l e s  

r = i,, r = rz (rl <r2) .  (7.9) 

Then t h e  system of equations (7.4) admits of p e r i o d i c  so lu t ions ,  provided it 
i s  poss ib l e  t o  s e l e c t  r1 and r2 such t h a t  

From (7.8) and (7.9) w e  f i n d  t h a t  /276 

(7.11) 

I n  equations (7.11) p and z, r e spec t ive ly ,  s a t i s f y  t h e  equations 

Studying the  i n t e g r a l  of  (7.6) by the  H i l l  method (see 5 9,  Chapter 3 ) ,  it is  
poss ib l e  t o  demonstrate t h a t  a l l  t h e  t r a j e c t o r i e s  which are of p r a c t i c a l  
i n t e r e s t  w i l l  appear only when h < 0. 
s h a l l  s tudy here .  

I t  i s  p r e c i s e l y  t h i s  case which we 

If 1-1 = 0, then f o r  any f ixed  value of h w e  can f i n d  values  of r1 and r2 
such t h a t  t h e  condi t ions of (7.10) w i l l  be m e t .  Then, by reason of a 
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con t inu i ty  of t h e  f o r c e  func t ion  and i t s  de r iva t ives  with r e spec t  t o  1-1, f o r  
any values  of h (given s u f f i c i e n t l y  small values  of t h e  parameter 1-1) w e  can 
a l s o  f i n d  values  of rl and r 

words, f o r  a spheroidal  p l ane t  with s u f f i c i e n t l y  small compression, a t  l e a s t  
one pe r iod ic  so lu t ion  w i l l  be found among any p a r t i c u l a r  i soene rge t i c  family 
of so lu t ions .  

f o r  which the  i n e q u a l i t i e s  (7.10) hold:  i n  o the r  2 

The ex is tence  of pe r iod ic  so lu t ions  f o r  a l l  spheroidal  bodies  can be 
demonstrated i f  w e  t ake  i n t o  account t h e  c h a r a c t e r i s t i c s  of t h e  g r a v i t a t i o n a l  
p o t e n t i a l  exercised by t h e  per turb ing  func t ion  R. In  t h i s  case, however, it 
i s  s u f f i c i e n t  t o  demonstrate t h e  ex is tence  of pe r iod ic  o r b i t s  w e l l  removed 
from t h e  g r a v i t a t i n g  spheroidal  body. 

I t  i s  of i n t e r e s t  t h a t  two pe r iod ic  so lu t ions  of t h e  system (7.4) t h e r e  
may correspond near-per iodic  motions def ined by t h e  system of equations (7.2). 
In  t h i s  connection, l e t  us assume t h a t  

i s  a c e r t a i n  so lu t ion  with per iod T.  

From the  i n t e g r a l  (7.3) w e  have 

li =c 
p”t) ’ (7.14) 

whence 

2 The pe r iod ic  func t ion  1 / p  ( t )  can be represented i n  the  form 

1 
P = a -E cp ( t ) ,  . (7.16) 

(7.15) 

/ 2 7 7  

where a i s  a c e r t a i n  cons tan t ,  and $I i s  a c e r t a i n  pe r iod ic  func t ion  s a t i s f y i n g  
the  condi t ion 

From (7.15) and (7.16), w e  f i n d  t h a t  

h = h, + act + if, (t), 

(7.17) 

(7.18) 

where Q(t) i s  a func t ion  with t h e  per iod T. 
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When the  quan t i ty  t varies by an amount T,  t h e  coordinates  p and z assume 
t h e i r  i n i t i a l  values ,  while A increases  by an amount acT, which, gene ra l ly  
speaking, w i l l  no t  be a mul t ip l e  of ZT, s i n c e  t h e  per iod T and t h e  cons tan t  a 
do not  depend upon t h e  area constant  c. The motions w i l l  be pe r iod ic  for t h e  
denumerable s e t  of va lues  of  c, f o r  which t h e  q u a n t i t y  acT i s  a mul t ip l e  of 2 , ~ .  

5 For any given i soene rge t i c  family of t r a j e c t o r i e s ,  t h e r e  w i l l  e x i s t  03 
near-per iodic  motions, of which 03’ w i l l  be  pe r iod ic  (here w e  t ake  i n t o  account 
t he  a r b i t r a r y  constant  A. which f igu res  i n  equat ion (7.18). 

accomplished with t h e  method suggested by N. D .  Moiseyev [163]; determining 
t h e  per iod of t h e  s o l u t i o n  i s  poss ib le  with use of t he  r e s u l t s  obtained by 
N .  F .  Reyn [164]. The i t e r a t i o n  process  can be c a r r i e d  out on e l e c t r o n i c  
computers. 

Local izat ion of near-per iodic  t r a j e c t o r i e s  of  t h e  s a t e l l i t e  can be 
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CHAPTER V I  I 

THE STABILITY OF SATELLITE MOTIONS 

5 1. The Problem of S t a b i l i t y  w i t h  Respect to a C e r t a i n  Number of  Var iab les .  - /278 
V .  V .  Rumyantsev's Theorem 

I n  any expedient s e l e c t i o n  o f  o r b i t s  f o r  a r t i f i c i a l  celest ia l  bodies,  we 
must consider  not  only the  energy c h a r a c t e r i s t i c s  bu t  a l s o  the  "degree of 
s e n s i t i v i t y "  of  t h e  t r a j e c t o r y ,  both t o  t h e  i n i t i a l  devia t ions  i n  general ized 
coordinates  and v e l o c i t i e s ,  and t o  small, cons tan t ly  a c t i v e  per turb ing  forces .  
J u s t  how s u b s t a n t i a l  t h e  l a t t e r  f a c t o r  may be  can be judged from the effect  
which t h e  moon's s l i g h t  g r a v i t a t i o n a l  p u l l  had on the  American "Explorer-6" 
s a t e l l i t e :  t he  s a t e l l i t e ' s  l i f e  i n  t h i s  case was reduced from 20 years  t o  two 
years .  

Thus, i n  problems of celest ia l  b a l l i s t i c s ,  t he  chosen so lu t ions  of t he  
d i f f e r e n t i a l  equations of motion of an a r t i f i c i a l  c e l e s t i a l  body must, i n  one 
sense o r  another ,  possess  the  property of s t a b i l i t y .  
it i s  important t o  s tudy t h e  s t a b i l i t y  of so lu t ions  i n  the  sense intended by 
A. M. Lyapunov; bu t  i n  some cases t r a j e c t o r y  s t a b i l i t y  i n  t h e  sense of 
Lagrange [165] i s  a l l  t h a t  need be  considered. Also of i n t e r e s t  i n  t h i s  
connection i s  t h e  s t a b i l i t y  of so lu t ions  as def ined by V .  I .  Arnol'd [166-1681 

In  the  major i ty  of  cases  

We asc r ibe  c e n t r a l  s ign i f i cance  t o  t h e  study of  s t a b i l i t y  i n  r e spec t  t o  
a l imi ted  number of  f a c t o r s .  
a long t i m e  escaped t h e  a t t e n t i o n  of s tudents  of mechanics, and only compara- 
t i v e l y  r ecen t ly  was successfu l ly  developed by V.  V .  Rumyantsev, following 
which it found extensive app l i ca t ion  i n  a number of important problems of 
mechanics [169, 170, 1711. 

This approach t o  t h e  problem of s t a b i l i t y  f o r  

The property of s t a b i l i t y  of motion, a t  least  i n  in t eg rab le  problems of 
mechanics, i s  t o  one degree o r  another inherent  i n  any so lu t ion .  This i s  
obvious from t h e  following elementary considerat ions.  

Let us  t a k e  t h e  va r i ab le s  "action-angle" as the  canonical va r i ab le s  i n  an - /279 
in t eg rab le  problem of dynamics with n degrees of freedom (see 5 10, Chapter 1 ) .  
In  t h e s e  va r i ab le s  t h e  Hamiltonian system of d i f f e r e n t i a l  equations of motion 
w i l l  have t h e  form 

where t h e  Hamiltonian H depends only upon t h e  v a r i a b l e s  of ac t ion  pi. 

t h e  general  so lu t ion  of t h e  system (1.1) w i l l  be  w r i t t e n  as fol lows:  

Then 
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pi = ai, qi = oit + bi (i = 1,2, ..., n) ,  

where ai and b.  are a r b i t r a r y  cons tan ts ,  while  
1 

'From (1.2) it i s  evident  t h a t  no matter how small  t h e  i n i t i a l  per turba-  
t i o n s  of t he  constants  a. may be, t he  canonical va r i ab le s  of "angle" type,  

following a c e r t a i n  f i n i t e  i n t e r v a l  of time, w i l l  d i f f e r  from t h e i r  unper- 
turbed va lues  by an i n d e f i n i t e l y  l a r g e  amount. This means that with r e spec t  
t o  v a r i a b l e s  of "angle" type t h e  proper ty  of s t a b i l i t y  w i l l  be lacking. 
regards  canonical va r i ab le s  "action" type,  t he  opposi te  i s  t r u e  -- they  w i l l  
d i f f e r  from t h e i r  unperturbed va lues  by an i n d e f i n i t e l y  small amount, provided 
t h e  i n i t i a l  per turba t ions  are s u f f i c i e n t l y  small. 
of t h e  system (1.1) i s  s t a b l e  with respec t  t o  a l imi ted  number of f a c t o r s  -- 
more p rec i se ly ,  with r e spec t  t o  t h e  q u a n t i t i e s  pi. 

Chapter 1, w e  can say t h a t  f o r  i n t e g r a b l e  Hamiltonian systems i n  a 2n-dimen- 
s i o n a l  phase space q , p . ,  per turbed motion w i l l  t ake  p l ace  along the  n- 

dimensional t o r i  pi = cons t ,  which, f o r  any value of t ,  are f a i r l y  c lose  t o  

t h e  unperturbed to rus  pi = a 

In  t h e  p a r t i a l  case, G .  N.  Duboshin 11721 has a r r ived  a t  a similar conclusion 
f o r  t h e  two-body problem. 

1 

A s  

This means t h a t  a so lu t ion  

In  the  terms used i n  § 10, 

i i  

i f  t h e  i n i t i a l  pe r tu rba t ions  are f a i r l y  small. i 

I t  is  necessary t o  remark, however, t h a t  i n  problems of  dynamics we cannot 
u sua l ly  expect t o  f i n d  s t a b i l i t y  with r e spec t  t o  a l l  t h e  va r i ab le s ;  t h i s  i s  
apparent from t h e  example c i t e d  above, i f  we d is regard  equi l ibr ium ( i n  the  
broad sense) so lu t ions .  Therefore,  i n  p r i n c i p l e ,  t h e  more co r rec t  formulat ion 
of t h e  problem i s  t h a t  based on s t a b i l i t y  with r e spec t  t o  a l imi ted  number of 
v a r i a b l e s .  This formulat ion automatical ly  reso lves  t h e  problem (which 
Lyapunov leaves undecided) of whether i t  i s  always poss ib l e  t o  cons t ruc t  
d i f f e r e n t i a l  equations of per turbed motion when t h e  number of chosen q u a n t i t i e s  
being s tudied  i n  connection wit-h s t a b i l i t y  i s  less than t h e  number of degrees 
of freedom. 

Formulation of t he  problem. Let us  consider a system of d i f f e r e n t i a l  
equations i n  normal form, 

and l e t  us assume t h a t  any so lu t ion  of t h i s  system can be extended i n d e f i n i t e l y  
-- i n  o ther  words, t h a t  it e x i s t s  f o r  any t > t 
moment. Let 

where to is  the  i n i t i a l  - 0' 
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yi = f i ( t )  (i = 1, 2, ..., n) (1.43 

be the  p a r t i a l  s o l u t i o n  of a system (1 .3)  which satisfies c e r t a i n  d e f i n i t e  
i n i t i a l  condi t ions:  

0 t = to, yi = y j  (i = 1, 2 ,  ..., n). (1.51 

We s h a l l  refer t o  t h e  so lu t ion  (1.4) as "unperturbed", and any o the r  
so lu t ion  as "perturbed". For a per turbed so lu t ion ,  i n s t ead  of (1.5) t h e  
following i n i t i a l  condi t ions  w i l l  be present :  

where E represents  c e r t a i n  real  constants  c a l l e d  i n i t i a l  per turba t ions .  i 

For  any t > t t h e  d i f f e rences  y - 0  i 1 
- f .  ( t )  w i l l  be  r e f e r r e d  t o  as "successive 

per turba t ions"  o r  simply "per turbat ions" .  If a l l  = 0,  then a l l  the 
d i f fe rences  y - f .  ( t )  : 0. i 1 

L e t  @ . ( i  = 1, 2,  ..., k - < n) be assigned continuous func t ions  y l ,  y2,  ..., 
1 

..., yn of time t .  

from (1.5) i n  p l ace  of yi, become the  familiar func t ions  of t i m e :  

The func t ions  @ f o r  any s u b s t i t u t i o n  of t h e i r  values  i' 

9i ( t ,  f l  (f), ..., f n  ( t ) )  = ( t )  (i = 1, 2, ...) k ) .  

/281 Let us  consider t h e  d i f f e rences  
of t he  func t ions  0 * i '  

of t h e  per turbed and t h e  unperturbed values  - 

I t  i s  obvious t h a t  when every value of  is zero, x. w i l l  a l s o  be zero f o r  

any value of t .  

zero,  and may assume any o the r  s u f f i c i e n t l y  small absolu te  numerical value,  
then t h e  pe r tu rba t ions  of t h e  func t ions  ai may always remain numerically 

f a i r l y  small, o r  else they may exceed any assigned small l i m i t s  a f t e r  a 
f i n i t e  i n t e r v a l  of time t .  
charac te r  of t h e  right-hand members of system (1.3),  and on t h e  choice of 
t h e  q u a n t i t i e s  ai. 

1 
If the  i n i t i a l  per turba t ions  xi (O) = xi(tO) a r e  d i f f e r e n t  from 

The s o l u t i o n  of t h i s  problem depends both on the  

The so lu t ion  of t h i s  problem is  b a s i c  i n  t h e  theory of s t a b i l i t y .  

Defini t ion.  An unperturbed s o l u t i o n  i s  "stable"  i n  Lyapunov's sense with 
r e spec t  t o  t h e  q u a n t i t i e s  a l ,  a2, ..., ak provided t h a t  f o r  any number E > 0 
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however small there will be found a number 6 > 0 such that for all real values 
x(O" which satisfy the condition i 

the following inequality will be satisfied for any t - > t 0: 

I X i  (t)l < E (i = 1, 2, ..., k). (1.9) 

For all stable solutions, conditions (1.9) must be satisfied in the case 
of any initial perturbations consistent with (1.8). If there is found even 
one system of initial perturbations which, for any t > t reduces to at least 
one of the inequalities of  type 0' 

then the motion is "unstable". 

Sometimes, of course, we are concerned not with the whole range of 
initial perturbations, but only with those which are subject to certain 
supplemental conditions of the type 

o r  
f(Xl, x2, ..., x ) = 0 

f(Xl, x2, ..., Xn) - > 0. 

n (1.10) 

(1.11) 

Then, if the inequalities (1.9) are fulfilled for all initial perturbations / 2 8 2  
satisfying conditions (1.8) and (1.10) (o r  (1.11)) , the unperturbed solution 
in question is referred to as "conditional-stable". 
solution, in the sense of the basic definition, we shall sometimes refer to 
as "unconditional". 

The stability of the 

If the perturbations of the quantities Qi, while satisfying the given 
definition, even for an indefinitely long period of time t, approach zero, 
then we say that the unperturbed motion is asymptotically stable with respect 
to the quantities @ 1, Q 2 , . . . ,  Qk. In what follows we shall not formulate any 
criteria of asymptotic stability, since we are limiting ourselves to the 
study of the motion of a mechanical system in potential fields. 
from Liouville's theorem [173], in this case the phase volume is incompressible, 
and, consequently, when definite limitations are imposed on the potential, 
asymptotic stability will not appear. 

As follows 

Now let us compile the differential equations of perturbed motion. We 
shall write (1.7) in the form 
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(1.12) 

and assume that the functional determinant 

is different from zero. We shall assume, also, that 

x = yi - fi(t) (i = k + l,..., n) (1.13) i 

i’ and we shall transform the system of equations of (1.3) to the variables x 
x2,..., x 
formulas with respect to time, we arrive at 

as defined by formulas (1.7) and (1.13). Differentiating these ny 

(1.14) 

In place of . in the right-hand members of (1.14) we substitute expressions /283 
obtained from (1.3) : 

1 

(1.15) 
d s i  

dt  -= Y i ( f ,  lJ1, . . ., y,J ( i  = k 4- 1 ,  . . ., n). 

From formulas (1.7) and (1.13) we determine yl, y2,. . . , yn (this is 
possible since the transformation Jacobian does not equal zero), and sub- 
stitute the values found in the right-hand members of (1.15). 
result of  the substitution by 

Designating the 

xi = xi (t,  XI ,  ...) x,,) (i = 1, 2, ..., n ) ,  (1.16) 

in place of (1.15) we arrive at the following system of equations for perturbed 
motion : 

dxi 
- = X i ( f ,  XI,. . . ,x ,~)  df (1.17) (i = I ,  2 , .  . ., n) ,  

261 



It  i s  clear from (1.16) t h a t  t h e  func t ions  X 1, X z ,  ..., X are i d e n t i c a l l y  n 
equal t o  zero,  provided a l l  x. are se t  equal t o  zero: 

1 

X i ( t ,  0, 0 ,..., 0 )  0 .  (1.18) 

Consequently, t h e  system (1.17) has a t r i v i a l  so lu t ion ,  

- 
1 = x 2 -  ... = x = 0 ,  n 

which corresponds t o  t h e  so lu t ion  (1.4) of t h e  system (1.3).  The problem of  
t h e  s t a b i l i t y  of t h e  so lu t ion  of t h e  system (1.3) with respec t  t o  t h e  
q u a n t i t i e s  @ 

so lu t ion  of t h e  system (1.17) with respec t  t o  x ( i  = 1, 2 ,  ..., k) .  When 

k < n, w e  study s t a b i l i t y  with respec t  t o  a po r t ion  of  t h e  va r i ab le s .  
k = n,  t h e  problem coincides  with t h e  Lyapunov formulation. 

i s  equivalent  t o  the  problem of t h e  s t a b i l i t y  of the  t r i v i a l  i 

i 
When 

I n  studying t h e  s t a b i l i t y  of t h e  t r i v i a l  so lu t ion  of  t h e  system (1.17), 
w e  s h a l l  cons i s t en t ly  assume t h a t  t h e  right-hand members of  (1.17) are holo- 
morphic functi.ons with respec t  t o  the  va r i ab le s  x x x within a 1' 2'"' 
c e r t a i n  complex region of  v a r i a t i o n  of the  l a t te r  

n 

/*vi 1 < Ai (i = I ,  2, ..., 12) (1.19) 

f o r  a l l  real  values  t > to. 

continuous funct ions of time t when t > t 

In addi t ion ,  w e  s h a l l  assume t h a t  a l l  X .  a r e  
1 - 

- 0' 

Since b a s i c a l l y  w e  a r e  going t o  make use  of Lyapunov's second method, 
Let us  w e  s h a l l  introduce s t i l l  another concept of  t h e  Lyapunov func t ion .  

consider t h e  func t ion  V (t, xl,  x2, ..., xn) ,  def ined i n  the  region of (1.19) 

f o r  t > t We s h a l l  assume t h a t  t h e  func t ion  V i s  a d i f f e r e n t i a b l e  funct ion.  

Then i t s  t o t a l  d e r i v a t i v e  with respec t  t o  time i s  def ined by the  formula 
- 0'  

which, by reason of (1.17), can be wr i t t en  i n  the  following form: 

(1.20) 

/284 - 

The q u a n t i t i e s  s t a t e d  i n  (1.20) i s  c a l l e d  "the d e r i v a t i v e  of t he  func t ion  V i n  
v i r t u e  of t h e  d i f f e r e n t i a l  equations of per turbed motion". 
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Definition. If the function V(t, xl, X2, ... X and its derivitive v n .- ~ 

in virtue of the differential equations are continuous and single-valued within 
the region of (1.19) for any t - > to, and if, moreover, both V and 0 are 

- ... = x = 0 for any t > to, then identically equal to zero when x1 = x2 - n - 
.this particular function is called a Lyapunov function. 

If a Lyapunov function is restricted to values which are either positive 
or negative (apart from zero), then it is said to be "constant-sine". If it 
is not so restricted, it is said to be "variable-sine". 

Definition. If a constant-sine Lya unov function which is independent of 
time nx, , x?, . . , x ) in the region Ix 7 < Ai, i = 1,. . . , k < n, while x ~ + ~ ,  n i I L  ..., x are the n 
do so, then it 

x2, ..., x k *  

Xk derivatives, becomes zero only when the variables xl, x2..., 
s said to be "sine-limited with respect to the variables xl, 

Definition. A Lyapunov function V, which is explicitly dependent upon 
time t, is said to be sine-limited with respect to the variables x 1' x2>"'> XkY 
if it is possible to find a positive function so defined which is not 
dependent upon time, W(xl, x2, ..., x,), such that the difference V - W, or 
-w - V is a positive function. 

If, in the definitions quoted, k = n, then the function V will be sine- /285 
limited i.n the usual Lyapunov. 

A. M. Lyapunov has supplied us with criteria of stability, asymptotic 
stability, and instability; these are contained in his basic theorems relating 
to the second method. 
V. V. Rumyantsev for the study of stability with respect to a limited number 
of variables. We shall prove the theorem relating to stability with respect 
to a limited number of  variables simply by repeating the proof given by 
Rumyantsev 1169, 1701 without any significant changes. 

A modification of these theorems has been given by 

Rumyantsev's theorem. If the differential equations of perturbed motion 
are such that~we can find a function V which is sine-limited with respect to 
the variables xl, x2, ..., xk, and whose derivative, in virtue of those equations 
is constant-sine with sine opposite to that of V or is identically equal to 
zero, then the unperturbed motion is constant with respect to the variables 
referred to. 

1' Proof. 

k' 

Let V(t, xl, ..., xn) be defined as positive with respect to x 
x2, ..., x 
equations of motion (1.17)) of this function V be constant-sine-negative or 
else be identically equal to zero. Then, according to the definition of a 
time-dependent sine-limited function, it is possible to find a positive-defined 

and let the time derivative (in virtue of the differential 
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xk) such that V -W - > 0 .  1'"" function W(x 

Let us take an arbitrarily small number A, less than min (A1, A2, ..., An> * 
By 2 > 0 we shall refer to the precise lowest limit of the function W on the 
sphere 

li. 

2 s; = A .  
i=1 

xn) is not explicitly dependent upon time, and 

t) admits of an infinitely small 

1'"' The function Vo = V(to, x 
therefore it admits of an infinitely small upper limit. 
terminology, a bounded function VLxl,..., x 
upper boundary when, for any arbitrarily small E > 0, there can be found a 
number h > 0, such that, for all values of the variables satisfying the 
inequalities 

(In Lyapunov's 
n' 

/286 - 

t > t o ,  / X i  J <h,  

the condition [VI - < E will be fulfilled). 

A value of 2 can be found, A > 0, such that for all values of x subject i n -  z to the condition x < A, the following inequality will be fulfilled: i -  i= 1 

vo < 2. (1.21) 

If the initial perturbations x:" of the quantities x satisfy the i inequality 

i=l 

then from the equality 
f 

v- vo = V d t  
1 ,  

by virtue of (1.21) and the condition of the theorem V < 0, we conclude that 
the values of the variables x1 , .. . , x n' 
perturbed motion (1.17), must always satisfy these conditions: 

as defined by tKe equations of 
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However, s ince  2 i s  t h e  p rec i se  lower l i m i t  of t h e  func t ion  W on a sphere of  
rad ius  A, t h e  inequa l i ty  

k 

- 1  
i=l 

w i l l  be  f u l f i l l e d .  The theorem i s  thereby proved. 

Note. If t h e  number of q u a n t i t i e s  x i n  connection with which we are i 
studying s t a b i l i t y  i s  equal t o  n ,  then w e  ob ta in  the  b a s i c  theorem o f  
Lyapunov regarding t h e  s t a b i l i t y  of motion. 

In  a number of cases it is poss ib l e  t o  e s t a b l i s h  not  only t h e  s u f f i c i e n t  
condi t ions f o r  s t a b i l i t y  as given by the  theorem which has been proved, but  
a l s o  the  necessary condi t ions.  For  t h i s  purpose it i s  poss ib l e  t o  make use of /287 
c e r t a i n  theorems of Lyapunov regarding the  equations of f irst  approximation. 

The holomorphic q u a l i t y  of t h e  right-hand members of equations (1.17) makes 
it poss ib l e  t o  represent  t he  system (1.17) i n  the  following form: 

(1.22) 

where a l l  p i j  are e i t h e r  real constants  o r  known funct ions  of t i m e ,  whi le  Xi 

a r e  holomorphic func t ions  of t h e  q u a n t i t i e s  xl ,  ..., x 

powers of x begin with terms not  lower than t h e  second. 

whose expansions i n  n 

i 

Let t h e  equations (1.22) be such t h a t  a l l  t h e  c o e f f i c i e n t s  p i j  a r e  con- 

s t a n t .  
mation. However, i f  from equations (1.22) we throw out t h e  func t ions  of 
Xi ,  we thereby ob ta in  a system of equations of f i r s t  approximation which can 
be s tudied  by a method familiar i n  t h e  theory of d i f f e r e n t i a l  e.quations [174]; 
The behavior of t h e  so lu t ion  of t h e  equations of t h e  f i r s t  approximation 
depends upon t h e  roo t s  K of t h e  d e f i n i t i v e  ( c h a r a c t e r i s t i c )  equation, 

I n  t h i s  case we speak of motion a s  being es tab l i shed  i n  f i r s t  approxi- 

i n  which I Ip . .  I I i s  t h e  matr ix  of c o e f f i c i e n t s ,  while E i s  t h e  u n i t  matrix.  
1.J 

Lyapunov demonstrated seve ra l  theorems 111741 with the  he lp  
of which, i n  examining t h e  equations of f irst  approximation, it 
is poss ib le  t o  judge t h e  s t a b i l i t y  of t h e  t r i v i a l  so lu t ion  of 
system (1.22). We quote t h e  theorems below without examining 
t h e  proof .  

Theorem 1. If t h e  determining equation has roo t s  orlly 
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with real  nega t ive  terms, then t h e  per turbed s o l u t i o n  of 
system (1.22) i s  s t a b l e  asymptot ical ly ,  no matter how many 
func t ions  X .  appear i n  t h e  equations.  

1 

Theorem 2 .  If between t h e  r o o t s  of  t h e  determining 
equat ion t h e r e  are r o o t s  whose real  terms are p o s i t i v e ,  
then t h e  unperturbed s o l u t i o n  of system (1.22) is uns tab le ,  
no matter how many func t ions  Xi appear i n  t h e  equat ions.  

equation t h e r e  are none with p o s i t i v e  r e a l  terms, bu t  t h e r e  
a r e  some whose rea l  terms are equal t o  zero,  then t h e  funct ions 
Xi can always be so chosen t h a t  t he  unperturbed s o l u t i o n  of 

system (1.22) w i l l  be s t a b l e  o r  uns tab le ,  as des i r ed .  

Theorem 3 .  If among t h e  r o o t s  of t h e  determining 

§ 2. T h e  Method o f  N. G .  Chetayev. S t a b i l i t y  i n  t h e  Presence o f  Constantly /288 
Acting Perturbat ions.  

Routh [175] and la te r  on Lyapunov 11741 pointed out  a method f o r  t he  
s tudy of t h e  s t a b i l i t y  of a s o l u t i o n  when a s ine- l imi ted  f i rs t  i n t e g r a l  
e x i s t s  f o r  t h e  equations of per turbed motion. If t h e  s ine- l imi ted  func t ion  
i s  a f irst  i n t e g r a l  of t h e  equations of per turbed motion, then t h e  d e r i v a t i v e  
of t h a t  func t ion  i n  v i r t u e  of t h e  equations of motion i s  i d e n t i c a l l y  equal 
t o  zero; i n  t h i s  s i t u a t i o n ,  according t o  t h e  b a s i c  theorem of the  preceding 
sec t ion ,  w e  know t h a t  t he  zero so lu t ion  of equations (1.17) w i l l  be s t a b l e  
with respec t  t o  those va r i ab le s  f o r  which the  lef t -hand s i d e  of t he  first 
i n t e g r a l  i s  s ine- l imi ted .  

A t  t h e  present  time t h e  method which N .  G .  Chetayev [176] proposed f o r  
cons t ruc t ing  a Lyapunov func t ion  i s  being widely used. The e s s e n t i a l s  of 
t h e  method a r e  as fol lows.  Let system (1.17) admit of s f irst  i n t e g r a l s .  
None of which i s  a s ine- l imi ted  func t ion:  

V . ( t ,  x l ,  x2, ..., xn) = const ( i  = 1, 2 ,..., s ) .  (2.1) 1 

We consider t h e  func t ion  

which depends upon seve ra l  indeterminant parameters X1, A2, ..., A m  so  chosen 

t h a t  t h e  func t ion  V w i l l  be  s ine- l imi ted .  This w i l l  occur whenever the  
expansion of t h e  func t ion  V i n  series of increas ing  powers of x 

with a homogeneous s ine- l imi ted  form of even order  with respec t  t o  t h e  
va r i ab le s  which are of i n t e r e s t .  Usually t h e  func t ion  (2.1) i s  a l i n e a r  
connective of t he  f i rs t  i n t e g r a l s .  
then t h e  so lu t ion  under cons idera t ion  w i l l  be  s t a b l e ,  by v i r t u e  of t h e  b a s i c  
theorem of t h e  preceding sec t ion ,  s ince  \i 

i s  begun i 

If t h e  constructed func t ion  i s  s ine- l imi ted ,  

0. 
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Effec t ive  use of f i rs t  i n t e g r a l s  i n  a d i f f e r e n t  manner has been pointed 
out  by Routh [175]. 
degrees of freedom, t h e  system being def ined by the  Lagrangian func t ion  

be cyc l i c ,  i . e . ,  

Let u s  consider  a holonomic mechanical system with n 

/289 L(t ,  ql ,  ..., qn, ql ,  ..., q,). Let t h e  general ized coordinates  qk+l, . . . ,  qn - 

aL - = o  ( i = k + l ,  . . . ,  n) .  
a9i 

The Lagrangians of t h e  equation of  motion of t h i s  mechanical system, 

01, - 0  ( i = 1 , 2  , . . . ,  n )  %($)-q - 

(2.3) 

(2.4) 

admit of n -k. f irst  i n t e g r a l s  corresponding t o  c y c l i c  coordinates:  

For s impl i c i ty ,  w e  s h a l l  assume t h a t  per turba t ions  have been taken as 
general ized coordinates ( t h i s  does not  l i m i t  t h e  gene ra l i t y  of  t h e  inves t iga-  
t i o n ) .  I n  o ther  words, system (2.4) has a zero so lu t ion .  Ignoring the  
c y c l i c  coordinates and introducing t h e  Routh func t ion  R (see § 2 ,  Chapter l ) ,  
w e  have 

n 

i n  which the  c y c l i c  funct ions should be replaced with t h e i r  values  from the  
f i rs t  i n t e g r a l s  of  (2.5) t h i s  gives  us the  equations of motion i n  Routhian 
form : 

If t h e  Routhian func t ion  i s  not  e x p l i c i t l y  dependent upon time, then 
system (2.7) admits of a first i n t e g r a l  i i k e  t h e  k i n e t i c  energy i n t e g r a l :  

v = ~ ~ q i - - R = t . .  aR . 
- ‘-1 

According t o  Routh’s theorem, i f  t h e  func t ion  V i s  s ine- l imi ted  with 
respec t  t o  t h e  va r i ab le s  q 1’ 9 2 ” ”  qk, t h e  zero so lu t ion  is  s t a b l e  on t h e  

assumption t h a t  t h e  cons tan ts  Bi of t h e  c y c l i c  i n t e g r a l s  are not  per turbing.  
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This i s  t h e  way i n  which N.  G .  Chetayev [177] f o n p l a t e s  t he  Routh theorem. /290 
The cor rec tness  of t h e  theorem of obvious: s ince  V E 0, t h e  s t a b i l i t y  fol lows 
d i r e c t l y  from t h e  b a s i c  theorem of § 1. 

It i s  not  d i f f i c u l t  t o  demonstrate t h a t  t h e  Routh theorem can be formulated 
i n  more general  form. F i r s t  of a l l ,  i n  t h e  capac i ty  of t h e  Lyapunov func t ion ,  
w e  may select t h e  connective of t h e  f i rs t  i n t e g r a l s ,  al though no t  t he  
general ized energy i n t e g r a l ;  secondly, it is  no t  necessary t o  r e q u i r e  s ine -  
l i m i t a t i o n  of t h i s  connective with r e spec t  t o  a l l  of t h e  va r i ab le s .  
t h e r e  i s  a simple means which enables us  t o  remove t h e  condi t ion of i nva r i ab i l -  
i t y  of t h e  q u a n t i t i e s  B and t o  demonstrate uncondi t ional  s t a b i l i t y  with 

r e spec t  t o  a l imi t ed  number of v a r i a b l e s ,  
method employed by the  present  author  i n  var ious  a r t ic les  [178, 1791 (see 
a l s o  [17] and [180]).  

F ina l ly ,  

i' 
The proof of t h i s  i s  based on the  

Theorem. If the  Lagrangians of equat ion (2.4) possess n - k c y c l i c  i n t e -  

('1 a h i t  of a 'i g r a l s  (2.5),  and f o r  c e r t a i n  values  of t h e  cons tan ts  Bi = 
- ... - - qm = 0,  and if, moreover, f o r  f i xed  values  of zero so lu t ion  q a = q 2 -  

B .  it i s  poss ib l e  t o  cons t ruc t  a s ine- l imi ted  (with r e spec t  t o  t h e  va r i ab le s  
1 

ql,  q2 , .  . ., qm (m 5 k) Lyapunov funct ion V(ql,. .  ., qm, Bk+lY. .  ., B ),  whose 

de r iva t ive  i n  v i r t u e  of  the  d i f f e r e n t i a l  equations of perturbed motion i s  
i d e n t i c a l l y  equal t o  zero,  then t h e  zero so lu t ion  i s  s t a b l e  with r e spec t  t o  
the  q u a n t i t i e s  ql , . .  . , qm, Bk+l , .. . , B 

Proof. Let us  assume t h a t  with values  B = 6;') of  t h e  a r b i t r a r y  con- 

n 

and i s  thereby uncondi t ional .  n 

i 
s t a n t s  of t he  c y c l i c  i n t e g r a l s  (2.5),  t h e  system of equations (2.4) admits 
of a t r i v i a l  s o l u t i o n  

- - q1 - q2 = ... - qm = 0, 

and l e t  us assume, moreover, t h a t  t h e r e  e x i s t s  a Lyapunov func t ion  

which i s  s ine- l imi ted  with respec t  t o  q l , . .  . , q f o r  Bi = 

der iva t ive  satisfies the  condi t ions of t h e  theorem (with va lues  6. # B 

t h e  func t ion  V cannot, i n  genera l ,  be s ine- l imi ted  i n  t h e  ind ica ted  sense) .  

, whose 
(01 

m @I 

i y  1 

We s t i p u l a t e  t h a t  
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/291 Then, according t o  (2.6) and (2.7) the per turbed motion can be descr ibed by - 
t he  following system of equat ions:  

- y ) - E = O  d t  aii  a,ui ( i =  1,2 , . . .  ) /2), I I dxi 

d t  
- - 0  - ( i = / 2 $ 1 ,  . . . ,  n). 

(2.10) 

’i Expanding t h e  func t ion  (2.9) i n  a power series of t h e  per turba t ions  xi = 

- BkO), w e  then have 

(2.11) 

1’ By t h e  condi t ion of t he  func t ion ,  (2.11) i s  s ine- l imi ted  with r e spec t  t o  x 
x2, ...’ x when Bi = Bi . (0) 

m 
Reject ing the  assumption t h a t  t he  i n i t i a l  per turba t ions  a r e  sub jec t  t o  

t h e  condi t ions 

w e  consider  the  system o f . equa t ions  (2.10). 
func t ion  i n  the  following form: 

We then cons t ruc t  a new Lyapunov 

(2.12) 

where A 

t h e  func t ion  vwill be s ine- l imi ted  not  only with r e spec t  t o . x l ,  x2,  ..., x 
but  a l s o  with r e spec t  t o  x ~ + ~ , . . . ’  x . n 

t h a t  t h e  quadra t i c  form C Aijxixj should be s ine- l imi ted  and p o s i t i v e  with 

r e spec t  t o  x ~ + ~ ,  ..., x 

a r e  constant  q u a n t i t i e s  which should be  chosen i n  such a way t h a t  i j  

m’ 

I n  order  t h a t  t h e  func t ion  (2.12) should be s ine- l imi ted’  it i s  s u f f i c i e n t  

This can be e a s i l y  achieved by the  proper choice of n’ 
t h e  cons tan ts  A i j .  

(2.12) i s  posit ive-determined with r e spec t  t o  xl ,  x2,  ...’ x m >  x k + l > ” * Y  

Thus, with t h e  appropr ia te  choice of A t h e  func t ion  i j  ’ 
n’ 

I t  is  obvious t h a t  f o r  a d e r i v a t i v e  of t h e  func t ion  i n  v i r t u e  of t h e  
/ 292 d i f f e r e n t i a l  equations of per turbed motion, w e  w i l l  have t h e  fol lowin?:  - 
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In accordance with the theorem of V. V. Rumyantsev, we conclude that the zero 
solution under consideration is stable with respect to the quantities xl, x2, ... 

k+l,..., x n ..., x and x m for any values of the initial perturbations. 

Let us proceed not to a consideration of stability in the presence of 
constantly acting perturbations. In constructing the differential equations 
of motion of the object under study, we shall begin in every instance on the 
basis of a certain simplified scheme, which does not take small forces into 
consideration. It is implicitly assumed that these disrggarded forces, by 
reason of their smallness, do not exert any perceptable effect. In certain 
cases, of course, we know the structure of these small perturbing forces, and 
in certain others we do not. 
stability in the solution of the system of differential equations under study 
does not, strictly speaking, justify the conclusion that the corresponding 
real motion will be stable: the theory of differential equations offers many 
examples in which small perturbing terms in the right-hand members of 
differential equations result in qualitative changes in the properties of the 
integral curves. 

This means that the presence of Lyapunov 

We must face the actual problem of investigating the stability of 
solutions of differential equations of motion in the presence of constantly 
active perturbing forces. Most frequently, in formulating this problem, only 
a single assumption is made regarding the character of the perturbing forces -- 
namely, that such forces do not, in absolute magnitude, exceed certain pre- 
assigned limits. The stability criteria which have been assigned for such a 
formulation impose rigid requirements on the properties of the simplified 
system of differential equations -- namely the system which does not contain 
constantly active perturbations. It appears [181] that the necessary con- 
dition f o r  stability in the presence of constantly active perturbing forces 
is merely that the zero solution of the simplified system of equations should 
be uniformly asymptotically stable. 
mechanical systems which are moving within potential force fields is never 
actually fulfilled, by reason of the existence of an integral invariant. For 
this reason the stability criterion referred to is frequently quite useless 
in problems of dynamics. 

But this requirement in the case of 

/ 293 

However, in many situations it is possible to alter the formulation of 
the problem of stability in the presence of constantly acting perturbing 
forces, by imposing supplemental limitations upon those forces. An example 
of such an altered formulation may be found in the work of G. N. Duboshin [182], 
where the perturbing forces are assumed either to be constant, o r  to be 
linear functions of perturbations. 
problem is possible: we shall assume that we know the functional structure of 
the perturbing forces, although we do not have sufficiently precise knowledge 
of the numerical values of the parameters which enter into the analytical 
expressions of the forces. Such a situation occurs in actual practice in the 
study of the motion of a satellite within a central gravitational field, when 
it is known that the gravitational potential is in the form of a series in 

But still another Eormulation of the 
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sphe r i ca l  func t ions ,  bu t  when t h e  c o e f f i c i e n t s  of t he  s e r i e s  have e i t h e r  been 
determined with a g r e a t  degree of e r r o r ,  o r  e lse  have not  been determined a t  
a l l  but  only estimated wi th in  t h e  nea res t  order .  

I t  i s  p o s s i b l e  t o  impose upon t h e  per turb ing  fo rces  a less s t r i n g e n t  
l i m i t a t i o n ,  r equ i r ing  only t h a t  t h e  d i f f e r e n t i a l  equations of motion, w r i t t e n  
with allowance for t h e  per turb ing  forces ,  s h a l l  r e t a i n  a d e f i n i t e  number of 
first i n t e g r a l s  ( e i t h e r  i n  una l te red  o r  i n  s l i g h t l y  a l t e r e d  form). In  t h i s  
connection t h e  method which N .  G .  Chetayev proposes f o r  t h e  cons t ruc t ion  of 
t h e  Lyapunov func t ion  has  o f t en  proved t o  be  e f f e c t i v e  (see 1178, 1791). 

Let us  cons t ruc t  t h e  system of d i f f e r e n t i a l  equat ions:  

(2.13) 

which possesses  s first i n t e g r a l s :  

x F .  1 ( t ,  x l ,  x2,  - * Y p) = ci ( i  = 1, 2 ,..., s ) .  (2.14) n' 

We s h a l l  assume t h a t  t he  func t ions  Xi and Fi a r e  holomorphic with respec t  t o  

xl ,  l~ with in  a c e r t a i n  v i c i n i t y  of t he  po in t  x1 = x 

= p = 0 f o r  a l l  values  t > t For convenience, without any l o s s  i n  gene ra l i t y ,  

we w i l l  assume t h a t  p > 0. 

x2 , .  . . , x = n' 2 . * . = x  n = 

- 0' 

- 

I n  addi t ion ,  l e t  t h e  expansions i n  powers of  t h e  parameter p of t h e  /294 
right-hand members o f  equations (2.13) 

(2.15) 

be such t h a t  

xi, ( L ,  0 ,  ..., 0) G 0. (2.16) 

A s  regards  t h e  func t ions  X i j  when j # 0, it should be remarked t h a t  i n  t h e  

general  case they do not  possess  t h i s  property.  

For  l~ = 0,  we ob ta in  from (2.15) t h e  fol lowing s impl i f i ed  system of 
d i f f e r e n t i a l  equat ions:  

d si (2.17) - = xi,. 
d t  
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System (2.15), by reason of t h e  property of (2.16),  has a zero so lu t ion :  

... = x = 0. (2.18) - 
1 = x 2 -  n 

We s h a l l  accept (2.18) as t h e  unperturbed so lu t ion ,  and s h a l l  i n v e s t i g a t e  i t s  
s t a b i l i t y  on t h e  assumption t h a t  both i n i t i a l  pe r tu rba t ions  and cons tan t ly  
a c t i v e  pe r tu rba t ions  are present .  
t h e  d i f f e rences  

The latter,  of course,  are determined by 

These d i f f e rence  may be a r b i t r a r y  func t ions  which s a t i s f y  a s i n g l e  requirement, 
namely the  condi t ion of t h e  ex is tence  of s first i n t e g r a l s  (2.14). 

We s h a l l  assume a l s o  t h a t  t h e  so lu t ion  (2.18) i s  s t a b l e  with r e spec t  t o  
(k < n ) ,  t h e  property of Xk - a c e r t a i n  number of t h e  va r i ab le s  xl ,  x2,  ..., 

s t a b i l i t y  being observed with t h e  help of  t h e  connect ive of t h e  f irst  i n t e -  
g r a l s  ( i n  t h e  general  case t h i s  i s  nonl inear ) :  

k' Here V i s  a s ine- l imi ted  func t ion  with respec t  t o  t h e  va r i ab le s  x l ,  x2,  ..., x 

while  FiO = F .  ( t ,  x1 ,..., x 0 ) .  1 n' 

Let us  examine t h e  following system of d i f f e r e n t i a l  equations of  motion: - /295 

d.Yi 
- = Xi(/, s1 ,..., s,~,  x,~, , )  I. (i =: 1 ,  2, . . . , n ) ,  (It 

I (2.20) 

This system admits of a zero so lu t ion  which corresponds t o  the  zero so lu t ion  
of system (2.17). 
r e spec t  t o  t h e  q u a n t i t i e s  xl ,  ..., xk, x ~ + ~ .  
be s t a b l e ,  we can on t h a t  b a s i s  reach the  conclusion of t he  s t a b i l i t y  of t h e  
zero so lu t ion  of t h e  s impl i f i ed  system (2.17) i n  t h e  presence of  cons tan t ly  
a c t i v e  per turba t ions  of t h e  form of (2 .18) ( i . e . ,  s t a b i l i t y  i n  the  presence of 
per turbing fo rces  of d e f i n i t e  s t r u c t u r e ) .  

We s h a l l  i n v e s t i g a t e  t h e  s t a b i l i t y  of t h i s  so lu t ion  with 
If t h i s  so lu t ion  t u r n s  out t o  

In  o rde r  t o  s tudy  t h e  s t a b i l i t y  i n  t h i s  case w e  s h a l l  cons t ruc t  a Lyapunov 
funct ion i n  t h e  following form: 
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- 
V = V (Fl, F S ,  ... (2.21) 

where y i s  a constant  quan t i ty  sub jec t  t o  choice. 
of t h e  small parameter 1.1, o r ,  what amounts t o  t h e  same th ing ,  t he  quan t i ty  

we a r r i v e  a t  

Expanding i n  power series 

n+ l ’  X 

(2.22) 

If w e  a l s o  assume t h a t  t h e  d e r i v a t i v e  

poss ib l e  t o  select  the  quan t i ty  y i n  such a way t h a t  the s igns  of t h e  f i rs t  
two terms w i l l  coincide.  Then, given s u f f i c i e n t l y  small absolu te  values  of 
t h e  q u a n t i t i e s  x l,. . . , xk, x ~ + ~ ,  t h e  s i g n  of t h e  func t ion  v w i l l  coincide with 

t h e  s i n e  of t he  first two components, and, t he re fo re ,  t h e  func t ion  T w i l l  be  
s ine- l imi ted  with respec t  t o  t h e  q u a n t i t i e s  xl ,  ..., 

i d e n t i c a l l y  equal t o  zero,  it fol lows t h a t  t h e  so lu t ions  (2.18) a r e  s t a b l e  
with respec t  t o  a c e r t a i n  number of va r i ab le s  x l ,  ..., xk, x ~ + ~ ,  i n  t h e  
presence of cons tan t ly  a c t i v e  pe r tu rba t ions  X 

§ 3 .  T h e  S t a b i l i t y  o f  Circular  S a t e l l i t e  Orbi t s  

(VL)o is bounded, then  it i s  always 

Xk’ Xn+l l*  

Since,  i n  add i t ion ,  t h e  d e r i v a t i v e  of i n  v i r t u e  of equations (2.20) i s  

- X i o .  i 

/ 296 - 
S t a b i l i t y  c r i t e r i a  f o r  c i r c u l a r  o r b i t s  i n  astronomical problems involved 

i n  the  s tudy  of t he  motion of a ma te r i a l  po in t  wi th in  axisymmetrical g rav i -  
t a t i o n a l  f i e l d s  have been given by G .  N .  Duboshin [183], s. Chandrasekhr [184], 
and N .  G .  Chetayev [177]. These c r i t e r i a ,  however, have been establTshed only 
f o r  per turbances sub jec t  e i t h e r  t o  t h e  condi t ion of i n v a r i a b i l i t y  of t o t a l  
mechanical energy, o r  t o  t h e  condi t ion  of i n v a r i a b i l i t y  of a r e a l  ve loc i ty .  
This leads only t o  t h e  condi t iona l  s t a b i l i t y  of c i r c u l a r  o r b i t s .  
s t a t e d  t h e  necessary and s u f f i c i e n t  condi t ions f o r  t h e  s t a b i l i t y  of c i r c u l a r  
o r b i t s  of a po in t  moving wi th in  an axisymmetrical p o t e n t i a l  f i e l d  of fo rces .  
In  t h e  present  s e c t i o n  we s h a l l  a r r i v e  a t  a conclusion regarding the  s t a b i l i t y  
of c i r c u l a r  o r b i t s  i n  t h e  general  case,  following the  procedure used i n  § 2 
preceding. 

In  [185] a r e  

The app l i ca t ion  of t hese  r e s u l t s  t o  problems of c e l e s t i a l  b a l l i s t i c s  was 
descr ibed i n  seve ra l  works by the present  author  [89] and was subsequently 
developed by V. G .  Degtyarev [186] and A. L. Kunitsyn [18]. 

Let us  examine t h e  motion of a ma te r i a l  po in t  i n  an axisymmetrical f i e l d  
of fo rce .  
z-axis coincides  with t h e  axis of symmetry of t h e  f i e l d ,  while t h e  plane of 
t h e  unperturbed o r b i t  of t h e  po in t  serves  as t h e  b a s i c  coordinate  plane.  

Here and i n  what follows w e  s h a l l  omit elementary arguments dea l ing  with the  
proof of t h e  s ine - l imi t a t ion  of t h e  Lyapunov funct ion,  which is e x p l i c i t l y  
dependent upon time. 

We sha l l choose  our  system of  coordinates  i n  such a way t h a t  t h e  

We 
l___ . . . . . - . - .  . . .~-  . _ _  - ... - - . . . . --. .-. - .  . . 
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shall assume that the force function of the problem in cylindrical coordinates 
has the form U = U ( p  
certain region of their variation, in which case ~ ( p ,  z) E 0 by reason of 
the choice of the basic coordinate plane. 
the condition 

z)., and is a holomorphic function of p and z within a 

In addition, we shall assume that 

is satisfied at least for the circular orbits under consideration (here and 
subsequently the subscript "0" will signify that we have taken the value of 
the function at the point p = Po,  = 0 ) .  

The differential equations of motion will be written as follows: 

where CJ is the areal velocity. 

The system of equations ( 3 . 2 )  admits of a partial solution /297 

( 3 . 3 )  p = PO, = 0,  (3 = (30, z = 0,  i. = 0, 

to which corresponds a certain circular motion. The solution (3 .3)  exists, 
provided the force function of the problem satisfies the following inequality: 

(E) <o. 
a P  0 

The value of the areal velocity must .satisfy the following equation: 

(3 .4 )  

Let us consider the stability of the partial solution ( 3 . 3 ) .  Introducing 
the usual designations for perturbations, 

X I  = p - Po, x, = p, x, = (3 - Go, x4 = z ,  x5 = i )  

we write the differential equations of perturbed motion as follows: 
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The system ( 3 . 6 )  possesses two integrals : 

v 1 = x3 = c', (3.7) 

In order to obtain the necessary stability conditions of solution (3.3) 
with respect to the quantities p ,  f ly z, 2, we examine the equations of first /298 
approximation: 

(3.91 

The characteristic equation of system (3.9) has this form: 

From the Lyapunov theorem given in § 1 it follows that a necessary stability 
condition is the absence, among the roots of the characteristic equation, of 
any roots which have positive real terms. In our case this condition will be 
met, provided the following inequality is satisfied: 

(3.11) 
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or  else one of the two following conditions, equivalent to it: 

In the case of motion of the point within a force field with possesses 
symmetry with respect to the basic coordinate plane, the necessary stability 
conditions are particularly simple. 

(3.11) we obtain the following necessary stability conditions: 

Here, (U:z)o = 0, so that in place of 

We should note that when the necessary stability conditions are satisfied, /299 
the unperturbed motion under consideration will be stable with respect to p ,  
6 ,  0 ,  z, i in first approximation. 

Now let us proceed to a derivation of the sufficient stability conditions. 
Making use of N. G. Chetayev's method (see § 2), we select the connective of 
integrals (3.7) and (3.8) as the Lyapunov function: 

I' = v, 3- k,  I/, -1- hJ'?, (3.15) 

where hl and A 2  are arbitrary numbers which must be chosen in such a way that 
the function (3.15) will be sine-limited. The derivative of function V in 
virtue of the equations of perturbed motion (3.6) will be identically equal 
to zero. Therefore, with sine-limitation of function V, the solution (3.3) 
will be stable. 

- 
1 = x 2 -  We now expand V in Taylor's series in the vicinity of the point x 

... = x5 = 0: - - 
- - x2 = ... = x:, = 0:  

1 1 11 .> 4 ./:- "T, + ~ ~ ~ - - ( U ~ ~ j , ~ s ~ - - ~  I ( - p  ) x1~;:- 

- ( UZt) ( ,  f l X ,  + * . . Po (3.16) I J 2 

2 First of all, selecting X1 = - - J ( - P U ~ ) ~  , we are able to eliminate the 

linear term from the expansion of (3.15). 
if the quadratic form which appears in the expansion (3.16) is positive 
definite. 

P O  
The function will be sine-limited, 

This happens provided the determinant 
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1 
2 '  
- 

2 

Po 
hz 4- 7 ,  

0.  0 1 

/300 - and provided t h a t  i t s  p r i n c i p a l  diagonal minors are p o s i t i v e :  i . e . ,  t h e  
following i n e q u a l i t i e s  a r e  f u l f i l l e d :  

(3.17) 

I t  is  not  d i f f i c u l t  t o  v e r i f y  t h a t  i f  condi t ions (3.12) are m e t ,  and if 
t h e r e  i s  an appropr ia te  choice of  X 2 ,  t h e  i n e q u a l i t i e s  (3.17) a l s o  hold. 

sequent ly ,  t h e  motion under cons idera t ion  w i l l  be s t a b l e ,  while condi t ions 
(3.12) w i l l  be s u f f i c i e n t .  

Con- 

The s t a b i l i t y  condi t ions (3.12) a r e  even more simple when the  motion of  
t h e  po in t  i n  quest ion takes  p lace  wi th in  a g r a v i t a t i o n a l  f i e l d .  
Laplace's  (or Poisson's)  equat ion,  w r i t t e n  i n  c y l i n d r i c a l  coordinates  (see § 1, 
Chapter 2) ,  

Using 

(here it i s  assumed t h a t  t h e  g r a v i t a t i o n a l  f i e l d  possesses  a x i a l  symmetry), 
one can express the  d e r i v a t i v e  U" i n  terms of de r iva t ives  with r e s p e c t  t o  p :  

ZZ 

(3.18) 

\ 

\ 

For t h e  sake of s i m p l i c i t y  w e  l i m i t  ourselves  t o  the  case of a g rav i t a -  
t i o n a l  f i e l d  which i s  symmetrical with r e spec t  t o  the  b a s i c  plane.  We then 
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transform the stability conditions (3.14) to the following form: 

m, following simple transformations, we have the following: 

(3.19) 

(3.20) 

Making the additional assumption that the gravitational field is spher- - /301 
ically symmetrical, we then obtain the following 

where r2 = p2 + z2. 
holds: in other words, we arrive at the result that all existing circular 
orbits are stable. 

These inequalities are fulfilled whenever condition (3.4) 

Now let us apply the stability criteria which we have obtained to the 
problem of the motion of an artificial earth satellite within a normal 
gravitational field whose potential is defined by the following formula (see 
§ 6 ,  Chapter 3): 

(3.21) 

Since the force function (3.21) is even with respect to z, circular 
motion of artificial earth satellites may take place within the equatorial 
plane z = 0. This requires that condition (3.4) be met: 

(u;), = - (+-) <o.  
0 

pz - cz (3.22) 

The inequality (3.22) is justified for any values of po; consequently, circular 
orbits of arbitrary radius exist within the equatorial plane of the earth. 

Let us consider the stability conditions in the form of (3.20). By 
differentiating we find that 
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and the re fo re  condi t ion (3.20) reduces t o  the  following: 

(3.23) 

2 2 If po - 4c 

it i s  j u s t i f i e d  f o r  

> 0, then  the  f i rs t  i n e q u a l i t y  w i l l  be f u l f i l l e d .  We f i n d  t h a t  

po > 2c ==: 420 km, (3.24) 

i . e . ,  f o r  a l l  types of real  s a t e l l i t e  motion. 
t h e  left-hand i n e q u a l i t y  assumes t h e  following form: 

Following simple transformations,/302 

(3.25) 

and, obviously,  i s  always s a t i s f i e d .  

From (3.24) and (3.25) w e  deduce the  ex is tence  of Lyapunov s t a b i l i t y  (with 
r e spec t  t o  t h e  q u a n t i t i e s  p ,  p ,  0 ,  z ,  2) f o r  a l l  c i r c u l a r  o r b i t s  ly ing  wi th in  
t h e  equa to r i a l  plane of t he  ea r th .  

I t  i s  n a t u r a l ,  a t  t h i s  po in t ,  t o  pose the  quest ion of whether t he  
s t a b i l i t y  of c i r c u l a r  equa to r i a l  o r b i t s  of a r t i f i c i a l  e a r t h  sa te l l i t es  may 
not  be d is rupted  by per turb ing  fo rces  r e s u l t i n g  from the  ac t ion  of terms not  
taken i n t o  account i n  t h e  p o t e n t i a l  (3.21) which a r e  dependent upon zonal 
harmonics of higher  order .  
pe r tu rba t ion  func t ion:  

Such pe r tu rba t ions  are def ined by t h e  following 

(3.26) 

where p is  t h e  small  parameter on t h e  order  of  
holomorphic func t ion  of i t s  va r i ab le s .  

and i s  a bounded, 

Since,  upon add i t ion  of t h e  pe r tu rba t ion  func t ion  (3.26), t h e  d i f f e r e n t i a l  
equations of motion, as before ,  w i l l  possess  a k i n e t i c  energy i n t e g r a l  and 
a l s o  an angular-momentum i n t e g r a l ,  then,  i n  correspondence with t h e  r e s u l t s  
of § 2, it can be s t a t e d  t h a t  t h e  c i r c u l a r  a r t i f i c i a l  e a r t h  s a t e l l i t e ’ o r b i t s  
under considerat ion w i l l  be s t a b l e  i n  t h e  presence of cons tan t ly  act ive 
per turba t ions  of t he  type of ( 3 . 2 6 ) ,  given s u f f i c i e n t l y  small absolu te  values  
of p. 

I n  p a r t i c u l a r ,  s t a b i l i t y  is  no t  d i s rupted  by terms r e s u l t i n g  from the  
asymmetry of t h e  e a r t h  with r e spec t  t o  t h e  equa to r i a l  plane.  
§ 2 do not  enable us  t o  extend t h e  r e s u l t s  obtained t o  pe r tu rba t ions  r e s u l t i n g  
from tesseral or s e c t o r i a l  harmonics -- i . e . ,  t o  pe r tu rba t ions  from t h e  

The theorems of 
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longi tudina l  terms. 
I i n  one of t h e  succeeding sec t ions .  

This  ques t ion  w i l l  be approached from a d i f f e r e n t  angle  

Let us  consider  t h e  c i r c u l a r  o r b i t s  of t h e  l i m i t i n g  v a r i a n t  of t h e  problem 
of two immobile cen te r s ,  i n  which one of t h e  g r a v i t a t i n g  cen te r s  i s  i n f i n i t e l y  
d i s t a n t  ( see  5 8, Chapter 3 ) .  As w a s  a l ready  poin ted  out ,  t h e  o r b i t s  of t h i s  
problem may be  made use of i n  t h e  capac i ty  of  in te rmedia te  o r b i t s  i n  several 
s i t u a t i o n s :  i n  s tudying t h e  per turb ing  inf luence  of t h e  sun, i n  studying t h e  
motion of an a r t i f i c i a l  space objec t  wi th in  a c e n t r a l  Newtonian f i e l d  of 
fo rces  with constant  vec to r  of j e t  acce le ra t ion ,  and a l s o  i n  studying t h e  
effects of  l i g h t  p re s su re  from s o l a r  r a d i a t i o n  on t h e  motion of  a r t i f i c i a l  
e a r t h  satel l i tes .  We s h a l l  give here  the  r e s u l t s  obtained by A. L. Kunitsyn 

/303 

[I81 

In  a c y l i n d r i c a l  coordinate  system whose pole  is  within t h e  g r a v i t a t i n g  
mass, and whose z-axis is  d i r ec t ed  along t h e  a x i s  of symmetry of t h e  f i e l d ,  
t h e  p o t e n t i a l  w i l l  assume t h e  following form: 

The c i r c u l a r  o r b i t s  

p = pa, 2 = 20, (T = 0, 

e x i s t  provided t h a t  

(g) 0 = o ,  

from which w e  ob ta in  t h e  following value f o r  zo: 

M d  
21, = I 

(3.27) 

(3.28) 

(3.29) 

(3.30) 

where c i s  the  constant  of areas. 

In po la r  coordinates  (r = i p 2  + z 2  and 8 = a r c s i n  E) i n  p lace  of (3.30) r 
w e  w i l l  have 

(3.31) 

The equation which w e  have obtained here  r ep resen t s  t he  envelope of a family 
of c i r c u l a r  o r b i t s ,  and def ines  t h e  r e l a t i o n s h i p  between t h e  r ad ius  of t he  
c i r c u l a r  o r b i t  and t h e  displacement of  i t s  p lane  with r e spec t  t o  the  cen te r  
of g rav i ty .  
determine t h e  boundaries of t he  region of ex is tence  of such c i r c u l a r  motions: 

From t h e  c m d i t i o n  of non-negativity of i t s  right-hand member, we 
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Thus, the circular motions will exist only within the region z > 0, so that 

o < z o < c ) / $ .  (3.32) 

/304 As follows from (3.31), the radius p o  assumes a maximal value when - 
e,,, = arccos- 1 . (3.33) va 

Turning our attention to equation (3.5), we determine the velocity v 0 
along the circular orbit. 
following: 

After simple transformations, we obtain the 

where vo = From this we find 

Let us investigation the stability of the motions which have been found. 
# 0, and that the necessary and sufficient It is obvious that in this case z 

conditions (3.11) can be transformed to the following: 
0 

(3.34) 

Taking Laplace's equation into consideration, we obtain the following in place 
of (3.34) : 

This condition will be fulfilled if zo satisfies the inequality 

(3.35) 

(3.36) 
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I n  t h i s  s i t u a t i o n ,  t he  c i rcular  motions w i l l  be s t a b l e  with r e spec t  t o  p ,  z, 6, 
2, 0. 

From (3 .33)  and ( 3 . 3 6 )  w e  f i n d  t h a t  c i r c u l a r  o r b i t s  f o r  which 

are s t a b l e .  

§ 4.  T h e  S t a b i l i t y  of Spheroidal and Hyperboloidal Orbi t s  

(3 .37 )  

Art i f i c i a l  e a r t h  s a t e l l i t e s  which have small e c c e n t r i c i t y  are very 
important i n  t h e  p r a c t i c a l  sense.  
t h e  usual  methods of t h e  c lass ic ial  theory of pe r tu rba t ions  involves c e r t a i n  
d i f f i c u l t i e s .  The most general  r e s u l t s  with t h e  use of  t hese  methods i n  t h e  
s tudy of nea r -c i r cu la r  o r b i t s  are those obtained by S t r ab lo  [l89] and G .  V .  
Samoylovich [190, 1911. Actual ly ,  t h e  problem becomes a good dea l  easier i f  
w e  d i s regard  the  c l a s s i c a l  theory of pe r tu rba t ions ,  and ins tead  make use of 
t h e  so lu t ions  of t he  general ized problem of two immobile cen te r s .  
p resent  s ec t ion  we s tudy t h e  s t a b i l i t y  of  e l l i p s o i d a l  o r b i t s ,  which, i n  t h e  
case of  small  values  of t h e  e c c e n t r i c i t y  of t h e  e l l i p s o i d  of r o t a t i o n ,  cor res -  
pond t o  nea r -c i r cu la r  o r b i t s  [89]. 

However, t h e  s tudy  of  t hese  o r b i t s  with 

In the  

According t o  § 6,  Chapter 3 ,  t h e  d i f f e r e n t i a l  equations of motion of 
a r t i f ic ia l  e a r t h  s a t e l l i t e s  i n  a normal g r a v i t a t i o n a l  f i e l d  have the  following 
form : 

where h and c1 are a r b i t r a r y  constants  of i n t e g r a t i o n ,  and t h e  independent 

v a r i a b l e  T ( regular ized  time) i s  def ined by t h i s  d i f f e r e n t i a l  equation: 

Equations of motion s i m i l a r  t o  (4.1) are q u i t e  convenient i n  the  study of 
t h e  s t a b i l i t y  o f  c e r t a i n  types of a r t i f i c i a l  e a r t h  s a t e l l i t e  o r b i t s ,  s ince  
the  system breaks down i n t o  two independent equat ions.  As i s  evident  from 
equation (4.2), t h e  r egu la r i z ing  v a r i a b l e  T i nc reases  monotonically and in-  
d e f i n i t e l y  along with t ;  f o r  t h i s  reason,  a t r a n s f e r  t o  regular ized  time i n  
t h e  present  s t a b i l i t y  problem i s  poss ib le .  Therefore ,  so lu t ions  of equations 
(4.1) are i n d e f i n i t e l y  extended, and t h e  v a r i a b l e  T i s  a b l e  t o  p lay  j u s t  t h e  
same r o l e  i n  t h e  s tudy of  s t a b i l i t y  as i s  played by t i m e  t. 
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The a r b i t r a r y  cons tan ts  h and c appear i n  system (4.1). I f ,  i n  t h e  s tudy 

of s t a b i l i t y ,  t hese  cons tan ts  are assumed t o  be inva r i ab le ,  then w e  may be ab le  /306 
t o  e s t a b l i s h  only condi t iona l  s t a b i l i t y ,  s ince  t h e  i n i t i a l  and t h e  successive 
per turba t ions  must s a t i s f y  t h e  condi t ion  of non- inva r i ab i l i t y  of t h e  t o t a l  
mechanical energy and t h e  condi t ion  of constancy of t he  s e c t o r  ve loc i ty .  
o rder  t o  demonstrate uncondi t ional  s t a b i l i t y ,  w e  make use of the  first theorem 
of § 2. I n  our proof w e  s h a l l  no t  supplement system (4.1) with add i t iona l  
equations f o r  h and cl. A more d e t a i l e d  s tudy of t h e  problem may be  found i n  

t h e  present  writer 's  a r t i c l e  a l ready  r e f e r r e d  t o  [89], and a l s o  i n  the  work by 
V. G .  Degtyarev [186]. 

1 

In 

Equations (4.1) have p a r t i a l  so lu t ions  of t h e  form 

v = vo, v' = 0, 11 = I r a ,  c, = CI", 

i f  vo i s  a roo t  of t he  equation 

(4.3) 

Corresponding t o  so lu t ions  (4.3) a r e  o r b i t s  which l i e  upon a compressed 
spheroid whose a x i s  o f  symmetry coincides  with the  e a r t h ' s  a x i s  of r o t a t i o n .  
The major semi-axis of t h i s  spheroid is  c ch vo, the  minor semi-axis i s  c sh v 

and t h e  e c c e n t r i c i t y  i s  l / ch  v 

onto t h e  e l l i p s o i d ,  remaining wi th in  a c e r t a i n  band which i s  symmetrical with 
r e spec t  t o  t h e  equator.  Such o r b i t s  may be e i t h e r  pe r iod ic ,  i n  which case 
they c lose  following a l a rge  number of revolu t ions ,  o r  they may be condi t iona l ly  
per iodic ,  i n  which case they everywhere densely f i l l  t h e  band r e f e r r e d  t o .  The 
width of t h i s  band i s  determined by the  magnitude of t he  roo t  of t he  second 
of t h e  equations of (4 .1) .  This r o o t  determines the  hyperboloid of revolu t ion ,  
which i n t e r s e c t s  with t h e  e l l i p s o i d  along two symmetrical small c i r c l e s ,  which 
represent  If u i s  c lose  t o  
~ / 2 ,  then the  o r b i t  w i l l  be  loca ted  i n  t h e  v i c i n i t y  of  t he  equa to r i a l  p lane  of 
t he  ea r th .  

0' 
If cl0 # 0 ,  then t h e  t r a j e c t o r y  "unrol ls"  0' 

t h e  boundary of  t h e  region of poss ib l e  motion. 

If  cl0 = 0,  t h e  o r b i t s  of t h e  a r t i f i c i a l  e a r t h  s a t e l l i t e  w i l l  l i e  within 

meridional p lanes ,  and w i l l  be  i n  t h e  form of e l l i p s e s ,  whose apses w i l l  l i e  
i n  t h e  equa to r i a l  plane of t h e  e a r t h  (see § 4, Chapter 4 ) .  

Introducing t h e  following des igna t ions  f o r  per turba t ions ,  

21 v - vo = XI, v' = y 

w e  w r i t e  t h e  d i f f e r e n t i a l  equat ions of per turbed motion as fol lows:  

(4 51 
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The equations of first approximation have the following form: 

i'he roots of the characteristic equation of system (4.7) are written as 
follows : 

If 

then the ellipsoidal orbits will be stable as regards the first approximation. 

The sufficient conditions for stability in this case are found with the 
help of the first integral of system (4.6): 

We expand the function V in Maclaurin's series: 1 

(4.10) 

(4.11) 

The condition of its positive definiteness is the inequality (4.9). Con- 
sequently, condition (4.9) will be necessary and sufficient for the stability 
of orbits of the class under consideration. 

Condition (4.9), obviously, is not satisfied for meridional (polar) 
orbits when c By using the smallness of c, it is possible to demon= 
strate, however, that this condition is satisfied for all real orbits. The 
details of the analysis in this case may be found by the reader in [186]. 

= 0. 10 
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On t h e  b a s i s  of t he  r e s u l t s  obtained i n  § 2,  it i s  poss ib l e  t o  demonstrate /308 - 
t h a t  t h e  o r b i t s  under cons' ideration w i l l  be  s t a b l e  i n  t h e  presence of  cons tan t ly  
ac t ing  pe r tu rba t ions  of t h e  form 

(4.12) 

where F i s  a bounded holomorphic func t ion ,  a, B, y are a r b i t r a r y  constant  
magnitudes, and 1-1 is  a s u f f i c i e n t l y  small parameter. 

From what has  been demonstrated it i s  c l e a r  t h a t  t h e  e l l i p s o i d a l  o r b i t s  
w i l l  be s t a b l e  with r e spec t  t o  t h e  major semi-axis and with r e spec t  t o  the  
e c c e n t r i c i t y  of t he  e l l i p s o i d  on t h e  su r face  of which t h e  a r t i f i c i a l  e a r t h  
s a t e l l i t e  i s  moving. However, according t o  formulas (7.9) and (7.10), Chapter 
3, t o  a constant  va lue  of v,  with accuracy up t o  t h e  order  of c, t h e r e  corres-  
ponds a constant  value of t h e  radius-vector  of t h e  a r t i f i c i a l  e a r t h  s a t e l l i t e :  
t h i s  means t h a t  t h e  o r b i t s  a r e  s t a b l e ,  approximately, with r e spec t  t o  r and 
r ' .  

L e t  us proceed now t o  a s tudy of hyperboloidal o r b i t s .  

The second of t he  equations of (4.1) has p a r t i a l  so lu t ions  
of t he  type 

u = u0, h = ho, c1 = cl0. (4.13) 

From the  t ransformation formulas (6.39), Chapter 3 ,  it follows 
t h a t  with u = uo a-moving mater ia l  p o i n t  throughout t he  time 

of  i t s  motion w i l l  be found on t h e  su r face  of the  hyperboloid 
of  r o t a t i o n :  

This p a r t i c u l a r  type of motion we s h a l l  r e f e r  t o  a s  "hyperboloidal". 
I t  i s  easy t o  see t h a t  with c = 0 the  motion w i l l  t ake  p l ace  on 

t h e  sur face  of a hyperbola ly ing  wi th in  some meridional plane 
(hyperbol ic  motion). Properly speaking, n e i t h e r  hyperboloidal 
nor hyperbol ic  motion can be descr ibed as s a t e l l i t e  motion, s i n c e  
during t h e  process  of t h e  motion a mater ia l  p a r t i c l e  i s  removed 
t o  i n f i n i t y .  Nevertheless,  t h e  o r b i t s  of t h i s  c l a s s  under con- 
s i d e r a t i o n  present  considerable  i n t e r e s t s  i n  t h e  theory of 
motion of i n t e rp l ane ta ry  sh ips  which remain under t h e  inf luence  
of t h e  ear th .  

10 

Solu t ions  of t h e  type of (4.13) ex is t  i f  uo is  a r o o t  of t h e  

285 



following equation1 : 

(4.15) 

in other words, with h > 0 (in the case in which the total 

mechanical energy is positive). 
0 

The equations of perturbed motion will be written as 
follows : 

2 2 whereu-u = z l , u q = z  h - h  = z  c - c  = z  0 2' 0 3' 1 10 4' 
System (4.16) has an integral 

orbits, In proving the Lyapunov stability of hyperboloidal 
we employ a combination of integral (4.17) and the integrals 
V2 = z3, V = z 3 4  in the capacity of a Lyapunov function: 

For the sine-limitation of this function with sufficiently 
values of zi, the following inequality must be satisfied2: 

q0 c0;'uo 
sin'' UQ > 0. 

(4.16) 

(4.17) 

(4.18) 

small 

(4.19) 

It is obvious that this inequality is fulfilled f o r  any hyperboloidal 
orbits whatever. Consequently, the orbits under consideration 
will be stable in the Lyapunov sense with respect to the quantities 

--. .  . . . - ~ .? .,__.__ ~~ . I . - *  ~ ... . . .., . .... - =  j .  . -  

We leave out of consideration the case u 
linear motion along the earth's acis of rotation, and also the case u 

= 0 ,  to which corresponds recti- 0 
= ~ / 2 ,  0 

/309 

to which corresponds rectilinear motion on the equatorial plane. 
It is assumed that Bi are chosen in suitable fashion. 
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u,  u t ,  h and cl. 

of  t hese  o r b i t s  with r e spec t  t o  t h e  semi-axes of  t he  hyperbo- 
l o i d  on whose su r face  t h e  motion takes  p lace ,  and a l s o  with 
r e spec t  t o  t h e  e c c e n t r i c i t y  of  t h a t  hyperboloid. 

This implies ,  i n  p a r t i c u l a r ,  t h e  s t a b i l i t y  

§ 5. T h e  S t a b i l i t y  o f  t h e  Orbi t s  o f  A r t i f i c i a l  Ce le s t i a l  Bodies w i t h  
Respect to Canonical E l e m e n t s  i n  t h e  Presence o f  Constantly 
Acting Perturbat ions 

I n  order  t o  descr ibe  t h e  per turbed ( in  t h e  sense of  ce les t ia l  mechanics) 
motion of  a space veh ic l e  conceived as a material po in t ,  we make use  o f  one  
of t he  systems of canonical elements. F o r  t h i s  purpose e i t h e r  t he  canonical 
elements of Delaunay, or t h e  f i rs t  or second system of  elements of Poincare 
[191] w i l l  be found t o  be convenient. In  t h i s  study w e  s h a l l  make use  of  
t h e  f i rs t  system of PoincarB: 

- /310 

I n  t h e  formulas of (5.1) we make use  o f  t he  following designat ions:  m and m 

a r e  t h e  masses of the  mutually g r a v i t a t i n g  po in t s ,  a i s  t h e  major semi-axis of 
t he  oscula t ing  e l l i p t i c  o r b i t ,  e i s  the  e c c e n t r i c i t y  of t h e  o r b i t ,  i i s  the  
i n c l i n a t i o n ,  n i s  t h e  mean motion, R is  t h e  longi tude of t h e  ascending node, 
T is  t h e  longi tude of t he  p e r i c e n t e r ,  and E i s  t h e  mean longi tude of t he  
epoch. Taking i n t o  considerat ion t h e  smallness of  t h e  mass of  t h e  space 
veh ic l e  m i n  comparison with t h e  mass of  t h e  a t t r a c t i n g  cen te r ,  t h e  quant i ty  
m i n  formulas (S . l )  can be neglected.  

0 

On the  b a s i s  of [1.91] we have the  following d i f f e r e n t i a l  equations of 
per turbed motion: 

where t h e  Hamiltonian H i s  def ined as fol lows:  

The second t e r m  i n  t h e  right-hand member of (5.3) r ep resen t s  t he  pe r tu rba t ion  
(per turbing)  func t ion ,  i n  which t h e  symbol 1.1 denotes t h e  small parameter. 
If w e  s u b s t i t u t e  u = 0 ,  equations (5.2) w i l l  d e f ine  the  unperturbed e l l i p t i c  
o r b i t .  
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On account of the conservativeness of the perturbing forces, equations 
( 5 . 2 )  have a generalized energy integral: 

H = const. (5 9 4) 

If the perturbing function satisfies the condition 

then equations ( 5 . 2 )  possess still another integral: 

L - p1 - ps 3 const. (5.6) 

The condition (5.5) means that the perturbing force function is symmetrical 
with respect to a certain axis, and that the integral of ( 5 . 6 )  represents 
the angular-momentum integral as expressed in Poincar6 elements [191]. 

We should note that the differential equations ( 5 . 2 )  are useful in des- 
Their use is indicated in the study cribing motions in any limited problem. 

of stability in a number of situations: the problem of the motion of an 
artificial satellite of a spheroidal planet; the three-dimensional circular 
three-body problem (the case of the motion of a passively gravitating body in 
the vicinity of one of the gravitating masses); the problem of the motion of 
a satellite within the gravitational field of a slowly rotating rigid body, 
whose central ellipsoid of inertia is close to a sphere; and so on. 

In studying the system of equations ( 5 . 2 ) ,  we shall make no specific 
assumptions whatever regarding the physical nature of the perturbing forces. 
We shall impose only a single limitation on the perturbation function pR, on 
the assumption that within a certain vicinity of the unperturbed values of 
the Poincard elements it is a bounded function. 

For = 0, the system of equations ( 5 . 2 )  defines a certain unperturbed 
Keplerian motion. Let us consider the problem of the stability of this motion 
with respect to a certain number of variables in the presence of constantly 
acting perturbing forces, as assigned with the help of the perturbation function 
VR. 

First let us consider the case in which the equations ( 5 . 2 )  have only a 
single integral ( 5 ; 4 ) .  
stable f o r  the assigned perturbing forces with respect to the element L, 
provided the parameter p is sufficiently small in absolute value. 

We shall show that in this case the motion will be 

Let us supplement the system (5 .2 )  with the equation 

1; = 0. ( 5 . 7 )  
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Expanding the system (5.2) and (5.7) we have a partial solution 

whose stability with respect to the quantities L and p must be.investigated. 
In order to do this we sign the following designations for the perturbations 
of the variables: 

x1 = L - Lo, x, = P, x3 = P1 - P l O ,  
x4 = pz- pzo, x5 = A- h, ( l ) ,  XG = o1 - wlo, x7 = 0, - w20.> F (5.9) 

Then, for the differential equations of perturbed motion, which here we shall 
not write out in new variables, the following two integrals may be noted: 

(5.10) 

In order to demonstrate the stability, we construct the Lyapunov function 
V in the form of a connective of integrals (5.10) 

2 2 
2’ 

V = V1 + AV (5.11) 

where A is an arbitrary constant quantity. 
formula (5.11) in power series of the perturbations x1 and x2, we obtain 

Expanding the right-hand portion of 

(5.12) 

Since the function R, by assumption, is bounded, then it will always be 
possible to select a numerical value for the constant A such that the quadratic 
form in the expansion (5.12) will be positive definite. Actually, the condition 
of sine-restriction of this form is described as follows: 

(5.13) 

/313 The latter inequalities are fulfilled provided A is chosen on the condition - 
2 A > sup Ro. 
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Here, func t ion  (5.11) w i l l  a l s o  be s ine- l imi ted  with r e spec t  t o  the  q u a n t i t i e s  
x and x2. From t h i s ,  by v i r t u e  of  the las t  theorem of E 2, w e  conclude t h a t  1: 
t h e  motion i n  ques t ion  is  s t a b l e  with r e spec t  t o  t h e  element L i n  t he  presence 
of cons tan t ly  a c t i n g  pe r tu rba t ions .  However, from (5.1) it is evident  t h a t  t he  
motion w i l l  a l s o  be s t a b l e  with r e spec t  t o  t h e  major semi-axis of  t h e  o r b i t .  
But t h i s  i n  t u r n  means t h a t  t h e  motion i n  ques t ion  i s  s t a b l e  i n  t h e  Legrangian 
sense1. 

Let u s  consider  a second case. We s h a l l  assume t h a t  t he  per turb ing  
funct ion i s  such t h a t  t h e  condi t ion (5.5) i s  s a t i s f i e d .  Then, i n  addi t ion  t o  
the  energy i n t e g r a l ,  t h e r e  w i l l  e x i s t  a l s o  an angular-momentum i n t e g r a l  (5.6), 
which i n  terms of  t h e  va r i ab le s  xi i s  descr ibed as fol lows:  

V = x  - x  - 3 1 3 4' X (5.14) 

Constructing t h e  Lyapunov func t ion  i n  the  form of t h e  connective of t he  
i n t e g r a l s  (5.10) and (5.14) 

2 2 2 
1 1 1  2 2 '  V = V  + A V  + A V  (5.15) 

where A1 and A 

s i d e r a t i o n s  analogous t o  the  preceding, w e  observe t h a t  t h e  unperturbed 
so lu t ion  i s  s t a b l e  i n  t h e  presence of cons tan t ly  ac t ing  per turba t ions  which 
s a t i s f y  condi t ion  (5.5) with r e spec t  t o  L and (pl + p2) .  

formulas (5.1),  t h e  unperturbed motion under cons idera t ion  i s  s t a b l e  with 
respec t  t o  t h e  q u a n t i t i e s  a and J1 - e' COS i. From t h i s  r e s u l t ,  i n  p a r t i c u l a r ,  
it fol lows t h a t  i f  p 2  = 0 ( i  = 0) t h e  t r a j e c t o r y  i s  inclosed within a c i r c u l a r  

annulus whose boundaries a r e  only s l i g h t l y  deformed provided the  per turba t ions  
of type (5.5) are s u f f i c i e n t l y  small i n  absolu te  value.  The r e s u l t s  given here  
are s tudied  i n  [192]. 

are constants  which have been chosen on the  b a s i s  of con- 2 

A s  i s  evident  from 

Note. The i n t e g r a t i o n  of d i f f e r e n t i a l  equations of type (5.2) 
i s  c a r r i e d  out  i n  c e l e s t i a l  mechanics by one of  t he  methods of 
successive approximation; and i s  usua l ly  complicated on account 
of t h e  small d iv i so r s ,  which lead  t o  the  appearance of secular  
terms i n  t h e  so lu t ion .  The ques t ion  n a t u r a l l y  arises of whether 
t hese  secu la r  terms are t h e  r e s u l t  of t he  phys ica l  na ture  of the  
problem, o r  whether they a r e  the  r e s u l t ,  i n  c e r t a i n  cases, of a 
defect  i n  t h e  mathematical methods being used. 
i n t e r e s t  i n  t h i s  connection i s  t h e  charac te r  of v a r i a t i o n  i n  the  
measure semi-axis with respec t  t o  time. This is  important,  f o r  

O f  p a r t i c u l a r  

. . . - . . . . . -. . . __ . . ~ ~~ . .  ~~ 

This p a r t i c u l a r  r e s u l t  can a l s o  be a r r ived  a t  d i r e c t l y ,  without having 
recourse t o  t h e  theorems from t h e  theory of s t a b i l i t y ,  simply by analyzing 
t h e  first i n t e g r a l s .  
which t h e  s tudy of s t a b i l i t y  i s  being conducted with t h e  he lp  of i n t e g r a l  
connectives.  

But such a conclusion i s  j u s t i f i e d  i n  any case i n  
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example, in determining the lifetime of the satellite. If 
the quantity a remains limited during the entire course of 
the motion, then we can be sure that the motion is stable 
in the Legrangian sense;. From the stability established 
with respect to the major semi-axis a, it follows that the 
secular terms in the theory of motion of an artificial 
earth satellite within a central gravitational field are 
actually the result of inadequacies in the methods employed. 

5 6 .  Stability o f  the Orbits o f  the Center o f  Mass o f  a Sagittal Satellite 

Let us consider the problem of the translational-rotating motion of a 
material homogeneous rectilinear segment of mass m and length 22 within the 
gravitational field of a sphere of mass mo which has a spherical distribution 
of densities. 
stated in terms of a rectangular coordinate system whose origin coincides with 
the center of mass of the sphere and whose axes are fixed directions, have 
been obtained by G. N. Duboshin [193]. In cylindrical coordinates these 
equations are written as follows: 

The differential equations of motion in this problem, when 

where U is defined as follows: 

while 

1 
r Y =: - [ p  sin Q sin (4 - h)  + z cos 61. 

In formulas (6.1) - (6.3) we make use of the following designations: p ,  A, z 
are the cylindrical coordinates of the center of inertia of the segment; $, 6 

. ~. . - . . . . . ~ . . . . - . . . . . - -. - __ - .. - . . . . - . . . .  .. 

K. V. Kholshevnikov [207, 2081 has established the condition f o r  
Lagrangian stability by using the Laplace formula. See also [209]. 
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are t h e  Euler ian angles  which de f ine  the  o r i e n t a t i o n  o f  t h e  segment within t h e  
chosen system of coordinates;  f is t h e  constant  o f  g r a v i t a t i o n ;  P 2 k ( ~ )  i s  a 
Legendre polynomial of  t h e  2k-th order ,  

The system (6.1) has  fou r  f i rs t  i n t e g r a l s ,  of  which w e  s h a l l  subsequently '  
make use  of  t h e  energy i n t e g r a l  

and one of t h e  i n t e g r a l s  of  t h e  moment of momentum: 

We s h a l l  formulate t h e  s t a b i l i t y  problem as fol lows.  If 2 = 0,  t he  system 
(6.1) breaks down i n t o  two independent subsystems : 

and 

The system (6.6) def ines  the  motion of t he  cen te r  o f  i n e r t i a  of t h e  segment, 
when t h e  l a t t e r  i s  concentrated a t  a po in t .  Equations (6.7) do not have any 
physical  meaning, s ince  t h e  r o t a t i n g  motion of  a po in t  does not  e x i s t .  They 
are nevertheless  necessary f o r  mathematical reasons.  The ques t ion  a r i s e s  
whether t h e  o r b i t s  descr ibed by equations (6.6) and (6.7) a r e  sLable with 
respec t  t o  t h e  same va r i ab le s  which cha rac t e r i ze  t h e  motion of  t h e  center  of 
mass of t he  segment, when 2 i s  d i f f e r e n t  from zero,  bu t  s u f f i c i e n t l y  small. 
The so lu t ion  of t h e  system (6.1) does no t  coincide with the  so lu t ions  of  



equations (6 .6 )  and ( 6 . 7 ) ,  and w e  therefore  consider  the quest ion of t he  
s t a b i l i t y  o f  t he  so lu t ions  of equations (6 .6)  and (6 .7 )  i n  t h e  presence of 
s p e c i f i c  cons tan t ly  ac t ing  per turba t ions  r e s u l t i n g  from t h e  shape of t he  
sate1 l i t e .  

In  order  t o  a r r ive  a t  a so lu t ion  w e  r e s o r t  t o  t h e  method given i n  5 2 of 
t h e  present  chapter  -- i n  o t h e r  words w e  supplement t h e  system (6 .1)  with t h e  
equation 

z = o  (6 .8 )  

and then inves t iga t e  t h e  s t a b i l i t y  of  t h e  so lu t ions  of t he  enlarged system 
thus obtained : 

where 

sh ips  of (6.9) de f ine  c i r c u l a r  o r b i t s  ly ing  within t h e  b a s i c  plane of the  
coordinate  system. Since v a r i a t i o n  i n  t h e  s p a t i a l  o r i e n t a t i o n  of the  coordinate  
system does not  lead t o  any change i n  the  form of equations (6.1),  o r  i n  t h e  
form of the  f o r c e  funct ion (6.2) ,  our reasoning appl ies  t o  a l l  c i r c u l a r  o r b i t s  
of t he  cen te r  of mass of t h e  s a t e l l i t e .  

$,(t) represents  any p a r t i a l  so lu t ion  of equation (6.7).  The r e l a t i o n -  

We s h a l l  f irst  of  a l l  consider  t he  system (6.7) and po in t  out  t h a t  $,(t) 

i s  l imi ted  f o r  a l l  i n i t i a l  condi t ions.  The f irst  o f  t he  equations of (6.7) 
y i e l d s  

With t h e  help of (6.10) w e  f i n d  t h a t  

From (6.11) it is  evident  t h a t  

(6.10) 

(6.11) 

/317 

From t h i s  it follows t h a t  $ ( t )  i s  l imi ted .  
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We now introduce the following designat ions f o r  the per turba t ions  of t h e  
va r i ab le  q u a n t i t i e s :  

(6.12) 

Then t h e  system of d i f f e r e n t i a l  equations of per turbed motion (which w e  omit 
f o r  t he  sake of b r e v i t y )  has the following f i r s t  i n t e g r a l s :  

(6.13) 

F, = (po + x1)2 ( n  + x,) - pin 4- ~- 111" i- I11 x;, 0 ($0 -l- XID) cost xi,  (6.14) 
f l lu  

(6.15) 11 * F = x  3 

Now l e t  us  consider  t h e  s t a b i l i t y  of motion with r e spec t  t o  a c e r t a i n  
number of v a r i a b l e s ,  s p e c i f i c i a l l y  x l ,  x2,  x4, x5, x6 and xll .  

s tudy t h e  s t a b i l i t y  w e  s h a l l  cons t ruc t  t h e  Lyapunov func t ion  V i n  the  form of 
t h e  connective of t h e  f i rs t  i n t e g r a l s  (6.13) - (6.15) 

In  order  t o  

V -- F ,  -- 2t1F3 + PF; + MF;; (6.16) 

whre M and P a r e  a r b i t r a r y  p o s i t i v e  constants  which w i l l  be s e l ec t ed  sub- 
sequent ly .  
motion, and t h e r e f o r e  i t s  de r iva t ive  i n  v i r t u e  of t h e  d i f f e r e n t i a l  equations 
i s  i d e n t i c a l l y  equal t o  zero. 
t o  t h e  chosen v a r i a b l e s ,  t h e  s t a b i l i t y  of t h e  so lu t ions  i n  quest ion i s  thereby 
demonstrated. 

The func t ion  V represents  The i n t e g r a l  of the  equations of per turbed 

If the  func t ion  V i s  s ine- l imi ted  with r e spec t  

Expanding the  func t ion  V i n  power s e r i e s  of x we obta in  the  following: __ /31; i' 

i n  which t h e  following des igna t ion  has been introduced 

(6. IS)  
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For s u f f i c i e n t l y  s m a l l  abso lu te  va lues  of t h e  q u a n t i t i e s  xi, t h e  s i n e  of t h e  

func t ion  V w i l l  be determined by t h e  s ign  of t h e  quadra t ic  form appearing i n  
t h e  expansion (6.17). 
t o  t h e  q u a n t i t i e s  x x x x x and x i f  t h e  following i n e q u a l i t i e s  

are s a t i s f i e d :  

But t h i s  form w i l l  be d e f i n i t e  p o s i t i v e  with r e spec t  

1’ 2’ 4’ 5’ 6 1 1  

N > E >  0 ,  4Ppa> 3 4- F., Ppi> 3 4- E .  (6.19) 

I t  has a l ready  been shown t h a t  $ o ( t )  i s  a l imi ted  func t ion  of t i m e ,  and t h a t  

t he re fo re  by 

g r e a t e r  than 
3 + E  P >  - 2 ,  

P O  
Thus w e  have 

an appropr ia te  choice of M t h e  quan t i ty  N can be made t o  be 

a c e r t a i n  p o s i t i v e  number €or a l l  values  of t .  

then the  remaining i n e q u a l i t i e s  of  (6.19) w i l l  a l s o  be s a t i s f i e d .  

If w e  choose 

constructed a p o s i t i v e  d e f i n i t e  func t ion  which sa t i s f ies  the  
theorem of V .  V .  Rumyantsev. From t h i s  follows t h e  s t a b i l i t y  of c i r c u l a r  
o r b i t s  of t h e  cen,ter of mass of a segment within a Newtonian f i e l d  of  foTces 
with r e spec t  t o  r ,  IC[, z, I i I and with r e spec t  t o  the  angular  v e l o c i t y  X i n  
t he  presence of cons tan t ly  ac t ing  per turba t ions  r e s u l t i n g  from t h e  shape of 
t h e  s a t e i l i t e ,  on the  assumption t h a t  t h e  length of t h e  segment i s  s u f f i c i e n t l y  
small. This means t h a t  when the  dimensions of t h e  body are  small, r o t a t i n g  
motion i n  the  given case w i l l  no t  have any pe rcep t ib l e  e f f e c t  on t h e  motion 
of t h e  center  of i n e r t i a ,  

Consequently, t h e  r e s u l t s  of  q u a l i t a t i v e  inves t iga t ions  -- i n  p a r t i c u l a r ,  
s t u d i e s  of  t he  s t a b i l i t y  of motion conducted on the  assumption t h a t  t he  
s a t e l l i t e  i s  a material po in t  -- are f a i r l y  r e l i a b l e .  Here we have l imi ted  
ourselves  t o  t h e  case of a s a g i t t a l  s a t e l l i t e  moving i n  a c i r c u l a r  o r b i t ;  t he  
r e s u l t s  might e a s i l y  be extended t o  a s a t e l l i t e  with s u f f i c i e n t l y  small 
dimensions and with a r b i t r a r y  geometry of masses moving i n  an e l l i p t i c a l  un- 
per turbed o r b i t .  For t h i s  purpose we should make use  of t he  Routh theorem and /319 
the  theorem of canonical t ransformations of Routhian equat ions,  given i n  § 4 ,  
Chapter 1. I t  can then be shown t h a t  t he  motion of t he  s a t e l l i t e  w i l l  be 
s t a b l e  with respec t  t o  the  elements a ,  e ,  i, if  i t s  dimensions a r e  s u f f i c i e n t l y  
small. 

-- 

A s tudy of  the  s t a b i l i t y  of t r a n s l a t i o n a l - r o t a t i n g  motion i s  
given i n  t h e  works of  G .  N .  Duboshin [193] and V .  T. Kondurar’ 
[194-1961. 
within a Newtonian f i e l d  of  fo rces  has been s tudied  by a 
number of authors  (see,  f o r  example, V.  V .  Beletskiy [126], 
V .  V .  Rumyantsev [197] , and V .  A.  Sarychev [198-2001). 

The s t a b i l i t y  of t he  r o t a t i n g  motion of a body 
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§ 7. Equations of Perturbed Motion f o r  Quasi-Stackel Systems i n  "Action- 
Angle"  Variables 

Let us assume t h a t  t h e r e  e x i s t s  a dynamic S tacke l l  system, def ined by the  
formulas (5.15) - (5.17) of Chapter 1, i n  which w e  should spec i fy  

(7.1) Q = 0 ,  ai = 1, bi = 0 (i = 1, 2, ..., n).  

Then, according t o  t h e  second theorem of § 5,  Chapter 1, t h e  general  so lu t ion  
of  t h e  problem is  given a s  follows (see (5.18),  Chapter 1 ) .  

where 

and ai and B .  a r e  t h e  constants  of  i n t eg ra t ion .  
I 

Dif fe ren t i a t ing  (7.2) and ( 7 . 3 )  with r e spec t  t o  t ,  we a r r i v e  a t  

(7.3) 

(7.41 

/ 3 2 0  - We s h a l l  assume, i n  addi t ion ,  t h a t  t h e  case of l i b r a t i o n  occurs (5 10, 
Chapter 1 ) ,  charac te r ized  by simple r e a l  r o o t s  q = a and q = b. (a c bi) 
of t h e  equations i i i i i  

' Q i  (qi) = (qi - ai) (bi - s i )  $ i  (qi) = 0, (7.7) 

i n  which $ (ai) # 0,  Gi (bi) # 0. i 

We s t i p u l a t e  

- ~- 

I The theory given here  of condi t ional-per iodic  motions f o r  Stackel  systems i s  
discussed i n  a monograph by Char l ie r  [28] .  
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and introduce t h e  following no ta t ion  

Then equations (7.5) and (7.6) can be  r e w r i t t e n  as fol lows:  

n 

2 Fil dwi = d t ,  
i=1 

n 

2 Fij dwi = 0 
i=l 

( j  = 2, ..., n)t 

The determinant of t h i s  system E by reason of (7.9) i s  equal t o  

(7.9) 

(7.10) 

(7.11) 

(7.12) 

and, consequently, system (7.10) - (7.11) i s  so lvable  with r e spec t  to  dw i . 
From (7.8) w e  ob ta in  t h e  following by in t eg ra t ing :  

L7i = ai cosa - wi 3- bisin2 wi . (7.13) 
2 d 

Designating 

and then i n t e g r a t i n g  the  system (7.10) - (7.11),  w e  have the  following: 

(7.15) 

(7.16) 

If i n  these  equations wk is increased by 27r, then,  from (7.15) and (7,16),  we 
can a r r i v e  a t  

- /321 

n 
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where , obvious l y  , 

(7.19) 

f o r  which d e t  Io.  I # 0. 
Jk 

From (7.13), (7.17) - (7.19) it follows t h a t  t h e  coordinates  w i l l  be 

elementary per iods of which are given by t h e  formulas of (7.10) ( see  § 9 ,  
Chapter 1 ) .  

condi t iona l -per iodic  func t ions  of t h e  q u a n t i t i e s  t + A 1, A 2 ’ ” . ’  An’ t h e  

We now introduce t h e  new va r i ab le s  u with t h e  he lp  of t he  following i r e l a t i o n s :  

(7.20) 

Since t h e  determinant I o . .  I is  d i f f e r e n t  from zero,  t h e  l a t t e r  system can be 
1 J  

solved f o r  t he  v a r i a b l e s  u 
represented i n  t h e  form of func t ions  of u - 

i’ 

and then t h e  general ized coordinates  q can be i’ i 

(7.22) 

By reason of (7.20) and (7.21) the  coordinates q w i l l  be pe r iod ic  func t ions  
of ui with the per iod  2 ~ r :  i 

(7.23) 

where m are a r b i t r a r y  whole numbers. i 

Let us proceed t o  t h e  compilation of t h e  equations of per turbed motion on / 3 2 2  
t h e  assumption t h a t  f o r  such motion the  Hamiltonian has t h e  following form: 

13 = T - U - pR. (7.24) 

Here t h e  term T - Usatisfies the  condi t ion of t he  S tacke l  theorem (formulas 
(7.15) - (7.17) Chapter 1 and formulas (7.1) of t h e  present  chapter ) .  The 
motion def ined by the  Hamiltonian Ho = T -  I l w i l l  be taken as t h e  unperturbed 

( intermediate)  motion. The func t ion  ~.IR w i l l  be pe r tu rba t iona l  (or per turbed) ,  
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where i s  t h e  small parameter. 

The per turbed motion can be  descr ibed with d i f f e r e n t i a l  equations (11.8) 
Chapter 1, obtained by the  method of v a r i a t i o n  of a r b i t r a r y  constants  (or  
with the  help of t he  cbrresponding contac t  t ransformation):  

(7.25) 

However, i n  q u a l i t a t i v e  inves t iga t ions ,  it is  more convenient t o  use t h e  
d i f f e r e n t i a l  equat ions f o r  t h e  oscu la t ing  elements, t h e  r o l e  of which i s  
played by t h e  canonical llaction-angle" va r i ab le s .  Variables  of  sfanglest  ty-pe 
i n  t h i s  case w i l l  be t h e  q u a n t i t i e s  n = u def ined by t h e  system (7.20) - 
(7.21). The canonical v a r i a b l e s  of a c t i o n  which are conjo in t  with them w i l l  
be designated with the  symbol Si .  

i i' 

For t hese  we w i l l  have 

(7.26) 

The canonical charac te r  of t h i s  t ransformation can e a s i l y  be es tab l i shed  

Pi t o  t he  
with the  he lp  of Jacobi  theorem (see § 4 ,  Chapter 1) i n  the  form given by 
Poincare [191]. If t h e  canonical t ransformation from va r i ab le s  ci 

var i ab le s  Si, ni i s  given. by t h e  d e r i v a t i v e  of t h e  func t ion  S(t, c i l , . . . ,  an, 

..., 5 ) ,  ,then i t s  t o t a l  v a r i a t i o n  w i l l  be equal t o :  51 n 

i' 

(7.27) 

Here the  left-hand member, with th.e help of t he  formulas (4.11) Chapter 1, can / 3 2 3  
be transformed t o  t h e  following form: 

(7.28) 

This br ings us t o  t h e  conclusion t h a t  t h e  t ransformation of the  va r i ab le s  w i l l  
be canonical provided t h e  expression (7.28) represents  t he  t o t a l  d i f f e r e n t i a l  
of any func t ion .  Subs t i t u t ing  i n  expression (7.28) t h e  values  of  t he  new 
va r i ab le s  Ei, n. 
t h a t  t h i s  expression i n  unpertu.kbed motion w i l l  be constant  and equal t o  the  
t o t a l  mechanical energy a taken wi th  opposi te  s ign.  This means t h a t  t he  

d e r i v a t i v e  func t ion  of  t h e  contac t  t ransformation S w i l l  be w r i t t e n  as fol lows:  

as assigned by formulas (7.20), (7.21) and (7.26), w e  observe 
1 

1' 
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s = -a l t ,  (7.29) 

where c1 should be regarded as a funct ion of the new v a r i a b l e s .  1 

A s  a r e s u l t  of t h i s  t ransformation,  t h e  equat ions of  per turbed motion can 
be represented as fol lows:  

(7.30) 

where t h e  new Hamiltonian i s  assigned by t h e  formula 

K = -a1 + pR. (7.31) 

Assuming t h e  Hamiltonian t o  be an a n a l y t i c a l  func t ion  of t h e  small parameter 
1-1, it can be expanded i n  power s e r i e s  of p :  

K = K + pKl + ..., (7.32) 0 

i n  which, by reason of (7.22) and (7.23) t h e  func t ions  K1, K2 ,  ... w i l l  be 

pe r iod ic  with r e spec t  t o  ni,  with t h e  per iod 2 ~ r ,  while K 
upon Si. 

5 8. T h e  S t a b i l i t y  of S a t e l l i t e  Orbi ts  i n  t h e  Presence o f  Constantly Acting /324 

w i l l  depend only 
0 

Conservative Per turba t ions  

The reasoning advanced i n  t h i s  s ec t ion  w i l l  be based upon t h e  Kolmogrov- 
Arnol'd theorem, which can be formulated as fol lows.  

Let t h e  motion of a conservat ive mechanical system be def ined by t h e  
H a m i  1 tonian 

i n  which 1.1 i s  t h e  small parameter,  while t h e  func t ion  H1 (p, q ,  p) has the  

per iod 2.rr wi th  r e spec t  t o  ql ,  ..., q 

G :  ( l m  ql < p ,  p E P, and wi th in  t h i s  reg ion  l e t  t h e  following condi t ion of 
non-degeneracy be f u l f i l l e d :  

and i s  a n a l y t i c a l  wi th in  a c e r t a i n  region n 

while 
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Then, with s u f f i c i e n t l y  small values  of  M y  t h e  po in t s  of  t h e  region G ,  exclud- 
ing  t h e  se t  which is  of small measure a 1 ong with M y  w i l l  move condi t ional-  
pe r iod ica l ly  along n-dimensional t o r i  which 'are  c lose  t o  the t o r i  

p = const .  

The theorem formulated here  has been proven by V.  I .  Arnol'd [166, 1681, 
using a modified form of  Newton's method of successive approxintations. 
addi t ion ,  Arnol'd was a b l e  t o  prove a more general  theorem i n  which no requi re -  
ment of  non-degeneracy (8 .2 )  i s  imposed on the  system of Hamiltonian equations.  
This general  theorem i s  equal ly  appl icable  t o  non-degenerate systems and t o  
systems with l imi t ing  or  eigen degeneracy (see 5 10, Chapter 1). In  t h e  g r e a t  
major i ty  of cases i n  celest ia l  mechanics and ce les t ia l  b a l l i s t i c s ,  t h e  
Kolmogrov-Arnol'd theorem i s  inapp l i cab le  s ince  here  w e  are concerned with 
l imi t ing  o r  eigen degeneracy. 

I n  

The l a t t e r  d i f f i c u l t y  can be  avoided i f ,  ins tead  of Keplerian unperturbed 
o r b i t s ,  we make use  of o the r  types of intermediate  o r b i t s  f o r  which t h e  
condi t ion ( 8 . 2 )  w i l l  be  f u l f i l l e d .  Examples of such o r b i t s  a r e  found i n  t h e  
case of t h e  c l a s s i c a l  o r  t he  general ized problem of two immobile centers ,  
and of i t s  l imi t ing  v a r i a n t s .  Here, f o r  t he  sake of s impl i c i ty ,  we s h a l l  / 3 2 5  
proceed on t h e  b a s i s  of the  l i m i t i n g  v a r i a n t  of t he  general ized problem of 
two immobile cen te r s ,  which coincides  with the  Barrar problem (see § 4 ,  
Chapter 3 ) .  

We s h a l l  s tudy the  motion of a s a t e l l i t e  considered as a material po in t  
i n  a coordinate  system with f ixed  d i r e c t i o n s  of axes; as t h e  z-axis w e  s h a l l  
t a k e  t he  ax i s  of  r o t a t i o n  of  t h e  p l ane t ,  while the  o r i g i n  of coordinates  w i l l  
be placed a t  one of t h e  sphe r i ca l  po in t s  of i n e r t i a ,  which any p l ane t  w i l l  
possess i f  we ignore i t s  equa to r i a l  compression. 

I n  the  chosen system of coordinates  t h e  g r a v i t a t i o n a l  p o t e n t i a l  of t he  
p l ane t  i s  expressed by t h e  following formula (see § 4 ,  Chapter 3 ) :  

fM f fv lz  sinv u = - 4- - 0 -  + pR ( r ,  'p, A ,  p). 
r 2  (8.4) 

Here r ,  $, A ,  are the  sphe r i ca l  coordinates  i n  t h e  system o€ re ference ,  p i s  
t h e  small parameter, and p R  i s  t h e  pe r tu rba t ion  func t ion .  We should no te  t h a t  
i n  the  remainder of  t he  inves t iga t ion  t h e  ac tua l  na ture  of t h e  per turb ing  
fo rces  i s  not  an important f a c t o r .  Therefore,  t h e  func t ion  R may include 
wi th in  i t s e l f  both t h e  per turb ing  a c t i o n  of t he  shape of t h e  p l a n e t  (which i s  
n o t  allowed f o r  by t h e  f i rs t  two terms of t h e  p o t e n t i a l  (8.4)), and t h e  
var ious  o ther  per turb ing  f a c t o r s .  

Taking as our  genera l ized  coordinates  t h e  q u a n t i t i e s  

q1 = r ,  q, = y, q3 = si- h, (8 .5 )  
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for the total integral of the HamilitoncJacobi equation in the unperturbed 
problem under consideration -- the problem is determined by the first two 
terms of the potential (8.4) -- accovdifig t@ (7.12) Chapter 3 we will have 
the fol.lowing : 

V = -  a,t + f2a3 arc sin q3 + 
+ 65- J 2 + 

where aly a a are the constants of integration. 

here, to the form of (7.30). To do this we introduce the canonical "action- 
angle" variables in the unperturbed problem at hand. Since here ive have a 
partial case of a Stackel system, then the motion of the satellite will be 
conditional-periodic' while the "action-angle" variables will be expressed 
in terms of the elementary periods which are defined by formula (7.19): 

2' 3 

We shall now transform the equations of motion, which are not repeated 

In formulas (8.7) al and b are the roots of the equation 1 

P,  (41) = alq; + fmql - a:! = 0, 

between which, during the process of motion, is included the coordinate ql, 
while a2 and b are the analogous roots of the equation 2 

P2 (qJ = cos2q2 (fmz, sin q2 + u2) - a3 = 0. (8 9) 

/326 

As follows from (7.20) and (7.21) the canonical variables q are associa- i ted with the elementary periods wij as follows: 
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t 
(8.10) 

where t h e  symbol Bi denotes t h e  canonical elements which are conjugate with ai 

(see formula (4.19) Chapter 1 ) .  The va r i ab le s  of a c t i o n  5 i n  correspondence 

with (7.26) i n  the  given problem w i l l  be  expressed i n  terms of ai a s  fol lows:  
i' 

/327 

(8.11) 

If w e  f i n d  ai from equation (8.11) as a func t ion  of Si,  then t h e  contac t  

t ransformation which i n t e r e s t s  us  w i l l  be wr i t t en  a s  a de r iva t ive  funct ion:  

and the  canonical equations of per turbed motion w i l l  assume the  form of (7.30), 
while t h e  new c h a r a c t e r i s t i c  func t ion  K w i l l  be def ined as fol lows:  

(8.13) 

I n  these  v a r i a b l e s ,  the  equations of unperturbed ( i n  t h e  sense ind ica ted  
above) motion w i l l  assume t h e  following form: 

From (8.10) and (8.13) i t  is  evident  t h a t  

(8.14) 

(8.15) 

To a s su re  ourselves  of t h e  a p p l i c a b i l i t y  of t h e  Kolmogorov-Arnol'd theorem, 
it i s  necessary t o  demonstrate t h a t  t h e  Hess determinant (8.2) is  i d e n t i c a l l y  
not  equal t o  zero.  As fol lows from (8.2) and ( 8 . 1 4 ) ,  t h e  problem reduces t o  
ca l cu la t ing  the values of t h e  Jacobian 

dct - . (8.16) 
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This calculation can be considerably simplified if the canonical variables 
5. are expressed in terms of the osculating elements1 a, p, i, which are defined 

/328 I$ the formulas (7.17), (7.18) and (7.20) Chapter 3 .  We now have 
-=  

Since this transformation is non-singular, 

while the Jacobian (8.16) is represented as follows: 

* 
Then the condition of non-degeneracy i s  written as follows: 

With the help of formulas (8.7) and (8.17), it is not difficult to 
obtain the following: 

(8.17) 

(8.18) 

(8.19) 

(8.20) 

(8.21) 

where K(k) is a total elliptical integral of the first type, T[(n’, k ) ,  II(n”, k )  
are total elliptic integrals of  the third type, while f o r  the module and the 
parameters of these integrals we obtain the following: 

(8.22) 

In formulas (8.22) the symbols X1, A2, X denote the roots of the equation 3 
.~ .. . - .  _ .  . -. . . . - - . . . . . -~ ~. - . - . . . . . . .  . 

These osculating elements are certainly not Keplerian, since the unperturbed 
orbits in this case are orbits of the limiting variant of the generalized 
problem of two immobile centers, and not the trajectories of the two-body 
problem . 
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(8.9) as transformed with t h e  he lp  of (4.17) t o  t h e  following form: 

(8.23) 22J3 + pL2 -2zJ - ( p  sin i - 22, cos2 i) sin i = 0. 

From (8.15) and (8.21), it is  evident t h a t  w1 does not  depend upon p and 

i, and the re fo re  the  condi t ion (8.20) can be  represented as fol lows:  

(8.24) 

o r ,  t ak ing  i n t o  considerat ion t h e  fact  t h a t  w1 = n/n ,  while a w l / a a  f 0 ,  /329 - 
(8.25) 

Since i n  the  case of c lose  a r t i f i c i a l  s a t e l l i t e s  the  r a t i o  zc/p is  on t h e  

order  of 3 * (see § 6,  Chapter 3 )  and diminishes with increase  i n  t h e  
major semi-axis of  t h e  o r b i t ,  t h e  f requencies  w and w3 can be expanded i n  

Taylor series i n  powers of t h e  quan t i ty  z /p: 
2 

C 

(8.26) 

Then the  condi t ion of non-degeneracy (8.25) i s  w r i t t e n  as fol lows:  

(8.27) 

This condi t ion w i l l  be f u l f i l l e d  when i # ~ / 2 .  

Then, i n  correspondence with t h e  Kolmogorov-Arnol'd theorem, f o r  a 
s u f f i c i e n t l y  small absolu te  value of  t h e  per turb ing  func t ion  pR w e  can assert 
t h a t  t he  per turbed motion of  t h e  s a t e l l i t e  w i l l  be  condi t iona l -per iodic  and 
s t a b l e  with r e spec t  t o  t h e  va r i ab le s  of a c t i o n  si f o r  t h e  major i ty  of t h e  

i n i t i a l  condi t ions.  The per turbed motion of t h e  s a t e l l i t e  of a p l ane t  w i l l  
t ake  p l ace  along t o r i  which a r e  c lose  t o  unperturbed t o r i :  

6. = const .  (8.28) 
1 

This a s s e r t i o n  is  j u s t i f i e d  only f o r  those o r b i t s  f o r  which t h e  frequencies  
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do not satisfy any relation of the f$rm wi 
,I 

2 tzpi = 0; 
i=1 

(8.29) 

where k .  are whole coefficients which are not all equal to zero at the same 
time . 1 

In the problem at hand the Hess determinant, when using canonical 
/33c - ~~ 

variables of "action-angle" type is not equal to zero; nevertheless, for 
certain initial conditions, the frequencies may satisfy (8.29) -- that is, 
the possibility of random degeneracy is not excluded. 
example in the case of initial conditions which correspond to periodic motions 
for which the frequencies w. are proportional. 
such initial conditions, the Kolmogorov-Arnol'd theorem is not applicable, .and 
a more detailed investigation is necessary. 

This may happen, for 

For satellite orbits with 
1 

However, if we limit ourselves to a narrower class of perturbing forces, 
the Arnol'd method can be used, and a better result can be obtained. 
example, in the potential (8.4) let us assume that the perturbation function 
W R  does not depend upon the longitude A :  i.e., both in the unperturbed and in 
the perturbed problems the force field is axisymmetrical. This is the 
situation in the case of the problem of  the motion of a satellite of a 
spheroidal planet. The coordinate X here is cyclic, and therefore it can be 
ignored. 
Hamiltonian: 

For 

Following simple transformations, we arrive at the following altered 

(8.30) 

in which ct3 is the constant of the cyclic integral (the angular-momentum 
integral). 
motion, we have the following: 

As a result of reducing the order of the system of equations of 

where 

(8.31) 

(8.32) 

where the symbol S denotes the derivative function of the canonical trans- 
formation. We should note that for all transformations the constant ct 

remains the same. The variables rl as above, are determined by formulas i' 
(8.10) while Si are determined by formulas (8.11). 

3 
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the 
f o l  

Equations (8.31) have a form which i s  necessary f o r  t h e  app l i ca t ion  of 
Kolmogorov-ArnoP'd theorem. Subs t i t u t ing  1.1 = 0 i n  (8.31) w e  ob ta in  t h e  

/331 lowing equations of motion: - 

(8.33) 

*where t h e  frequencies  wi are determined by formulas (8.15). These equations 

i n  phase space Si,  ni ,  de f ine  motion along t h e  two-dimensional t o r u s  si = const  

( i  = 1, 2) .  

Here t h e  condi t ion  of non-degeneracy (8.2) can be represented as follows: 

Since w is independent of  c1 and w l l  is independent of c1 i n  p l ace  of (8.24) 2 2  2' 1' 
w e  ob ta in  

(8.35) 

A s  before ,  it is  poss ib l e  t o  demonstrate t h a t  t h i s  condi t ion is f u l f i l l e d  for 
a l l  i n i t i a l  condi t ions .  From t h i s  w e  conclude t h a t  t h e  motion under consider- 
a t i o n  w i l l  be s t a b l e  i n  t h e  sense of Arnol'd provided the  c y c l i c  constant  c1 

i s  not  per turbed.  
3 

However, t h e  l a t t e r  l i m i t a t i o n  can r e a d i l y  be removed. In order  t o  do 
t h i s ,  w e  r ep resen t  t h e  constant  c1 

t o  t he  small parameter (up t o  t h e  po in t  a t  which the  c y c l i c  coordinate  can 
be ignored) 

i n  t h e  form of  a power s e r i e s  with r e spec t  3 

(8.36) 

having taken 

terms of t h e  series are included i n  the  pe r tu rba t ion  func t ion .  A l l  o the r  
cons idera t ions  remain unchanged. 

f o r  t h e  unperturbed va lue  of t h e  area constant .  The remaining 3 

Following V.  I .  Arnol'd, w e  can assert t h a t  i n  t h e  given case t h e  th ree -  
dimensional i nva r i an t  manifold H = h ,  where h i s  f ixed ,  unfolds  along two- 
dimensional t o r i  5 = const  i n t o  narrow t o r o i d a l  l aye r s ,  while  t h e  t r a j e c t o r y  

does not  leave t h a t  l aye r  i n  which it w a s  found a t  t h e  i n i t i a l  moment. Con- 
sequent ly ,  t h e  motion w i l l  b e  s t a b l e  i n  t h e  Lagrangian sense.  This  r e s u l t  is  

1 
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j u s t i f i e d  only f o r  pe r tu rba t ions  def ined by a s u f f i c i e n t l y  small ( i n  absolu te  
value)  pe r tu rba t ion  func t ion  of  t h e  type pR (r, 4 ,  p). 

Note. The Kolmogorov-Arnol'd theorem i n  a very d e f i n i t e  sense supplements 
t h e  Poincare theorem on t h e  nonexistence of s ingle-valued a n a l y t i c a l  i n t e g r a l s  
of Hamiltonian systems, which differ . . f rom classical f irst  i n t e g r a l s  (or those  
which follow from them [201]). According t o  t h e  Poincare  theorem, i f  t h e  Hess 
determinant of t h e  canonical  equations of type  (7.30) - (7.31) is not  equal t o  
zero,  then t h e  l a t te r ,  gene ra l ly  speaking do no t  possess  any o the r  s ing le -  
valued a n a l y t i c a l  i n t e g r a l ,  apart from t h e  Jacobi  i n t e g r a l  (or  one equivalent 
t o  i t ) .  

/332 

For c e r t a i n  supplemental l i m i t a t i o n s  imposed on t h e  Hamiltonian func t ion ,  
it is  poss ib l e  t o  a s s e r t  t h a t  t h e  problem of t h e  motion of a s a t e l l i t e  of an 
axisymmetrical "earth" i s  without any f irst  s ingle-valued i n t e g r a l s  which are 
a n a l y t i c  with r e spec t  t o  t h e  small parameter p, 
i n t e g r a l  and t h e  angular-momentum i n t e g r a l ,  provided t h a t  1-1 i s  s u f f i c i e n t l y  
small. 

a p a r t  from t h e  kinetic-energy 

If w e  t ake  t h e  equat ions of t h e  Barrar problem and ignore the  c y c l i c  
cons tan t ,  then t h e  equat ions of motion w i l l  have t h e  form (8.31).  These 
equations admit only of a f i rs t  i n t e g r a l ,  namely t h e  kinet ic-energy i n t e g r a l ,  
and t h e  Hess determinant of  t h i s  system w i l l  be  d i f f e r e n t  from zero.  
t h e  b a s i c  condi t ion of t h e  Poincare theorem i s  f u l f i l l e d .  

Therefore,  

The supplemental l i m i t a t i o n  r e f e r r e d  t o  above i s  t h a t  i n  any a r b i t r a r i l y  
small po r t ion  of t h e  reg ion  t h e r e  e x i s t  an i n f i n i t e  s e t  of r a t i o s  k /k where 1 2' 2Tr 
k and k 1 2 are whole numbers f o r  which not a l l  t h e  c o e f f i c i e n t s  1 R dn become i 0 
zero when t h e  l a t t e r  become secu la r .  
out  aducing t h e  corresponding proof .  

We l i m i t  ourselves  here  t o  remarks, with- 

One po in t  which deserves a t t e n t i o n  i s  the  f a c t  t h a t  conclusions drawn 
from t h e  Poincare theorem, both i n  c e l e s t i a l  mechanics and i n  c e l e s t i a l  
b a l l i s t i c s ,  are p r imar i ly  of  formal mathematical i n t e r e s t ,  s ince  the  Poincare 
theorem i s  of a l o c a l  cha rac t e r .  
i s  q u i t e  important.  This i s  evident  from the  fol lowing example. In the  pro- 
blem of the  motion of an a r t i f ic ia l  e a r t h  s a t e l l i t e ,  w e  pointed out  two 
in t eg rab le  cases (see Chapter 3 ) :  t h e  Barrar  case, and the  general ized problem 
of two immobile cen te r s .  Although these  two cases are r e l a t e d  i n  the  mechani- 
cal sense,  on t h e  formal mathematical plane they are e n t i r e l y  independent and 
sepa ra t e  problems. Both of t hese  problems are in t eg ra t ed  i n  c losed form, i n  /333 
quadratures .  If we take  the  Barrar problem as  t h e  s impl i f i ed  problem, t h e  
equations of per turbed motion f o r  canonical va r i ab le s  of "angle-action" type,  
f o r  a s u f f i c i e n t l y  small  value of p, should not admit of any new i n t e g r a l s ,  
apa r t  from t h e  energy i n t e g r a l  and t h e  angular-momentum i n t e g r a l .  Despite 
t h i s  fact ,  t h e  general ized problem of two immobile cen te r s  i s  in t eg rab le ,  even 
though i ts  p o t e n t i a l  d i f f e r s  from t h e  Barrar p o t e n t i a l  by a quan t i ty  on the  
order  of 10-6. 

The degree of smallness of t he  parameter 1-1 

Consequently, i n  t h e  given case  the  parameter on the  order  of 
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cannot be considered small. Therefore,  f o r  p r a c t i c a l  purposes t h e  
ques t ion  of t he  ex is tence  of first i n t e g r a l s  which are d i f f e r e n t  from the  
-classical i n t e g r a l s ,  should, be  mns@detedtta open one as fa r  as c e l e s t i a l  
mechanics and c e l e s t i a l  b a l l i s t i c s  are qoncerned. 

The r j s e a r c h  c a r r i e d  out  by V. I. h n b l t & ' - i n  t h i s  area opens up d p f i n i t e  
possibi l i t3e.s  i n  two d i r e c t i o n s .  
t a t i ve  p rope r t i e s  of motion. Second, the  modified method of Newton which i s  

.used by V .  I .  Arnol'd, can a l s o  be  employed i n  order  t o  a r r i v e  a t  so lu t ions ,  
keeping i n  mind t h e  ob jec t ive  of r ap id  convergence. We should ask ourselves  
which of  t hese  two p o s s i b i l i t i e s  inherent  i n  t h e  Arnol'd method is the  most 
f r u i t f u l  and valuable .  

F i r s t ,  w e  are a b l e  t o  d i s t ingu i sh  the  qua l i -  

I t  i s  t r u e  t h a t  i n  any problem descr ibed by canonical equat ions,  w e  can 
e s t a b l i s h  s t a b i l i t y  with r e spec t  t o  a c e r t a i n  group of va r i ab le s ,  employing 
t h e  a s s i s t a n c e  of Arnol ld ls  r e s u l t s ;  bu t  t h i s  does not  mean t h a t  i n  c e r t a i n  
p a r t i c u l a r  problems t h e  inves t iga t ion  o f  s t a b i l i t y  based e n t i r e l y  on Arnol 'd 's  
methods, is  not  of i n t e r e s t .  In t h i s  connection, one advantage of using t h e  
Arnol'd method is  t h a t  it enables  us t o  de l inea te  those  d i s t ingu i sh ing  quant i -  
t i e s  which remain approximately t h e  same i n  the  case of per turbed motion and 
i n  t h e  case of unperturbed motion. I f ,  i n  t h e  study of one and the  same 
mechanical problem, the  unperturbed po r t ion  of t h e  Hamiltonian i s  de l inea ted  
i n  two d i f f e r e n t  ways, then i t  i s  poss ib l e  t o  obta in  a series of d i f f e r e n t  
combinations of t h e  parameters of motion which do no t  vary widely i n  the  case 
of conservat ive pe r tu rba t ions .  

A s  regards  the  expedience of using t h e  method developed by V. I .  Arnol'd, 
w e  can only say t h a t ,  as f a r  as ca l cu la t ions  are concerned, t h e  matter  remains 
open, and t h a t  t h e  p r a c t i c a l  a d a p t a b i l i t y  of t he  method remains unc lear .  

What i s  given above r ep resen t s  a s tudy of t he  s t a b i l i t y  of 
s a t e l l i t e  motions wi th in  a c e n t r a l  g r a v i t a t i o n a l  f i e l d ,  on 
t h e  b a s i s  of t h e  Barrar problem. Analogous research  might 
be c a r r i e d  out  on t h e  b a s i s  of t h e  general ized problem of 
two immobile cen te r s .  The r e s u l t s  given i n  t h i s  s e c t i o n  
have a l ready  been published i n  p a r t  by the  present  author  
[ZOZ] .  Analogous p r o p e r t i e s  of t h e  motion of a r t i f i c i a l  
e a r t h  s a t e l l i t e s  can be determined by s t i l l  another  method, 
employing the  theorems of J .  Moser [43], a s  has been done 
by V .  T .  Kyner [ 2 0 3 ] .  

5 9. T h e  S t a b i l i t y  o f  Motion i n  t h e  L i m i t e d  Ci rcu lar  Three-Body Problem' 

/ 334 

We have noted t h e  s ign i f i cance  of t he  c i r c u l a r  3 body problem i n  space 
b a l l i s t i c s .  In t h i s  s ec t ion ,  w e  w i l l  analyze the  Arnold s t a b i l i t y  of the  o r b i t s  

_- ~- - .  

The r e s u l t s  of t h i s  s ec t ion  were repor ted  by the  p re sen t  wr i te r  a t  t h e  
conference on celestial  mechanics he ld  i n  Kiev i n  January 1965. 
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Page One Title 
of t h i s  prdblem. 
Arnold problem, without going i n t o  t echn ica l  d e t a i l s .  
first solved by A.M. Leontovich [204],  who i n v e s t i g a t e d  t h e  s t a b i l i t y  of;- 
t r i a n g l e  of l i b r a t i o n  po in t s  [201]. 
motion w i l l  be s e l e c t e d  such t h a t  t h e  Hess determinant of t h e  Hamiltonian 
equations of unperturbed motion is o ther  than  zero.  
t h e  Hamiltonian can be s e l e c t e d  i n  a t  l e a s t  two ways, which allows us t o  s tudy  
two types of motioq-important f o r  t he  app l i ca t ions .  

§ 1, Chapter 1) ml and m 
p a r t i c u l a r ,  i n  t h e  "earth-moon-spaceship" problem, and a l s o  i n  the  "sun-Jupiter 
-as te ro id"  astronomical problem. 
case  i n  which t h e  cons tan t  of t he  Jacobi  i n t e g r a l  (formula (6.3) Chapter 6) h 
i s  negative -- i .e. ,  when t h e  energy with r e spec t  t o  t h e  motion of t he  
pas s ive ly  g r a v i t a t i n g  po in t  i s  negative.  Then, from a cons idera t ion  of t h e  
curve of zero v e l o c i t y  (see (9.2) Chapter 3) it follows t h a t  motion i s  p o s s i b l e  
e i t h e r  i n  a l imi t ed  v i c i n i t y  of t h e  body o f  small mass, t h e  case  of "earth- 
n o o n - a r t i f i c i a l  moon s a t e l l i t e " ,  or with in  a reg ion  embracing a l a r g e  mass 
("sun-Jupiter-inner planet") 

Our main a t t e n t i o n  w i i l  be  given t o  t h e  s p e c i f i c s  o f ' t h e  
This Arnold problem w a s  

As i n  t h e  preceding s e c t i o n ,  unperturbed 

The unperturbed po r t ion  of 

We s h a l l  assume, f irst  of a l l ,  t h a t  t h e  a c t i v e l y  g r a v i t a t i n g  masses (see 
s a t i s f y  t h e  condi t ion  ml >> m 2 2 '  This happens, i n  

We s h a l l  concern ourselves only with t h e  

/33: If we consider a s a t e l l i t e  with small mass bu t  with s u f f i c i e n t l y  l a r g e  --- 
mean motion, such as might be used t o  o r b i t  c l o s e  t o  t h e  moon, as the  small 
parameter w e  can take t h e  r a t i o  of t h e  mean motion of t h e  g r a v i t a t i n g  masses 
t o  t h e  mean motion of t h e  s a t e l l i t e .  Then, t o  t h e  per turbed po r t ion  of t h e  
Hamiltonian, it i s  expedient t o  r e l a t e  those  terms which a r e  propor t iona l  t o  
the  angular v e l o c i t y  of  r o t a t i o n  of  the g r a v i t a t i n g  masses. The Hamiltonian 
func t ion  of t h e  unperturbed problem i n  a r o t a t i n g  system of coordinates 
r i g i d l y  assoc ia ted  with t h e  g r a v i t a t i n g  masses (see (6.1) Chapter 6 ) ,  w i l l  
coincide with t h e  Hamiltonian of t h e  c l a s s i c a l  problem o f  two immobile centers .  

In  t h e  second type  t h e  motion takes  p l ace  i n  t h e  v i c i n i t y  of t h e  g r e a t e r  
mass. In  t h i s  case we consider two bodies i n  a r o t a t i n g  system o f  axes as 
t h e  unperturbed problem. 
contain terms which are propor t iona l  to t h e  sma l l e r  of t h e  two a c t i v e l y  
g r a v i t a t i n g  masses, m2. 

ana lys i s  of t h e  p lane  motion, e l imina tes  eigen degeneracy (see § 10, Chapter l ) ,  
s ince  as a r e s u l t  t h e  general  s o l u t i o n  of t h e  unperturbed problem w i l l  
depend not upon a s i n g l e  "frequency", equal t o  t h e  mean motion, bu t  upon two 
sepa ra t e  f requencies  ( the  second frequency w i l l  be  determined by t h e  angular 
v e l o c i t y  of r o t a t i o n  of t he  coordinate system). 
Chapter 6 can be transformed t o  canonical form: 

Thg per turb ing  p o r t i o n  of t h e  Hamiltonian w i l l  

The in t roduc t ion  of r o t a t i n g  axes during the  

The equations of motion (6.1), 

. -  

We assume a l s o  t h a t  h has a numerical va lue  corresponding t o  t h e  de l inea ted  
types.  We s h a l l  not consider any o the r  types of motion. 

310 



where t h e  Hamiltonian H i s  equal t o  

fI (9.2) 

I n  (9.1) and (9.2) for t h e  sake of s i m p l i c i t y  w e  s h a l l  choose t h e  system of 
units i n  such a way t h a t  f m  = 1 - 1.1, f m 2  = p. 1 

Now w e  s h a l l  perform two contac t  transformatiofis i n  succession.  Trans- 
formation from v a r i a b l e s  x, i ,  y, >; t o  t he  new canonical va r i ab le s  5 1’ 52, n l ,  

w e  s h a l l  ass ign  by t h e  d e r i v a t i v e  func t ion  n 2  

p w e  s h a l l  /336 The second canonical t ransformation t o  the  va r i ab le s  q l ,  q2,  plg 

def ine  by t h e  d e r i v a t i v e  func t ion  
- 

( 9 . 4 )  

I t  should be noted t h a t  q1 i s  t h e  mean anomaly of a p o i n t  moving along an 

e l l i p s e  which it would descr ibe  around a po in t  of t h e  larger mass loca ted  a t  
t h e  center  of i n e r t i a  of t he  g r a v i t a t i n g  bodies i n  t h e  case of una l te red  
i n i t i a l  condi t ions;  q2 i s  t h e  longi tude of t h e  l i n e  of apsides  reckoned from 

2 t h e  x-axis and p 

major semi-axis and t h e  e c c e n t r i c i t y  of t h e  ind ica ted  e l l i p s e .  

= G9 p2 - - i a ( l  - e ), where a and e, r e spec t ive ly ,  are the  i 

I n  these  va r i ab le s ,  i n s t ead  of system (9.1) w e  w i l l  have 

Here t h e  Hamiltonian func t ion  H i s  obtained from (9.2) upon making t h e  
ind ica t ed  t ransformations,  and is  expanded i n  power series of  p: 

H = H + pH1 + ..., (9 6) 0 

i n  which a l l  H. are func t ions  which are pe r iod ic  with r e spec t  t o  qi, having t h e  
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period 2 ~ .  

canonical variables of "action-angle" type. 
Thus, the variables pi and q which have been introduced will be i 

The first term in the right-hand member of formula (9.6) is determined 
as follows: 

3n the basis of the assumption made above, it is the Hamiltonian of the 
unperturbed problem. The perturbation function is 

19.7) 

From (9.7) it is evident that the Hess determinant is identically equal - /337 
to zero, and that, consequently, the Kolmogorov-Arnol'd cannot be applied 
directly. Therefore, the system (9.5) is first subjected to still another 
transformation. Specifying that 

V = V(H), (9.9) 

where V is an arbitrary holomorphic function with respect to H, instead of 
system (9.5) we arrive at 

(9.10) 

In this process of transformation we have made use of the Jacobi system (9.5) 
H = h. 

On the basis of the assumed holomorphic character of function V, it 
follows that 

I/= & V k .  
k=O 

It is obvious that 

Equations (9.10) admit of a generalized energy integral, 

V/V' = h'. 

(9.11) 

(9.12) 

(9.13) 
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We should note that, in general, solutions of the system (9.10) are not 
solutions of equations (9.5). Of the solutions of system (9. lo), only those 
for which the following relationship holds satisfy the system of differential 
equations of motion: 

V(h) - h'V'(h) = 0. (9.14) 

This, however, does not prevent our investigation qf the stability of motion, 
since, if the solutions of system (9.10) are stable, then the same thing will 
be true of the solutions of the initial system. 

In order to avoid limiting our investigation of stability to a family of 
isoenergetic trajectories, 
chosen on the basis of the 
represented in the form of 

it is possible to proceed as foilows. Let h' be 
condition (9.14), and let the constant h be 
a series: /338 

03 

h = 2 Iz,'p". (9.15) 
k = O  

Then, considering only those solutions of (9.10) which at the same time are 
solutions of system (9.5), we shall include terms of the form h uk in the 
perturbed portion of the Hamiltonian. 
solutions, to consider all those which are close to unperturbed solutions as 
regards magnitude of energy. 

k 
This makes it possible, in the study of 

For 1 ~ .  = 0, we obtain the following differential equations of unperturbed 
motion from (9.10) : 

Since aVo/aqi. 0, from (9.16) we find that 

pi = 6. = const. 
1 

Then, from the first group of equations of (9.16), we obtain 

(9.16) 

(9.17) 

(9.18) 

From (9.17) - (9.18) it follows that in the phase space pi, qi the motion takes 
place along two-dimensional tori p = Bi, and that it is conditional-periodic. i 

Making use of the Kolmogorov-Arnol'd theorem, we demonstrate that the 
motion defined by the Hamiltonian HO will also be conditional-periodic, and 
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t h a t  it w i l l  t ake  p l ace  along t o r i  whicli are c lose  t o  t h e  t o r i  p = Bi. 
o rder  t o  do t h i s  it i s  necessary t o  es t$bl , ish t h e  non-degeneracy of t he  
problem -- i . e . ,  t h e  f u l f i l l m e n t  of cbndit2on (8.2).  . 

With t h e  he lp  of ( 9 . 7 )  and (9.91.we f i n d  t h a t  

I n  i 

from which 

(9.19) 

From (9.19) i t  i s  evident  t h a t  it i s  always poss ib l e  t o  s e l e c t  t h e  func t ion  
VO(H) i n  such a way t h a t  

Thus, t h e  problem under s tudy does not admit of e igen o r  l i m i t i n g  degeneracy, 
and the re fo re  the  motion w i l l  b e  s t a b l e  i n  the  sense of Arnol'd with r e spec t  
t o  t h e  q u a n t i t i e s  pl ,  p2. 

if w e  consider only t h e  class of motions f o r  which t h e  unperturbed o r b i t s  
embrace both g r a v i t a t i n g  masses. For  t h i s  type of motion i t  is  necessary,  
before  hand, t o  transform th.e equations i n  motion (6.1) ,  Chapter 6 .  

- /339 

The l i m i t a t i o n  on t h e  magnitude of t h e  per turb ing  mass can be removed, 

Denoting t h e  ba rycen t r i c  radius-vector  of t h e  pas s ive ly  g r a v i t a t i n g  poin t  
with t h e  symbol r ,  and expanding t h e  p o t e n t i a l  i n  series of  Legendre poly- 
nomials, w e  ob ta in  

(9.20) 

I n  formula (9.20) t h e  c o e f f i c i e n t s  yk a r e  def ined as fol lows:  

(9.21) Y k  = p (1 - p )  [y"-' - (-1)"-1 (1 - ,LL)"-'I. 

The expansion of (9.21) converges absolu te ly  and uniformly f o r  a l l  

r > m a s  {p; 1 - p}. 
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We now s h i f t  from t h e  va r i ab le s  x, y, t t o  new va r i ab le s  5, '1, T with the  
heJp of 

(9.22) 

where E is  a parameter. Then, i n s t ead  of systems (6.1) Chapter 6, w e  w i l l  have 

where t h e  following designat ions a r e  used: 

(9.23) 

(9.24) 

Taking t h e  quan t i ty  E as  t h e  small parameter, it i s  poss ib l e  t o  r e t r a c e  the  
preceding arguments almost l i t e r a l l y ,  and, i n  correspondence with the  
Kolmogorov-Arnol'd theorem, t o  conclude t h a t  i n  t h i s  case, given s u f f i c i e n t l y  
small values  of t h e  parameter E, t h a t  t he  motion w i l l  be condi t ional-per iodic  
and s t a b l e  i n  t h e  sense of  Arnol 'd with respec t  t o  the  va r i ab le s  o f  ac t ion  
&, Here, no l i m i t a t i o n s  whatever a r e  placed on t h e  magnitudes of  t h e  
g r a v i t a t i n g  masses. 
means t h a t  t h e  motion w i l l  be s t a b l e  and condi t ional-per iodic  f o r  a l l  those 
o r b i t s  which embrance both g r a v i t a t i n g  masses, provided t h e  r a d i i  of t he  masses 
are s u f f i c i e n t l y  l a rge .  

/340 

6. 
The requirements of  smallness placed upon t h e  parameter E 

Now w e  s h a l l  p resent  a second method f o r  t he  study of s t a b i l i t y  ( i n  the  
sense of Arnol'd) of t h e  o r b i t s  of t h e  c i r c u l a r  three-body problem. 
a l so ,  no l i m i t a t i o n s  w i l l  be  placed on the  magnitude of t he  g r a v i t a t i n g  masses. 

Here, 

L e t  us consider  t h e  three-dimensional v a r i a n t  of t h e  c i r c u l a r  three-body 
problem, t h e  d i f f e r e n t i a l  equat ions of which have t h e  following foim: 

where t h e  f o r c e  func t ion ,  according t o  (1.25) and (1.26) Chapter 1 may be 
w r i t t e n  as follows: 

The d i s t ance  between t h e  g r a v i t a t i n g  masses w i l l  be  designated with the  
symbol 2c. 
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When n = 0,  equat ions (9.25) de f ine  motion i n  t h e  problem of two immobile 
cen te r s  (see § 2,  Chapter 3 ) .  Since a l a r g e  number of types of  motion e x i s t  
i n  t h i s  problem, w e  s h a l l  se lect  t h a t  p a r t i c u l a r  type i n  which the  pas s ive ly  
g r a v i t a t i n g  po in t  moves i n  t h e  v i c i n i t y  of one of t h e  g r a v i t a t i n g  masses ( fo r  
example, c lose  t o  mass m2). This i s  t h e  way i n  which w e  s h a l l  consider  t h e  

case of s a t e l l i t e  motion. If t h e  moving po in t  i s  s u f f i c i e n t l y  c lose  t o  mass 
m 
with n, and i n  t h i s  case it w i l l  be  p c s s i b l e  t o  select  t h e  quan t i ty  E = n/no 
as t h e  small  parameter. Equations (9.25) are then  transformed t o  t h e  
following form: 

then i t s  mean angular  v e l o c i t y  of r o t a t i o n  no w i l l  be  l a rge  i n  comparison 2.' 

(9.26) 

where T = n t .  

Let us s tudy t h e  s impl i f i ed  system of equations obtained from (9.26) when E = 0./34 ~ 

We s h a l l  introduce t h e  spheroidal  coordinates  u ,  v ,  w as def ined by formulas 
(3.29) Chapter 1. I n  these  v a r i a b l e s ,  t h e  k i n e t i c  energy and the  f o r c e  func t ion  
of t he  problem w i l l  be  as fol lows (see  (2.5) Chapter 3 and (3.36) Chapter 1 ) :  

0 

In t eg ra t ing  the  problem of two immobile cen te r s  i s  poss ib l e  with the  he lp  of 
t he  Stackel  theorem. A s  a r e s u l t ,  we a r r i v e  a t  t he  following form fox- t h e  
t o t a l  i n t e g r a l  of t h e  Hamilton-Jacobi: 

(9.29) 

i n  which a. r ep resen t s  a r b i t r a r y  cons tan ts .  
1 
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For elementary per iods,  i n  correspondence with formula (7.19) of t he  
present  chapter ,  w e  have 

where t h e  symbols v1 and v denote the  roo t s  of t h e  equation 2 

while  t h e  symbols u and u2 denote the  roo t s  of t he  equation 1 

The frequencies  corresponding t o  canonical va r i ab le s  o f  "angle" type w i l l  
be as fol lows:  

while t h e  va r i ab le s  of a c t i o n  are assigned as fol lows:  

(9.33) 

(9.34) 

The q u a n t i t i e s  ni i n  t h e  phase space of  va r i ab le s  of  "action-angle'.' type, 

determine those  t o r i  on which unperturbed motion takes  p lace .  

I t  is poss ib l e  t o  demonstrate t h a t  i n  t h e  problem under considerat ion 
t h e  condi t ions of t he  Kolmogorov-Arnol'd theorem are f u l f i l l e d .  
t h e  fol lowing Jacobian w i l l  be  d i f f e r e n t  from zero: 

I n  p a r t i c u l a r ,  

/342 

(9.35) 
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Consequently, for sufficiently small values of E unperturbed motion will 
be conditional-periodic and stable (in the sense of Arnol'd) with respect to 
the variab1,es ni. From this we conc1ude;:in particular, that the use of the 
probi-em of two immobile centers as the,unperturbed aspect in the solution of 
the circular three-body problem is entirely justified. 

Note. 
of .a "triaxial" planet , rotating with constant angular velocity 
around one of the main central axes of inertia, have the same 
mathematical structure as the differential equations of the 
circular three-body problem, being distinguished only by the 
perturbing terms in the force function, the results obtained in 
the present section apply with equal force to both problems. 
Here it should be assumed that the "triaxiality" of the planet 
is fairly small. 
the circular three-body problem, embracing both gravitating 
masses, will be the same as the corresponding properties of 
equatorial orbits of artificial satellites. 

Since the differential equations of motion of a.satellite - 

The qualitative properties of the orbits of 
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